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14.  SlWiAPY  AND  CONCLUSIONS 


vil/vlii 


1 .  TNTPODrcn  ION 


This  technical  lepoit  :  r  r.  re*-  of  lecture  notes  for  a  course  taught 
by  the  autl  or:  rv»^rg  the  spring  of  1985,  to  eitgiritit  it.  the  Flight 
Lyionitr  hchi-retor’’  and  students  at  the  /'*r  Force  'iistitute  of 
Technology.  The  ''n'en!:  r-^  thlr  rotirre  was  to  familiarise  the  vorVilrg 
■  rp-freers  with  some  of  the  de^-r ’ opritiits  in  the  area  of  robust 
i  \  '  I  i\ ariabie  control  theory  tlial  lir.*  e  or  rrrred  In  the  past  10  years. 

To.  the  Vnowledge  of  the  afthc-rf,  there  is  no  textbook  or  single  report 
In  ‘be  o.ptr  aJteraCure  covering  all  the  mntt  r-tal  contained  in  this 

^t-pf'-t . 

n  t  «>riiphasis  of  this  report  (and  the  crurrel  ic  rr  robustness 
aralvei)!  and  desifr  ‘^roh'.iques  for  multiple-input,  r.iul  tiple-output 
ront'-ol  .;yrrctr.i,.  ibapter  2  Is  divided  into  two  partr.  The  first  part 
gives  the  recf<my  r.at hematical  background,  ii:c]vc'ir.g  the  notion  of 
singular  valoos..  ,i  the  second  part,  some  of  the  required  fundamentals 
from  linear  systrrr  t.hrcrry  are  reviewed.  Chapter  b  discusses  robustness 
ar.aly.t-i'-  nethtcr  jj\er  the  Information  about  the  p’rrt  and  the 
errt  f  .  yiie  concepts  of  singular  Voluer  ere  used  In  Chapter  A  to 

de<^ine  good  mu  1 1 i va 1 ah ’ coutrci  loop  shapes;  perfoniauce  .’imitations 
for  n  I  *  Table  systems  are  discussed  Ir.  Chapter  ,  The  material 
discTrssed  In  Chapte-'';.-  .1,  A,  ava'  a  is  independent  of  the  techuirjucr  that 
one  iiisy  use  Ji.  dcf'fr’ng  the  controllers. 

The  remainder  she  rrprrt  rrreentrates  on  developing  and  e.pplvlng 
the  1  ji.ear  (v.ad-oafto  (Tausslan  with  Torn  ’’’rarr^oi-  Pccovery  (LQG/LTR) 


II  ethodology ,  whiol’.  i,'.  otu  -^ttrolar  robust  contro’  des'gis  r.othoa. 

.'Jill  I rr-i-'u  d  1=  based  upon  optima’  orr.trr,’  theorv,  a  brief  review 
I  i  accessary  kev  covcepl:  i.s  in  Thanter  h .  The  underiv.ing  idots 


of  LQG/LTR  are  explained  in  Chapters  and  8.  Chapters  9  and  10  ntilire 
the  background  material  from  Chapters  4-8  and  formellv  present  the 
LQG/LTR  methodology.  A  method  of  matching  the  singular  values  of  the 
loop  transfer  matrix  and  a  formal  procedure  for  loop  shaping  are 
discussed  In  Chapter  11.  The  mathematical  relationship  between  the 
LOG/LTR  method  and  optimization  Is  explained  In  detail  In  Chapter 

12.  Several  controllers  are  designed  for  lateral  attitude  control  of  a 
drone  aircraft  using  LQG/LTR  methodology  In  Chapter  13.  Surnmary  and 
conclusions  are  contained  In  Chapter  14. 

The  material  contained  in  Chapters  3  and  13  Is  r'>atmed  to  he  the 
original  work  of  the  authors  and  their  colleagues.  The  rest  of  the 
material  In  this  report  was  collected  and  compiled  from  various  Journal 
articles,  conference  papers,  and  textbooks.  The  reference  material  that 
was  used  In  preparing  a  particular  chapter  is  given  at  the  end  of  each 
chapter.  It  Is  needless  to  say  that  there  are  numerous  other 
publications  In  this  area  of  controls  research  that  are  not  brought  up 
In  this  report. 

In  preparing  this  report,  special  emphasis  was  placed  on  using  a 
uniform  notation.  This  report  Is  only  intended  to  serve  as  ar 
Introduction  to  the  topic  of  robust  multivariable  control.  It  is  not 
possible  to  treat  each  and  every  design  method  and  analysis  tool  in  this 
area  of  research  comprehensively  In  a  single  report.  Finally,  even 
though  most  of  the  material  In  this  report  comes  from  publications  of 
various  researchers,  the  authors  accept  responsthU 1 ty  for  any 
inaccuracies  In  this  report. 


2.  MATFFMATICAL  PRELIMINARTF.F  AVD  TNTPODl'CTTOM 


TO  LINEAR  SYSTEMS 


V.'p  divfAe  this  chnpter  Into  two  sections,  the  first  or  irt ':heraatical 
prel  ir’Irarlf'S  anil  the  secon<^  an  introduction  to  linear  systems.  These 
section?'  are  by  no  roans  comprehensive.  We  have  made  an  attempt  to 
cover  almost  all  the  prerequisites  that  one  needs  to  follow  the  rest  of 
the  chapters.  Tn  the  first  section  we  explain  the  properties  of  matri¬ 
ces,  eifenvalues,  eigenvectors,  singular  values,  slrgular  vectors  and 
norms  of  vectors  and  matrices.  In  the  second  section  we  explain  some  of 
the  baric  linear  systems  analysis  tools  both  in  the  time  and  frequency 
domains.  There  is  no  single  textbook  that  gives  all  the  information 
contained  in  this  chnpter.  We  have  used  several  texts  and  iournal 
papers  in  preparing  this  material.  A  list  of  these  references  and  a  few 
other  suggested  readings  are  given  at  the  end  of  this  chapter, 

2.1  rathcmatical  Preliminaries 

2.1-1  Matrix  iipt  rations.  Properties,  and  Forms 

Principal  Diagonal  -  consists  of  the  m^ ^  elements  of  a  square 

matrix  . 


li agonal  f*nrriy  -  a  square  matrix  in  which  all  elements  off 
the  t'riricipal  Clagonal  arc  7ero. 

Trace  -  sum  cf  all  the  elements  on  the  principal  diagonal  of 
.sdiiire  mntri-- 


trace  V  -■  m 

i-1 


fl 


(2.1 


determinant  -  denoted  hv  derfM!  or  jM|,  dtfinition  given  In 
anv  lircaT  algebra  bock. 

Fingular  matrix  -  a  square  matrix  whose  determinant  Is  zero. 


2-1 


Minor  -  the  minor  of  a  square  matrix  M  Is  the  deterralnr.nt 
formed  after  the  1th  row  and  jth  column  are  deleted  from  M. 

Principal  Minor  -  a  minor  whose  diagonal  elements  are  also 
diagonal  elements  of  the  original  matrix. 

Cofactor  -  a  signed  minor  glx’en  by 

ir.:i 


Adjoint  Matrix  -  the  adiolnt  of  M,  denoted  by  adjlM^,  Is  the 
transpose  of  the  cofactor  matrix.  The  cofactor  matrix  is  formed  bv 
replacing  each  element  of  M  by  Its  cofactor. 


Inverse  Matrix  -  Inverse  of  M  is  denoted  by  H  ,  has  Ibc 


-1  -1 

property  MM  =  M  M  =  T,  and  Is  given  by 

M  ^  =  ad  j  fM] / 


(7.3) 


Rank  of  a  Matrix  -  the  rank  r  of  a  matrix  M  (not  necessaiilv 
square)  Is  the  order  of  the  largest  square  array  contained  In  M  which 
has  nonzero  determinant. 

T 

Transpose  of  a  Matrix  -  denoted  by  M  ,  It  Is  the  origina; 
matrix  with  Its  rows  and  columns  interchanged,  l.e.  m^_.  =  m  . 

i  ~t  I 

Symmetric  Matrix  -  a  matrix  containing  only  rea'’  olcmontr 
T 

which  satisfies  M  =  M  . 

Transpose  of  a  product  of  matrices  - 
T  T  T 

(AR)  =  B  A  .4) 


Inverse  of  a  product  of  matrices  - 


(AB)“^  =  R  ’ 


C’.  31 


(Complex)  Conjugate  -  tlie  conjugate  of  a  scalar  a  =  i7  Is 
a*  =a-je  .  The  conjugate  of  a  vector  or  matrix  simply  replaces  each 


element  of  the  vector  or  matrix  with  its  conlnp.ato,  denoted  hy  m*  f'r 


Hermltian  matrix  -  a  matrix  which  satisfies 


The  columns  of  T  are  the  right  eigenvectors  and  the  rows  of  T  r*( 


the  left  eigenvectors  .  Thus 


m  r  1  f  T  T  T  ,T 

T  =  r  V,  V-  .  .  .  V  ] ,  T  =  fw,  w . w  1 

12  n  12  n 


Note  that  (2.10)  is  true  since  we  know  T  T  -  T.  Tindin;’  for  the  case 
of  repeated  eigenvalues  Is  omitted  here  (for  more  information  see  i.<  ' 

r2-ii). 

Some  properties  of  eigenvalues 

1.  All  the  eigenvalues  of  a  Hermltlan  matriy  are  real. 

2.  All  the  eigenvalues  of  a  unitary  matrix  have  unir  magnitude. 

3.  If  a  matrix  A  Is  Hermitian,  then  the  modal  matrix  T  in  O.'l) 

Is  unitary.  EVP  is  then 


A  =  1!A1 


.H 


since  1’  =  U  . 


4.  Tf  A  is  Hermltlan,  then 


and 


H. 

min  Ax 

— rt —  = 

xAO  x^x 


(2.13) 


max  X  ^  =  -v  /-A-v 
x^O  x^x 


(2.14) 


Tlie  quantltv  —  ip  called  the  Rayleigh’s  cuioticnt.  Somi-times  wc 
X  X 

are  not  Interested  in  the  complete  solution  o*^  tin-  eigenva''uc  prohVr 

(l.e.  all  the  eigenvalues  and  eigenvectors),  ’le  n.av  want  an  estimate  of 

the  first  mode.  One  of  the  nice  properties  of  Rayleigh's  quotient  is 

that  it  is  never  smaller  than  X  .  (A).  Also,  the  minimum  of  the  left- 

min 

hand  side  of  (7.13)  is  achieved  when  x  is  the  r igenvectoi'  cor responding 

to  A  .  .  Eimllarlv,  the  maximum  Is  achieved  in  (2.14)  when  >:  is  rht 
min 


eigenvector  corresponding  to  X  (A).  F.q  (2.13)  is  particularlv  useful 


jr  tie  nodal  analvsis  of  structures  represented  by  finite  elemert 
mode  I s . 


i^oire  more  properties  (see  Ref  f2-121) 

Tf  A  Is  (pxm)  and  B  is  (myn)  ,  then 
/iB  is  (nxn)  and  Is  singular  If  n>in 
If  A  is  (nm) ,  R  Is  (mxp)  and  C  Is  (pm),  then 
/.Pr  is  (nxn)  and  Is  singular  if  n>B'  or  n>p 
A  is  slngulai  iff  Xj(A)  =  0  for  some  i 
4.  X(A)  =  1/  \(^~h 

X(  aA)  *=  a  X(Al  ,  a  is  scalar 
f.  X(I+A)  =  14  X(Al 


(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 


!'.!-?  Some  useful  matrix  Identities  (see  Ref  12-131'' 

■  *  Vis'll!'' 

=  -  ^'2^'l^?f^p  (2.21) 

ubt  re  is  (m>  r),  Is  (nxml ,  Ilj  is  (pxn) »  end  ll^  is  frxp). 

For  fBr  f<i] lowing  throe  identities,  the  dimensions  of  matrices  P,  V,  and 
C  arf :  1  is  (nxiO ,  Y  is  (nxr)  and  C  is  (rxn) 

(P“’  4  KC)~'  =  P  -  PK(1  4  rPK)''’cP  (2.22) 

'.  IT  +  Krp>~^  :=  T  _  K(I  +  CPK)"^CP  (2.23) 

.  (T  4  PKCl"'  •-  T  -  PK(T  +  CPK)“’c  (2.24) 

il-  i-4  r>efiiiiceness  of  Matrices 

If  r '  1  the  real  parts  of  the  eigenvaljits  of  matrix  A.  are  >0,  then  A  is 
said  ii'  ho  positive  definite. 

If  h’ '  the  real  parts  of  the  eigenvalues  of  matrix  A  art  ^0,  then  A  is 
>.i  id  fc  he  po!;it1ve  sen  1  «'.ef  ini  te . 
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If  all  the  real  parts  of  the  eigenvalues  of  -A  art  >0,  then  A  i?;  said  to 
he  negative  definite. 


If  all  the  real  parts  of  the  eigenvalues  of  -A  ait  ^0,  then  A  if,  field  to 
be  negative  senildeflnlte. 

If  some  of  the  real  parts  ol  the  elgrnvaliies  of  /'  are  posltii't  ard  soipe 
negative,  then  A  Is  said  to  he  indefinite. 

2.1-5  Singular  values 


Let  us  first  define  inner  product  and  norms  of  vectors. 

Inner  Product  -  The  inner  product  Is  also  called  a  scalar  for  dot' 
product  since  It  yields  a  scalar  function.  The  inner  product  of  ior;plex 
vectors  x  and  y  Is  defined  by 


<x,y>  =  fx*)  y 


n 


T 

y  X*  =  X  *y,  +  x.,*y.,  +...+  x  *v  -  E  x.*y.  f 2. 

l  i  t  I  n  n^_jl-^i 


where  (.)*  Indicates  complex  conjugate  of  the  vector  in  parenthesis. 


If  X  and  y  are  real,  then 
n 


Xiv^  ^  V2  *•••"  Vn 


Note  that  when  x  and  y  are  complex  <x,y>  =  x’v*.  However,  when  x  and  \- 
are  real 

T  T 

<y,y>=xv  =  vx  =  <y,x>  (2.17' 

Norm  or  Length  of  a  vector  -  The  length  of  a  vector  x  is  celled  fit 


Fuclidean  norm  and  is  (also  hnown  as  norm' 


7  7  2 

+  +.  .  .+  X 

2  n 


=y<x,x> 

Definition  of  spectral  norm  or  norm  of  a  matrix  is  p-'ven  bv 

Ax  I 


(2.2R1 


ll'll: 


niax 

x#0 


’'II2 


where  A  e  C 


mxn 


(P.l'O') 


It  turns  out  that 


IHI2  °  Ca’ A)'  ,  1-1,2 . 1 

tax  r  , .  . H.'  .  .  „ 

=  i  J  (AA  )  ,  1  =  1 ,2, ... ,t 


^■'.30') 


L'/ 


K  b 

Mpt#>  that  A  A  and  AA  are  Hermltlan  and  positive  seirJdef Inlte  and  hence 
P  i; 

elper values  of  A  A  .ard  AA  are  always  real  and  non-nepatlve.  If  A  Is 

H  H 

nonslrpular,  A  A  is  positive  definite,  and  the  eigenvalues  of  A  A  and 

AA  rre  all  positive. 

’’e  now  Introduce  the  notion  of  singular  values  of  complex  matrices. 


vv' 


Tliere  are  denored  by  the  symbol  a  .  If  A  e  f  then 


o.fAl  =  /x.fA.^Al  =  \.(Aa}')  -iO  1=1,?, 


(2.31) 


P  P 

.".nd  they  are  all  non-negat i ve  since  A  A  and  AA  are  Fermitlan. 

1  •"  A  Is  non-sauare,  i.e.,  then 

O^fAl  =  (AA^V 

for  ’  < !<  V,  where  k  -  number  of  singular  values  =  mlnfm.n)  and 
a,fA)$7^(A)  From  f?.30)  and  (2.31),  we  have 

a  fAl  =  ^  II  jj 

max  xAO  lIxlL  H  ll? 


It  can  he  shown  that 


(2.3?) 


(2.33) 


,,,  «in  .  ----- 

rik  m 


(2.34) 


prov-jdod  A  exists.  Thii.*^  the  maximum  singular  value  of  A,  0  (A)  Is 

max 

siripiv  the  spectral  norm  of  A.  The  spectral  norm  of  A  '  Is  the  Inverse 

pt  p  CAl,  the  mlnimiiri  singular  value  of  A.  I’hc  spectral  norm  Is  also 
m  1  r 

known  as  the  norm.  Fsu.sllv  we  will  write  a  (A)  and  2(A)  to  Indicate 

C  Al  .'■nd  0  (A). 

P'ax  min 

Tt  follows  tbfir 


".-.a/''"''  *  I;''”'!!?  '  '''’nin"' 

,  ''A)  =  0  If  A  Is  singular, 

min 


(2.31) 


f2.36) 


(2.37) 


.V* 


'  ...  . 
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Let  us  now  introduce  the  singular  value  decomposition  (F^VD).  ('ivcn 
any  (nxn)  complex  matrix  A,  there  exist  unitarv  matrices  U  and  such 


A  -  I  .  \  =  ..  c  (A)  u  V 

]  =  1  I  1  i 


where  Z  Is  a  diagonal  matrix  containing  the  singular  values  (t\) 


arranged  In  descending  order,  «i ,  are  the  column  vectors  of  H,  i.e.. 


U  =  [u  ,  u., . . . ,  u  1 
1  '  n 

and  Vj  are  the  column  vectors  of  V,  l.e., 

V  =  fv  ,  V  ,  V  1 

1  /  n 

The  are  called  the  right  singular  vectors  ot  A  or  the  right 

eigenvectors  of  A  A  because 

*Ma  2... 

A  Av^  =  (A)v^ 

The  are  called  the  left  singular  vectors  of  A  or  the  left 
{! 

eigenvectors  of  A  A  because 
u^  A  A  =  (A)u^ 


^:\39) 


For  completeness  let  us  also  state  the  lor  non-square  mntrlet's. 


If  A  Is  an  (mxn)  complex  matrix,  then  the  SVD  of  A  is  given  bv ; 


where 


F  H 

A  =  rz  V  =  z  a,(A)u,v  ” 

i=l  1  11 


U  =  [u, ,  u„,  . . . ,  u  1 
I  z  m 

V  =  fv  ,  V  ,  . . . ,  V  1 
1  2  n 


('".47') 


f?.44) 


and  ^  contains  a  diagonal  nonncgatlve  definite  matrix  of  slrgnl.-r 
values  arranged  In  descending  order  In  the  form 


rr,  0 


If  ra  -> n 


1  m  <  n 


"'.461 


Let  us  dlpress  momentarny  now  and  point  out  an  Important  property 


of  unitary  matrices.  ’Recall  that  a  complex  matrix  A  Is  defined  to  be 

unltarv  If  =  A  \  ''ben  AA^  =  AA  ^  =  T.  ’nterefore,  X  (AA^^)  =  1 

1 

for  all  1,  and 

Tberefore,  the  ^ norm  of  a  unitary  matrix  Is  unity.  Thus,  unitary 
matrices  are  norm  Invariant  (If  we  multiply  anv  matrix  by  a  unitary 
matt;.';.  It  will  not  change  the  norm  of  that  matrix). 

rinallv,  the  condition  number  of  a  matrix  A  Is  given  by 

cond(A)  =  a(A)/  a(A)  (?.48) 

Tf  the  condition  number  of  a  matrix  Is  close  to  zero.  It  Indicates  the 
lll-condltfonlnp  of  that  matrix,  which  Implies  Inversion  of  A  may 
produce  ocroneous  results. 

?.  1-^  Some  tiseful  singular  value  properties 


] . 

If  A,r  e  and  det(A+F.)>n,  then  a(F)  <0(A) 

(2.40') 

a^(aA)  =  (aj  aeC, 

(,?.50) 

t. 

a(A  +  R)  ^  0(A)  +  0(R1  ,  A,PeC'^ 

(2.51) 

A . 

a(AB)  <  a(Ala(R),  AeC””'’",  R  e 

(2.52) 

s . 

0(AB)  »a(Al0(R),  AeC"”'’',  F  e 

(2.53) 

A. 

|a(A)  -  a(plj  ^  a(A-P),  A.BeC"”'’’ 

(2.54) 

2(A)  -  1  ^  2(1  +  A)  ^  a(A)  +  1,  AeC"’'" 

(?.55) 

g(A)  «  jX^  (A)|  $  a(A)  ,  AeC*'’'" 

(2.5A> 

<■ 

g(A)  -  0(R)  g(A  t  P)  «  o(A)  +  a(B)  ,  A,B  e  C*'’'" 

(2.57) 

I"'. 

|2(A)  -  2(Pl|  <:  o(A  +  B),  A.PeC"’’'" 

(2.5R1 

1  1  . 

a(A)  -  o(F.)  .<:  2(A  -  R)«2(A)  +  a(B) 

(2.59) 

■  ’* 

Rank  (A)  =  'be  number  C)f  nonzero  singular  values,  of  A 

(2,601 

o^  (a’S  -  0.  (A) ,  AC  c"”'" 

(2.61) 
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r,6?> 


lA.  a(A)  $jtri\ce(A  A)  ^  /ii'  0(A),  A  e 

15.  trace(/^A)  =  E  0  '  (A) ,  k  =  inin(jn,p),  A  0.63) 

16.  der(A  A)  =  11  0,  (A)  k  =  m3n(m,n),  A  ec"'^'*'  0.64) 

i=l  * 

17.  Oj  (AR)  Oj  (BA)  In  ppneral  for  all  1 

A  F.  e  C*”™  0.651 

p 

18.  0(A)a(B)  <  a(AB)  for  AeC’^’’'",  B  eC"’^  .  n<  £  only  0.66) 

19.  0(A)  0(P)  ^  o(AB)  for  A  eC""'",  n  only.  C’.A?) 

20.  0(AB)  ^  O(A)0(B)  for  AeC®’'”, 

and  no  restrictions  on  m,  n,  and  £  :2.6B) 

21.  0(AB)  <:  g(A)o(P)  for  Aec"”'",  BeC*”^'^ 

and  no  restrictions  on  m,  n,  and  £  (2.69) 

From  the  above  formulas,  the  following  four  IneonO itles  can  be  deduced 

22.  |g(A)  -  g(B)|  C  o(A  +  B)  <5:  0(A)  +  o(B)  (2.70) 

23.  |g(A)  -  g(B)|«  5(A  -  B)  <  0(A)  +  0(P)  0.71) 

24.  If  B  Is  square  or  has  more  columns  than  rows, 

0(A)g(B)  «:g(AB)  ^0(A)g(B)^  o(AB)  <O(A)0(B)  r2.72'. 

25.  If  A  is  square  or  has  more  rows  than  columns, 

g(A)g(B)  <:g(AB)^  g(A)a(B)^  o(AB)<  ofAlofB)  (2.73) 


So  far,  we  have  stated  many  properties  without  proofs.  For  a  chanjit-, 
let  us  give  few  properties  with  proofs. 

Later  In  these  notes  we  will  see  several  robustness  tests  for 
multi-input  multi-output  control  systems  involving  the  quantities 
g(I+G(jw))  and  g(T+f’  V^w)),  where  r(iw)  is  a  loop  transfer  matrix 
(later  we  will  use  G(jw)K(iw)).  First  let  us  prove  the  followinp  latri: 
identity  for  any  square  complex  matrix  G(jw) 

(I  +  f'"'  +  (1  +  g“S~'  =  1  .  r.  eC^"'"  '"’.74) 

To  prove  (2.74),  consider  the  identity 


T  f  =  (  +  " 

T  +  n  =  C(T  +  g"S 

■:?  +  r)rT  +  =  c 

'  ■»  (!  4  c)  CT  +  =  T  4  c 

(T  4  G)(T  4  G)"^  4  (7  4  G)n  4  g'S~*  =  T  4  G 

(T  4  C)~’  4  a  4  G)”^rT  4  G)(T  4  g"^”'  =  T 

<T  4  G)“^  4  rr  4  G“h“’  =  T 

whicli  if  0.74). 

V.'t'  car  row  prove  the  followirp  useful  Ineoualltles. 


(1 

G)“M  4  afd  -t  G~*)"h  5] 

(2.75) 

4  G)“' 1  4  1  i  0 ((1  4  G"*)"’i 

(2.76) 

51  (T 

4  r"’rh  4  1  ^5  f(T  +  g)"M 

(2.77) 

a’(G) 

2(1  +  C)/  0(1  4  g"’)  »  2(G) 

(2.78) 

Tc  prove  f?.7‘>),  recall  from  (2.51)  that 
cCA)  4  cfB)  ^  a(A  4  B) 

A  =  (1  4  G)  ^  and  B  =  fT  4  G  ^)  ^,  and  notinp.  that  A  4  p  =  l 
from  O."^/)),  we  get  (2.7.''). 

To  prove  (?.7A),  recall  from  (2.71)  that 
0(A  -  ?)^  "(A)  4  oCB) 

Getting  A  -  1  and  5  =  C’  +  G)  \  plus  the  fact  that 
A  ~  1-  =  T  -  (7  4  G)  *  =  (T  4  (;  S  *  from  (2.74),  we  eet  (.''.76). 

T.o»tlnp  A  -  T  an  p  =  4  G  *)  \  the  argument  above  proves  (2.77) 

''r  prove  (?.7P'),  ''Ir.sf  rotice  that  the  terms  In  tbr  renter  of  the 
fneoi’.a '  •  t  \  relate  to  the  terms  In  (? .77)  through  the  relation 

a(A)  ■=  1/  ?(a'')  (2.79) 

which  i ci'vlous  f  rc'i.  0.14)  and  (2.35).  hooking  at  the  left 
'neou.iHtv,  wf  rav  ptcoce  it  hy  considering  (2.69)  in  the  form 


-V-  vV'.'- 
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0(B)?;  o(AP)/o(A) 

T.ettlng  A  =  (I  +  G  and  B  =  C,  and  realizing  that 

AB  =  (I  +  G  ^)G  =  I  +  G,  we  have  the  left  side.  For  the  right,  consider 
(2.53)  In  the  form 

g(AP)/a(A)^  0(R) 

Using  A  and  B  as  above,  we  have  the  right-hand  side. 

2.1-7  Other  Norms 

The  following  table  siimmarizes  various  norms,  such  as  ,  C,,,  , 

Ip  and  Loo  for  vectors  and  matrices.  The  L^  and  norms  are  also 


referred  to  as  H„  and  Foo  norms. 


Table  2.1 


NOFW  TYPE 


VECTOR  x(1w) 


MATRIX  G(1w) 


DflX  ^ 

.  5  R 

1  1 


(max  col 


Tt  Is  useful  to  know  that  the  norm  oF  matrices  is  also  known  as  the 
spectra]  norm  or  Hilbert  notm.  Obviously,  f or  a  given  matrix,  different 
norms  give  dlffc’vent  values.  However,  It  can  he  shown  that  anv  rarm  of 
a  matrix  cannot  be  smaller  than  the  spectral  radius  of  that  matrix,  that 


is. 
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A 


(2.80') 


where 


lany  ncriri 


pc  A) 


p< A)  =  spectral  radius  of  A 

=  "’r  |\^A)| 


C2. 81) 


1  ,2  Linear  System  Fundamentals 
2.2-1  State  Variables 

Ore  way  of  constructing  a  mathematical  model  for  a  physical  system 
Is  to  use  a  state  variable  description.  Typically,  for  aerospace 
systems  we  use  positions,  velocities,  angular  positions  and  angular 
rates  as  state  variables.  The  mathematical  models  we  obtain  using  state 
variables  are  called  state  models  or  state  space  models. 

there  are  other  ways  of  constructing  math  models  for  physical 
pri'cosses.  For  example,  we  can  use  1)  Impulse  response  models,  2)  step 
response  models,  3)  high  order  differential  equation  models  relating 
syi.tem  Inputs  and  outputs,  or  4)  transfer  function  representations  of 
the  models  Cllmlted  to  linear  time-invariant  systems). 

State  variable  descriptions  are  valid  for  linear  or  nonlinear, 
tlr.'e-invariart  or  time-variant  svstems.  They  have  become  popular  because 
most  of  modern  systici  theory,  l.e.,  optimal  control  theorv  and  estima¬ 
tion  theory,  relies  heavily  upon  state  variable  representation.  The 
traiis‘'cr  function  approach  (better  known  as  the  frequency  domain  ap¬ 
proach)  is  also  verv  elegant.  In  that  manv  of  the  classical  design 
spj f 1 f ications  (such  as  the  bandwidth  and  shaping  of  the  loop-transfer 
function'  are  very  explicit  in  the  ♦'requency  domain.  These  speclflca- 
tifos  are  not  casllv  represented  in  the  state  variable  approach  (better 
known  a*?  the  tine-drr;aln  approach) .  On  the  other  hand,  the  state  space 
appteach  handles  mtil  tlple-input  mu'' 1 1  plf'-output  svstens  v’l  th  ease. 
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Before  we  obtain  the  complete  solution  of  the  state  equation 
<2,h2),  we  must  first  obtain  the  homogeneous  solution.  The  state 
equation  without  the  forcing  function  (l.e.,  u  =  0)  Is 

X  =  Ax  (2.84) 

For  notatlonal  brevity  we  will  not  show  the  Independent  variable  t  from 
now  on,  unless  It  is  necessary.  Analogous  to  the  solution  of  a  scalar 
differential  equation  x  =  ax,  we  can  write  the  solution  o‘  (2.84)  as 

y  =  e^^*^”*^oV(tQ)  (2.85) 

Tf  we  let 

4)(t)  =  (2.86) 

then  (2.85)  becomes 

X  *  <J.(t-tQ)>:(t^)  (2,87) 

The  matrix  <J>  in  (2.86)  is  known  as  the  state  transition  matrix  because 
it  describes  the  change  in  the  states  from  one  time  to  another  time. 
Some  of  the  properties  of  the  state  transition  matrix  are  as  follows: 


<l>(t^-tj)4'(tj-tQ)  =  4>(t2-tQ) 

(2.881 

(|)(t)(|>(t)...(f)(t)  =  4»'’(t)  -  ({)(qt) 

(2.88) 

4>”^t)  =  <('(-t) 

(2.90) 

<|>(n)  =  T 

(2.91) 

det(<t(t))  #0  ^  finite  t 

To  obtain  the  complete  solution  of  (2.82),  consider 

d/dt(e  =  e  ^*^f-A)x  +  e  ^^x 

(•>.92) 

=  e  ^^(x  -  Ax) 

Substituting  (2.82)  Into  (2.93)  we  get 

d/dtfe  =  e  (Ax  +  Bu  -  Ax' 

=  e  Bu 

(2.93) 

^ntegratlnp,  we  get 


eT^^yi  =  e“^^Bu  dT  +  K 
•^0 

where  K  Is  an  arbitrary  constant  matrix  of  Integration.  The  lower  llnit 
on  the  Integral  is  the  initial  time  at  which  u(i)  Is  applied.  We  will 
assume  the  initial  time  to  be  zero.  To  evaluate  K,  we  let  t  =  0  in 
(2.9A),  which  gives  K  =  x(0).  We  can  rearrange  ^’2,9^1  as 

x(t)  =  e^^x(01  +  /q  e^^*"  ^^BuCt)  dt  (2.95) 

=  <J)(t)x(0)  +  ({)(t-T)Bu(T)  dT  (2.9b) 

=  <{)('t)x(0)  +  <J)(6)Bu(t-$)  dg  (2.97) 

Referring  to  the  right-hand  side  of  (2.96^,  the  first  terra  Is  the 
homogeneous  solution  (or  zero  Input  response,  l.e.,  u  =  0)  and  tV>e 
second  terra  Is  the  particular  solution  (or  zero  state  response,  i.e., 
y(0)  =  0). 

f;ubstltuting  (2.96)  Into  (2.83)  we  get 

y(t)  =  C({<t)x(0)  +  C  ^(t-T)Bu(T)  oT  (2.98) 

The  eauatlons  (2.96)  and  (2.98)  give  the  complete  solution  to  the  state 
space  model  of  (2.82)  and  (2.83)  in  terras  of  the  system  matrices  fA,  B, 
and  C) ,  the  input  u(t)  and  the  Initial  conditions  of  the  states  x(tg). 
The  first  term  in  (2.98)  Is  the  transient  response  and  the  second  term 
is  the  steady  state  output  response. 

Ouestions  such  as  how  to  evaluate  the  state  transition  matrix  of 
ir.Bbl  and  how  to  evaluate  the  convolution  integral  in  (2.98)  will  not 
he  addressed  here.  They  can  be  found  In  any  text  book  on  classical 
control  theory. 

As  mentioned  before,  (2.98)  describes  the  output  v(t)  in  terms  of 
A.  fi,  r,  u  and  x(tg).  i'e  can  also  describe  the  output  y  In  terms  ol 
eigenvalues  and  eigenvectors  of  the  matrix  A.  This  gix'cs  further 
insight  into  the  output  response,  i.e.,  it  will  tell  us  how  the 
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eipt'nvalues  and  eigenvectors  of  the  plant  will  affect  the  output  time 
response. 

Consider  the  state  space  model  (2.82)  and  (2.83)  again.  The 


characteristic  equation  Is  given  by 


det(Al  -  A)  =  +  a  ,  ^  ^.X  +  a  -  ^ 

n- 1  I  o 


(2.99) 


The  eigenvalues  of  this  equation  are  Xj»  X2»  •••»  Xj^*  When  all  the 
eigenvalues  are  distinct,  recall  that  the  eigenvector  decomposition  of  A 


fc.NlV 


m  ' 


gives  us 


A  =  TA  T 


(2.100) 


where  T  Is  the  modal  matrix.  The  eigenvectors  v^  are  the  columns  of  T 


and  satisfy  the  equation 

fX^I  -  A]v^  ^  0 

-1  T 

The  rows  of  T  are  the  row  vectors  and  satisfy  the  equation 
w/[Xj  -  A]  =  0 

From  linear  algebra  we  know  that  can  be  represented  as 
e^*^  =  T  +  At  +  A^t‘/?!  +  A^t^/3!  +  ... 


(2.101) 


(2.102) 


(2.10?) 


Using  (2.100)  in  (2.103)  we  get 

e'^'^  =  T  +  (TM'-^t  +  (T  AT~’)^t^/?!  +  (TA  T"’)^t^/3!  + 
=  T(T  +  At  +  A^t‘/2!  +  A^t^/3!  +  ...)t"’ 

=  Te^V’ 


Note  that 


=  dlag(e^l*^,  e^3*^  ...»  e^n*') 


(2.104) 


(2.105) 


Fubstitutlng  (2.104)  Into  (2,98),  we  get 


'(t)  =  CTe^*^T~'x(0)  +  C  dx 


(2.106) 


The  state  transition  matrix  can  be  written  as 


y  X ,  t  T 

L  \T  P  1  IJ 
1=1  1  1 


'Substituting  (2.107)  into  (2.98),  we  get 


(2.107) 


2-17 


y(t)  *  Z  Cv.e  ^  w,  y(O) 

"  i=l  i  1 

m  n  f  t  X  •  t 

+  E  Z  w  b .  A  e  ^  u.(t-T)  dT  r?,]08' 
j-ll=l  1  i  j  0  j 

It  Is  evident  from  (?.]08)  thst  the  entire  elgenstructure  (l.c.,  nil  the 
eigenvalues  and  eigenvectors)  determines  the  output  time  response  of  the 
system.  By  selecting  the  eigenvalues  and  eigenvectors.  It  is  possible 
to  design  a  feedback  control  law  u{t)  that  will  shape  the  output,  re¬ 
sponse  so  that  It  Is  close  to  the  desired  response. 

2.2-3  Transfer  Matrices 


Taking  the  Laplace  transform  of  the  state  space  model,  we  obtain 
the  Transfer  Function  Matrix  (TFM)  G(s)  as  follows 

C(s)  =  C(8T-A)"’b  (2.109) 

This  equation  is  a  mathematical  model  (In  the  frequency  domain)  of  the 
plant  from  the  Input-output  viewpoint.  Note  that  the  matrix  G(s)  can 
also  be  viewed  as  the  matrix  consisting  of  the  T-aplace  transform  of 
Impulse  responses,  that  Is,  the  transfer  function  g^^fs)  Is  the  Laplace 
transform  of  the  output  y^  when  the  Input  u^  Is  a  unit  Impulse  function. 
G(s)  Is  called  the  plant  transfer  matrix.  The  dimension  of  the  matrix 
G(s)  Is  given  by  :  (the  number  of  outputs  by  number  of  Inputs). 
Obviously,  G(s)  may  be  a  square  or  a  non-square  matrix. 

Let's  call  the  controller  matrix  K(6)  and  assume  that  it  is  given. 
Figure  2.1  shows  the  closed-loop  block  diagram  assuming  unity  feedback. 


K 

r;(c) 

V 

0\S/ 

Fig  2.1  Closed-Loop  Block  Diagram. 


We  chose  this  kind  structure  for  the  block  diagram  because  if  we  have 
a  controller  (or  compensator)  matrix  in  the  feedback  loop,  a  block 
diagram  eaulvalent  to  Fig  2.1  can  be  obtained  through  block  diagram 
manipulation.  The  transfer  matrix  Pfs)  is  called  a  pre-compensator 
matrix.  We  will  Ignore  P(s)  for  the  time  being  since  It  does  not  effect 
the  closed-loop  stability.  It  Is  sufficient  to  know  that  we 
t>se  Pfs)  to  shape  the  command  Inputs  to  achieve  desired  performance. 

For  stability  analysis  we  need  to  study  how  the  loops  behave.  This 
requires  calculation  of  loop  transfer  matrices,  which  we  get  by  breaking 
the  loop  either  at  the  input  to  the  plant  G(s)  or  at  the  output  of  the 
plant  r.(s).  Tf  we  break  the  loop  at  the  Input,  the  loop  transfer  matrix 
(or  open-loop  matrix)  is  KG  and  if  we  break  the  loop  at  the  output  it  is 
GK.  The  matrices  GK  and  KG  are  always  square.  In  a  SISO  system  GK  *  KG, 
whereas  In  a  MTMO  system  GK  f  KG,  in  general.  The  matrix  (T  +  KG)  or 
(T  +  GKl  Is  called  the  return  difference  matrix,  and  the  matrix 
(T  ^  pr)  ^  or  (I  +  CK)  ^  Is  called  the  inverse  return  difference  matrix. 
We  will  see  later  or.  that  the  closed-loop  stability  Is  directly  related 
to  the  return  dl*^ference  matrix.  Finally,  the  matrices  (I  +  GK)  ^  and 
GK(T  +  GK)  ^  are  called  the  foutput)  sensitivity  matrix,  S,  and  the 
foutput)  complimentary  sensitivity  matrix,  T,  respectively.  Similarly, 
(Input)  sensitivity  and  (Input)  complimentary  sensitivity  matrices  can 
be  written  by  replacing  CF  with  KG  above.  We  will  see  that  the  sum  of 
the  matrices  S  and  T  is  equal  to  the  identity  matrix  and  will  learn  how 
to  use  the  matrices  ?  and  T  In  control  system  design  to  achieve  good 
command  following,  disturbance  rejection  and  robustness  to  high 
frecuency  modelling  errors. 


Fig  2.2  Block  Diagram  of  MIMO  Feedback  System 
Consider  the  MIMO  closed-loop  block  diagram  shown  In  Fig  2.2.  Here 
C(s)  Is  an  open-loop  transfer  matrix,  l.e.,  n(s)  contains  both  the  plant 
transfer  matrix  and  the  controller  matrix.  We  have  selected  this  block 
diagram  configuration  to  derive  the  relationship  between  closed-loop  and 
open-loop  characteristic  polynomials  because  it  is  simple  and  easy  to 
derive  the  relationships  we  are  after. 

Let  us  now  proceed  with  Fig  2.2.  First  let  end  denote  the 
open-loop  and  closed-loop  characteristic  nolvnomlals  respectively.  The 


state  space  description  of  Fig  2.2  is  as  follows 

x(t)=Ax(t)+Be(t)  f211'll 

y(t)  =  Cx(t)  (2.114) 

e(t)  -  r(t)  -  y(t)  f2.11S) 

The  relationship  between  F^s)  and  the  state  space  description  is 

r(s)  =  c(si  -  a)~'b  c:’.  1  lb) 
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(2.117) 


The  open-loop  characteristic  polynomial  4'f,y^(8)  is 
<J>Oj^(s)  =  det(sT  -  A) 

To  obtain  an  expression  for  the  closed-loop  characteristic  polynomial 
*^CL’  manipulate  (2.113  -  2.115)  to  obtain 

x(t)  =  (A  -  BC)x(t)  +  Br(t)  (2.118) 

Let  (s)  represent  the  closed-loop  transfer  matrix.  The  relationship 
between  Gp^(s)  and  the  state  space  description  Is 

(s)  =  C(sT  -  A  +  BO'^B  (2.119) 

The  closed-loop  characteristic  polynomial  (s)  is 

<J>Cj^(s)  =  det(sl  -  A  +  BC)  (2.120) 

or 

<l>^j^(8)  =  det(sT  -  A^^)  (2.121) 

where 

Ac^  =  A  -  PC  (2.122) 

The  closed-loop  system  will  be  stable  if  and  only  If  all  the  eigenvalues 
of  are  In  the  open  left-half  s-plane.  To  rephrase:  the  closed-loop 
system  will  be  stable  if  and  only  if  all  the  roots  of  <)>^^(8)  are  in  the 
open  left-half  s-plane.  These  roots  are  also  the  closed-loop  poles. 

The  relationship  between  *^01  is  as  follows 

(s)-detfl  +  G(s)1  (2.123) 

Equation  (2.123)  relates  the  closed-loop  poles  to  the  open-loop  poles 
and  the  determinant  of  the  return  difference  matrix.  This  equation 
turns  out  to  be  very  useful  in  MIMO  Nyquist  stabllitv  criterion.  To 
prove  (2.123),  we  need  a  few  determinant  identities  v^hich  are  stated  in 
Appendix  2B.  Substituting  (2.120)  into  the  left-hand  side  (LHS)  of 
f?.!?!)  and  (2.117)  and  (2.118)  into  the  right-hand  side?  (RHS)  of 


detfsl  -  A  +  BC)  =  detfsT  -  A)*det(T  +  C(sl  -  A)  R) 


(7.174' 


V"  ir»  iT" 


RHS  =  det 


Let  us  start  with  the  PFS  of  (2.174)  and  show  that  If  is  equal  ro  its 
LHS  using  the  identities  In  Appendix  2B.  TTie  RHS  can  he  written  (using 
(2B.2))  as 

r  I 

sT  -  A  B 

-C  I  (7.125) 

Using  (2B.4)  on  (2.125),  we  have 

RHS  =  det(l)*det(sl  -  A  +  Bl“^C) 

=  det(sT  -  A  +  BC) 

=  LHS  of  (7.124) 

Before  we  close  this  discussion  on  closed-loop  characteristic 
polynomials,  let  us  specialize  (2.123)  to  SISO  svstems  and  show  that  it 
holds.  Let  the  open-loop  transfer  function  (i.e.,  it  Includes  the  plant 
and  the  controller  transfer  functions)  be  g(s).  Let  n(s)  and  d(s) 
denote  numerator  and  denominator  polynomials  of  p(s),  respective! v,  that 
Is 

g(s)  =  r.(s)/d(s)  (2.126) 

<’7.1771 

We  also  know  that  the  closed-loop  transfer  function  g^^(s)  is  given  by 

®CL^‘’^  =  g(s)/ri  +  g(s)l 

=  n(s)/rn(8)  +  d(s)l 


".=  Vl 


. ' .  <J)pj  (s)  =  n(s)  +  d(s) 

Now,  according  to  (2.123),  we  must  have 
4)^^  (s)  -  (j)^^  (s)*ri  +  g(s)] 


(2.128) 


d (s) • n  +  n(s) /d (s) 1 


=  n  (s)  +  d  (s) 


which  is  correct. 


’’ f  one  is  interested  in  treating  the  controller  and  plant  matrices 
separately,  the  algebra  is  a  bit  tedious  and  Is  shown  completely  In 
Appendix  ?C. 

'’.2-5  Zeros  of  MIMO  Systems  and  Their  Meaning 
The  poles  of  a  MTMO  system  are  simple  and  straight-forward  to 
calculate.  We  know  that  the  open-loop  poles  are  simply  the  roots  of  the 
open-loop  characteristic  equation,  det(sl  -  A)  =  0.  The  closed-loop 
poles  are  given  by  the  closed-loop  characteristic  equation, 
detlsT  -  *  0,  where  A^^  is  given  by  (2.119).  They  can  also  be 

calculated  using  (2.123).  What  about  the  zeros  of  a  transfer  matrix? 

Are  the  zeros  of  a  transfer  matrix  the  same  as  the  zeros  of  the 
individual  transfer  f^unctions  in  the  matrix?  The  answer  Is  no.  In 
general . 

First  let's  consider  the  meaning  of  the  zeros  of  a  transfer  func¬ 
tion  for  a  SISO  system.  A  system  zero  absorbs  the  energy  of  a  complex 
exponential  signal  at  a  frequency  equal  to  the  zero's  frequency.  For 
example,  consider  the  following  transfer  function 

y(s)  (s+2) 

u(s)  (s+3)(s+4) 

let  the  input  signal  he 

u(t)  =  u^e 

Then 

,  ,  -3t  -4t 

y(t)  =  u  e  -  u  e 

-2t 

Obviously,  the  oiitput  does  not  contain  any  terms  of  the  form  e  .  Thus, 
the  svsteir  has  blocked  all  input  signals  with  a  frequency  equal  to  the 
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location  of  the  zero.  We  would  like  to  preserve  this  Intuitive  Idea 
even  for  MIMO  systems. 

For  a  MIMO  System,  If  we  have  what  we  will  define  as  a  transmission 
zero  at  s  =  Zj^,  and  If  the  input  vector  u(t)  has  the  form 
u(t)  =  u^e  “• 

where  u^  is  a  real  constant  vector  (note  that  u^  Indicates  the  direction 
of  the  input  vector),  then  we  want  the  output  vector  y(t)  not  to  contain 
any  signals  of  the  form  e^^^.  This  concept  must  be  refined  a  bit,  which 
involves  the  direction  u^.  Let  us  explain  this  with  the  help  of  the 
following  simple  example. 


y(a) 


s+1 


0 


For  this  system.  It  turns  out  that  we  have  transmission  zeros  at  s  =  -1 
and  E  =  -2.  If  we  apply  a  general  Input  vector  u(t)  to  the  system,  of 
the  form 

u(t)  =  u^e  ^ 

where  Uq  Is  also  a  vector,  then  the  output  yj(t)  will  not  contain  a  term 

e  but  the  output  y2(t)  will.  Therefore,  In  a  mul tlvariable  sense, 

the  2-dlmenslonal  output  vector  y(t)  will  contain  the  zero  freouency 

exponential  term  e  Similarly,  If  we  apply  an  Input  vector  of  the  form 

-2t 

U(t)  =  UqC 

to  the  system  (2.129),  then  will  not  contain  the  frequency  e  '  , 

but  y j  (t)  will. 

The  above  argument  Indicates  that  we  cannot  use  an  arbitrary 


direction  u_.  This  simple  example  suggests  that  we  retain  the 


energy-absorbing  property  only  by  using  an  Input  vector  of  a  specific 


direction. 


and 


In  the  example 
u(t)  = 


u(t)  = 


,  if  we  consider  the  inputs 

-t 

c 


-2t 

e 


we  can  see  that  the  output  '^ector  y(t)  will  not  contain  terms  at  either 
zero's  frequency. 

Thus,  we  arrive  at  the  time  domain  Interpretation  of  transmission 
zeros  of  MIMO  systems.  If  a  system  G(s)  has  a  transmission  zero  at 
s  =  z^,  and  if  we  apply  an  Input  vector 
u(t)  =  Uj^e^k^ 

where  u^  Is  an  appropriate  Input  direction  associated  with  the  trans¬ 
mission  zero  at  s  =  Zj^,  then  the  output  vector  y(t)  will  not  contain  the 
^complex)  exponential  e^^^  In  any  of  Its  components. 

So  far  we  have  not  addressed  the  problem  of  how  to  find  the  trans¬ 
mission  zeros.  There  are  many  methods  available  to  calculate  them,  but 
we  will  study  only  a  few.  Furthermore,  we  have  not  discussed  the  fact 
that  there  are  other  types  of  zeros,  namely  decoupling  zeros  and 
Invailant  zeros.  For  a  completely  controllable  and  observable  system 
(definition  In  Section  2.?-9),  the  set  of  system  zeros  is  just  the  set 
of  transmission  zeros.  Since  we  usually  deal  with  controllable  and 
observable  systems,  we  only  need  to  know  how  to  calculate  the 


transmission  zeros.  For  more  on  other  types  of  zeros,  the  reader  Is 
referred  to  Ref  [7]. 


?.?-6  Calculation  of  transmission  zeros 


One  method  of  calculating  transmission  zeros  Is  to  arrange  the 
plant  matrix  Gfs)  Into  Smlth-McMl 1  Ian  form.  We  do  this  by  finding  two 
unlmodular  matrices  M(s)  and  Nfs)  (unlmodular  matrix  means  that  the 
determinant  of  the  matrix  Is  Independent  of  the  variable  s)  such  that 

C^fs)  =  Mfs)nfs)N(s)  (r.130') 

where  Gj(s)  has  the  form 


~  £1(5) 

0 


0 

£2(^) 


G,(s)  = 


0  0 
6  6 


0  0  •••  0 

0  0  0 


0  0  •••  0 

6  6  •••  6 


(2.131) 


In  (2.131),  e^fs)  and  'l'j(s)  are  relatively  prime  polynomials  fsee 
Appendix  2D  for  the  definition  of  relatively  prime  polynomial  si . 
Moreover,  the  and  have  to  satisfy  the  following: 

ej(s)j  e^(s)j  £3(8)  [•••j  (2,132) 

and 

'<'p_i^®^|  '(^p-7^®^  I  •••[  (2,133) 

Where  ajbjc  means  that  a  divides  b  without  remainder  and  b  divides  c 
without  remainder.  When  all  these  are  satisfied,  G^  (s)  Is  said  to  he  In 
the  Smlth-McMll Ian  form  of  C.  If  we  define  the  transmission  zero 
polynomial  z(s)  as 

z(s)  =  -n  £,(s)  (7.134) 

1=1  ^ 

then  the  roots  of  z(s)  =  0  are  the  transmission  zeros.  If  wc  start  with 
the  system  matrix  P(s),  where 


c-.-ir.  ^  -.w  w  *  V 1  ^ 


« 

I 

K 

/, 

I*. 

I 

V 

> 

> 

i 


I 


f 


P(a) 


(2.135) 


sT-A  -B 
C  0 

and  arrange  It  In  Smlth-McMlllan  form,  the  resulting  polynomial  (2.13A) 
will  yield  al 1  7erop  of  the  system  (that  Is,  both  the  transmission  zeros 
and  decoupling  zeros). 

Example  2.2-1 

This  example  will  Illustrate  the  method  of  obtaining  the  transmission 
zeros  by  arranging  the  transfer  matrix  Into  Smlth-McMlllan  form. 

Suppose  Cfs)  Is  given  by 


G(s)  = 


1 


P(s) 


where 


and 


d(s) 

d(s)  =  (s+))fs+2) 


P(s) 


1 

2 

s  +S-4 
s^-4 


2s^-s-8 

2s^-8 


I'e  obtain  the  matrices  M(s)  and  Nfs)  In  (2.130)  as  follows: 

Because  P(s)  has  2  columns  and  3  rows  we  append  a  (2x2)  and  a  (3x3) 
Identity  matrix  to  It  both  belovr  and  to  the  right: 


s  ♦  s  -4 
s^-4 


1 

0 


-1 

2 

2s  - s -8 
2s^-8 


0 

1 


0 

1 

0 


Performing  elementary  row  operations  on  the  upper  3  by 
^  fii  ick  yields 
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‘j 


yv. 


1 


0 


1 

(s+l)(s+2) 

0 

0 

Notice  that  MCs)  and  N(s)  are  unlnodular  matrices,  since  elementary  row 
and  column  operations  do  not  affect  the  determinant  (except  by  a  con¬ 
stant  when  a  row  or  column  Is  multiplied  by  a  constant).  The 
transmission  zero  from  the  Smlth-McMlllan  form  Is  at  s  =  ?. 

Obviously,  it  may  be  difficult  to  arrange  a  matrix  Into 
Smlth-McMlllan  form,  mainly  because  we  have  to  do  algebraic  manipulation 
of  polynomial  matrices,  which  Is  difficult  to  do  by  hand  and  even  more 
difficult  on  the  computer  (unless  you  have  an  algebraic  manipulation 
language).  There  is  a  computer  program  called  "zeros"  available  at 
WPAFB  that  calculates  all  the  zeros  by  posing  the  problem  as  a  gener¬ 
alized  eigenvalue  problem  and  solving  It  using  0-7  algorithms.  We  will 
not  study  the  details  of  that  technique;  rather,  we  will  study  the 
following  technique,  which  is  based  upon  rlght-coprlme  factorizations 
(r.c.f.)  or  left-coprlme  factorizations  (l.c.f.).  For  the  definition  of 
r.c.f.  and  l.c.f.  see  Appendix  ?F,. 

Suppose  that  we  have  a  rlght-coprime  factorization  of  G(s)  as 

C(s)  =  N^(s)[n^(slj"’  f2.I36) 

Then  we  can  state  the  following: 
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—  If  G(s)  Is  square  and  nonsingular,  then  the  transtnl sslon  zeros 
are  the  roots  of  detfN^fs)]  =  0. 

—  If  G(s)  Is  non-square,  then  the  transmls-lon  zeros  are  pi^en  by 
the  frequencies  at  which  the  rank  of  drops  below  Its  nomal  rank 

(normal  rank  is  the  largest  rank  that  the  matrix  can  have) . 

Similar  statements  can  be  made  for  a  l.c.f.  of  C(s), 

C(s)  =  [N£(s)r^D£(s).  (2.137) 

How  do  we  find  a  r.c.f.  or  l.c.f.  of  G(s)  as  shown  In  (7.136)  or 

(2.137)?  To  answer  that,  we  state  the  following  method: 

Consider  the  state  space  model 
X  =  Ax  +  Bu 

V  =  Cx  +  Du  (2.138) 

so  that 

G(s)  =  C(sl  -  A)“'b  +  D  (2.139) 

Suppose  that  the  system  described  by  (2.138)  is  stablllzable  and 
detectable  (we  will  discuss  stablllzablllty  and  detectability  later  In 
these  notes).  Select  matrices  F  and  K  such  that  all  the  eigenvalues  of 
the  matrices  A^  =  A  -  BK  and  A^  =  A  -  FC  have  negative  real  parts.  Then 


we  will  have 


r(s)  =  N^(s)fD^(s)l  ’  =  rD^(s)r’N^(s) 


(2.140) 


Y  (s)  X  (s)  1)  (s)  -X/s) 

r  IT  r  ^ 

-H£(s)  D^(s)  N^(s)  Y£(s) 


=  I  for  all  s 


(2.141) 


N  (s)  =  (C  -  DK) (sT  -  A„)  B  +  D 


''2.144') 


"7  If  we  define 

N£(s)  =  G(sl  -  A^)~’(B  -  FD)  +  D 

(2.142) 

y:  D£(s)  =  I  -  C(sT  -  a^)''f 

fp.us) 

D^(s)  =  T  -  K(rT  -  Aq)“^B 

X^(s)  =  K(sl  -  A^y'^F 

Y^(s)  =  T  +  K(sl  -  -  FD) 

X^(s)  =  K(sT  -  A^)"^F 

Yg(s)  =  T  +  (C  -  DK)(sT  -  Aj^)~^F 


(2,U5) 

(2.1A6) 

f?.lA7) 

('2.149' 


The  equation  i2.14])  is  called  the  generalized  Bezout  identity.  The 
only  nontrivial  step  needed  so  far  is  to  find  matrices  K  and  F  such  that 
the  matrices  A^  and  have  eigenvalues  with  negative  real  parts.  This 
can  he  accomplished  by  solving  Rlccatl  equations;  l.r.,  select  arbitrary 
positive  definite  matrices  0^,  Q^,  and  R^  of  appropriate  dimensions, 
and  solve  the  equations 

0^  +  MA  4  A^M  -  =  0  (2.150) 

4  t.a"^  4  AI-  -  Lc'^R2~^CL  0  (2.151) 

for  the  unknown  matrices  M  and  L.  Then  define 

K  *  R  "’b^M  F  =  l.c’^R.,"^  (2.152) 

1  A 

The  rationale  behind  this  Is  given  in  Chapter  6  of  this  notes.  The  main 
advantage  of  this  method  is  that  it  deals  with  manipulation  of  real 
numbers,  not  polynomials.  Basicallv,  it  reauires  two  computer  programs, 
one  to  solve  Riccati  equations  and  the  other  to  do  complex  matrix 
inversion,  (sT  -  A)  ' . 

how  let  us  show  a  couple  of  simple  examples  and  make  a  few 


comments . 
Example  2.2-2 


Consider  the  system: 


so  that 


-1, 


G(s)  =  C(sl  -  A)  +  n  = 


I-  .*> 

s+2 


0 


0  — 


.V  +2 
5 


Choosing 


0 


1 


0,  =  R,  =  R2  = 


1  0 
0  1 


and  solving  (2.150)  and  (2.151),  then  substlttitlng  the  resulting  11  and  I. 
matrices  Into  (2.152)  yields 


-0.4142 

0 

0.2361 

0 

K  = 

P  = 

0 

1 

0 

1 

We  really  only  need  one  factorization,  so  we'll  choose  the  l.c.f.  Also 
note  that  we  only  need  from  (2.142),  but  we  will  calculate  as  well 
for  completeness.  The  X  and  Y  matrices  are  not  needed  at  all  here  but 
are  useful  In  other  applications  (see  Chapter  17).  Next  we  need  A^, 
which  Is  given  by 

2.2361  0 

0  -1 

Substituting  all  these  quantities  Into  (2.142)  and  (2.143)  yields 
N^(s)  =  C(sl  -  Aj,)”^(B  -  FD)  +  D 


Aq  =  A  -  FC 


1  0 
0  1 


s+2, 2361  0 

0  s+1 


0.2361  0 

0  1 


1 

m 

0 

1 

0 

0 

1 

r 

0 

1 

- 

- 

- 

s+2. 2 361 


ir 


0 


n^(s) 


T  -  C(sl  -  Aq)"^F 


1  o'!  n  ^1  r®  2.2361 

0  10  1  0 


s  +  1 


0.2361  0 


0  1 


s+2.2  361 


Tt  is  trivially  obvious  that  C(a)  *  fD^(s)l  N^Cs)  for  this  example. 
Since  G(s)  is  square,  to  find  the  transmission  zeros  we  must  find  the 


roots  of 


det  fN^(s) 


s(s+2) 

(s+1) (s+2.2361) 


whlcl'i  are  s  =  0  and  s  =  -2. 


Quite  often,  r.r.f.'s  and  l.c.f.'s  are  defined  in  terms  of 
polynomial  matrices  rather  than  transfer  function  matrices  (see  Ref. 
12-31).  Looking  at  the  previous  example.  It  Is  obvious  that 


^  Ol  'f.v  0  "1 

=  L  0  ,vj  [o  >  +2J 


since  the  denominators  of  the  corresponding  Individual  elements  of  N^(8) 
and  0^(s)  are  the  same.  The  denominators  will  always  share  this 
property.  Therefore,  let's  look  at  an  example  where  the  l.c.f.  Is 
already  given  In  polynomial  form. 

Example  2.2-3 

Consider  the  l.c.f. 


C,(s)  = 


s  s  + 1 

r+2  "  r+2 


[D»(s)]"^N„(s) 


We  note  that  G(s)  is  a  non-square  matrix  and  the  normal  rank  of  ^ is 
two.  There  Is  no  frequency  for  which  the  rank  of  is  less  than 

two,  i.e.,  for  all  values  of  s,  there  are  always  two  columns  that  are 
linearly  independent.  Therefore,  there  are  no  transmission  zeros  for 
this  system.  Notice  that  had  we  tried  to  guess  the  transmission  zeros 
by  inspecting  the  individual  transfer  functions  of  C(s),  we  would  have 
been  In  trouble.  Also  notice  that,  typically,  rectangular  systems  do 
not  have  transmission  zeros  because  it  is  unlikely  that  all  minors  of 
size  less  than  or  equal  to  the  normal  rank  will  be  slmul taneouslv  zero. 

From  the  above  two  examples,  we  see  that  the  transmission  zeros  of 
GCs)  exhibit  some  phenomena  which  do  not  exist  In  the  STSO  case.  A 
transmission  zero  may  appear  as  a  pole  of  the  same  G^s)  (note  that  In 
Example  2.2-2  the  poles  are  also  at  s  =  0  and  s  =  -2).  Even  though 
individual  elements  of  G(s)  have  zeros,  the  matrix  G(s)  may  not  have 
zeros.  Despite  all  these  differences,  the  Interpretation  of  zeros  of 
MIMO  systems  Is  still  the  same  as  the  zeros  of  RTSO  systems  from  the 
time-response  point  of  view  (as  explained  at  the  beginning  of  section 
2.2-5). 

2.2-7  Nonmlnlmum  Phase  Systems 

In  section  2.2-5  and  2.2-6  we  discussed  a  great  deal  about  zeros. 
Why  are  we  so  concerned  about  zeros?  Because  systems  with  zeros  In  the 
right-half  of  the  s-plane  cause  considerable  difficulty  to  the  control 
system  designer.  This  type  of  system  Is  called  a  nonmlnlmum  phase 
system.  Zeros  have  a  dramatic  Influence  on  the  nature  of  the  time 
response.  Whenever  there  Is  a  zero  in  the  right-half  s-plane,  the 
initial  time  response  of  the  system  is  negative  even  though  the 
steady-state  value  Is  positive.  This  type  of  Initial  response  (typical 
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r 


V. 


L. 


r.'^J  *r'.'  Tj  ; 


to  both  SISO  and  MIMO  systems^  presents  a  difficult  control  problem. 
Imagine  trying  to  drive  a  car  In  which  every  time  you  turned  the  wheel 
to  the  left,  the  Initial  response  moved  the  car  to  the  right  before  it 
eventually  came  back  to  the  left.  This  is  the  type  of  behavior  one  must 
contend  with  In  a  nonmlnlmum  phase  system. 

The  zeros  of  the  open-loop  system  are  the  same  as  the  zeros  of  the 
closed-loop  system  under  tinlty  feedback  for  both  SISO  and  MIMO  systems, 
whether  they  are  controllable  and  observable  or  not.  If  we  think  of 
feedback  design  for  SISO  systems  using  root  locus,  we  know  that  all  the 
branches  of  the  loci  start  at  the  open-loop  poles  and  end  at  the  zeros. 
The  closed-loop  poles  lie  somewhere  on  the  root  locus  and  their  location 
depends  upon  the  gain  that  Is  selected.  Naturally,  If  we  have  a  zero  in 
the  right-half  plane,  the  closed-loop  system  will  go  unstable  provided 
the  gain  is  sufficiently  Increased.  This  is  true  for  MIMO  systems  also. 
The  root  locus  for  a  MIMO  system  starts  at  the  open-loop  poles.  Some  of 
the  branches  of  the  loci  end  .at  the  (finite)  transmission  zeros  and  the 
others  end  at  (conceptually)  the  transmission  zeros  at  infinity.  If 
there  Is  a  transmission  zero  In  the  right-half  plane,  the  closed-loop 
system  will  go  unstable  for  a  high  enough  value  of  gain. 

Among  other  concerns,  we  will  see  later  that  when  we  use  the 
control  system  design  procedure  LQG/LTR  (Linear  Qaudratic  Gaussian  with 
T.oop  Transfer  Recovery),  we  may  not  be  able  to  achieve  robustness  to 
high  frequency  modeling  errors  or  achieve  good  performance  at  low 
frequencies,  depending  upon  whether  the  right-half  plane  transmission 
zeros  are  above  or  below  the  cross-over  frequency  of  the  uncertainty 
profl 1 e . 


vMc. 
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Before  we  close  this  section  on  zeros,  we  should  remember  that 


nonmlnlmum  phase  behavior  Is  a  modeling  problem,  not  the  real  system's 
problem.  That  Is,  the  zero  locations  depend  upon  where  we  mount  the 
actuators  and  sensors.  We  can  change  the  pattern  of  zero  locations  and 
hence  change  the  nonmlnlmum  phase  behavior  of  the  model  by  rearranging 
the  control  distribution  and/or  measurement  distribution  as  represented 
by  the  matrices  B  and  C  in  the  state  space  model.  However,  with  a  given 
set  of  actuator  and  sensor  locations,  we  may  be  stuck  with  nonmlnlmum 
phase  behavior. 

2.2-8  The  Multivariable  Nyqulst  Stability  Criterion 

Nyqulst  stability  criterion  gives  a  YES  or  MO  type  answer  to  the 
question  of  stability  of  a  feedback  system,  l.e,,  does  the  closed-loop 
system  have  any  poles  In  the  right  half  s-plane  or  not.  Before  digital 
computers  b-  -amo  popular,  it  was  not  a  trivial  task  to  find  the  roots  of 
the  characteristic  equation  by  hand.  In  order  to  find  closed-loop 
stability.  Nyqulst  criterion  was,  however,  relatively  easy  to  apply  by 
hand  for  SISO  design  and  analysis.  Today,  the  question  of  YES  ot  MO 
stability  Is  relatively  easy;  all  one  needs  to  do  Is  to  write  the  state 
space  description  of  the  closed-loop  system  and  calculate  (using  canned 
digital  computer  subroutines)  the  eigenvalues  of  the  closed-loop  system 
matrix.  This  leads  to  the  question  of  why  wo  study  Nyqulst  criterion 
for  MIMO  systems.  We  study  It  because  of  the  following  reasons: 

1)  It  does  still  provide  a  YES  or  NO  type  answer  to  MTMO  closed-loop 
stability. 

2)  For  systems  that  contain  time  delay  terms  o'"  the  form  e  ‘  ,  state 
space  methods  are  very  awkward  since  the  system  is  Inflnlte- 
dlmenslonal.  The  Nyqulst  theorem  Is  very  useful  for  such  systetus. 


3)  Most  Importantlv,  it  forms  the  basis  for  closed-loop  robustness 
aralvsis  for  modelinp;  errors  and  for  closed-loop  robust  control  design 
using  loop-shaping  techniques. 

Consider  the  block  diagram  of  Fig  ?.?.  Fecal  1  tl.at  the  closed  loop 
characteristic  polynomial  Is  given  by 

<{)^^  =  4>pj-dettl  ♦  0(8)1  (2.153) 

where 

<|>^^  =  det(sl  -  A)  (2.154) 

We  now  need  some  basics  from  complex  variable  theory. 


Fig  2.3.  The  Nyqulst  Contour  In  the  s-Plane 

T,et  !'S  define  a  closed  contour  as  shown  In  Fig  2.3.  The  clockwise 

COT  tour  D  ,  as  R-+»,  Is  called  the  Nyqulst  contour  and  encloses  the 
R 

irtlre  right-half  s-plane.  The  closed-loop  system  of  Fig  2.2  will  be 
stable  If  and  only  if  the  Nyqulst  contour  does  not  encircle  any  of 
the  roots  of  the  closed-loop  characteristic  pelynomlal  <J>j,j^(s)  given  in 
(2.153).  This  is  simply  a  restatement  of  "no  closed-loop  poles  in  the 
right-half  s-plane".  Before  we  find  the  Nyqulst  stability  criteria,  le 


US  first  state  without  proof  what  Is  called  "the  principle  of  the 
argument"  from  complex  variable  theory. 

The  principle  of  the  argument;  Let  C  be  a  closed  clockwise  contour  In 
the  s-plane  (note  that  D  Is  a  particular  closed  contour).  Let  f(s)  be 
a  complex  valued  function  (for  us  f  (s)  may  be  •  Suppose  that: 

1)  f(s)  Is  analytic  on  the  contour  C  (l.e.,  df/ds  exists  for  every 
point  on  C) . 

2)  f(s)  has  Z  zeros  Inside  C. 

3)  f(s)  has  P  poles  inside  C. 

If  we  plot  f(s)  In  the  complex  s-plane  by  evaluating  It  at  every 
point  on  C,  then  what  we  get  Is  called  the  Image  of  the  clockwise 
contour  C  under  the  mapping  f(s).  The  principle  of  the  argument  states 
that  this  Image  encircles  the  origin  in  the  complex  plane  Z  -  P  times  In 
a  clockwise  sense. 

Let  the  notation  N(A,  f(8),  C)  denote  the  number  of  clockwise 
encirclements  of  the  point  A  in  the  complex  plane  by  the  Image  of  the 
clockwise  contour  C  under  the  mapping  f(B).  Using  this  notation,  we  can 
write  the  principle  of  the  argument  as 

N(0,  f(s),  C)  =  Z  -  P  f7.155) 

One  useful  property  that  we  will  need  later  Is  as  follows.  Suppose 
that  f(s)  can  be  written  as 

f(s)  =  f^(s)f^(s)  (2.156) 

Also  suppose  that  there  are  no  pole-zero  cancellations  between  fj(s)  and 
f2(s).  Then  the  principle  of  argument  yields 

N(0,  fj(s)f2(s),  C)  =  N(0,  fj(s),  C)  +  N(0,  (^(s),  C)  (2.157) 

If  fj(s)  has  Zj  zeros  and  Pj  poles  Inside  the  contour  C,  and  If  (^(s) 


has  Z-  zeros  and  P  poles  Inside  the  contour  C,  then  (2.157)  means  that 


(2.158) 


^  -  «r. 


Z  -  P  *  (Zj  -  Pj)  +  (Z^  -  P2) 
vie  are  now  ready  to  deduce  the  closed-loop  stability  of  Fig  2.2 
using  the  principle  of  the  argument  that  we  just  discussed.  Pecall  that 
the  roots  of  the  characteristic  equation  shown  in  (2.153)  are  the  poles 
of  the  closed-loop  system.  Also  recall  that  <J>  can  be  written  using  a 

ULt 

state  space  description  as  follows  (see  ^2.120)  and  the  development 
surrounding  It) 

=  det(sl  -  A  +  BC)  (2.159) 

Note  that  4'^^^  In  (2.159)  Is  an  n^^  degree  polynomial  v.'ith  n  zeros  and  no 
poles.  It  may  be  confusing,  but  we  should  remember  that  the  n  zeros  of 
the  polynomial  In  (2.159)  are  the  n  closed-loop  poles.  We  should  also 
note  that  the  term  detfl  +  G(s)l  Is,  In  general,  a  numerator  polynomial 
divided  by  a  denominator  polynomial.  But  this  denominator  polynomial 
will  get  cancelled  when  multiplied  by  4*^^  (you  can  check  It  quickly  by 
taking  any  simple  MIMO  example).  This  is  why  4>pj^  given  by  (2.153)  is 
also  a  n^^  degree  polynomial  with  n  zeros  and  no  poles. 

Tf  we  apply  the  principle  of  the  argument  to  4>j,j  (s)  using  the 
Nyqulst  contour,  f(s)  =  4*  (s)  and  C  =  D  .  Since  4ip,  (s)  has  no  poles, 

P  =  0.  For  stabllltv,  there  must  be  no  zeros  of  4>j,j  (s)  In  the 
right-half  s-plane,  that  is,  Z  =  0.  Therefore,  (2.155)  becomes 

N(0,  4>j,j  ''s),  Dj^)  =  0  (2.160) 

If  and  only  if  the  closed-loop  system  Is  stable.  Substituting  (2.153) 
Into  (2.160)  we  have 

N(0,  4>py‘det(T  +  G),  Op)  =  0  (2.161) 

If  and  only  if  the  closed-loop  system  is  stable.  Using  (2.157),  we  can 


write  (2.161)  as 


(■2.  !62'» 


N(0,  V 


=  N(0,  <l>OLfs),  Dj^)  +  N(0,  det(T  +  C) ,  =  0 


Note  that  ^  polynotnla]  fsee  (2.154))  with  n  zeros  and  no 


poles.  These  zeros  correspond  to  the  open-loop  poles  of  the  transfer 


matrix  G(8).  Let  P  ^  denote  the  number  of  unstable  open-loop  poles  of 
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G(s).  The  principle  of  the  argument  applied  to  then  gives 


N(0,  D^)  . 


(2.163) 


Substituting  (2.163)  Into  (2.162),  we  have 


Voi  *  *C),  P,)  .0 


or 


N(0,  detd  +  G),  Ilj^)  =  -P^j  (2.164) 

Hence,  the  closed-loop  system  of  Fig  2.2  is  stable  if  and  only  If 

(2.164)  Is  satisfied.  Let  us  rephrase  this.  The  closed-loop  svstem  of 

Fig  2.2  Is  stable  If  and  only  if  the  number  of  counter-clockwl se 

encirclements  of  the  origin  by  the  Image  of  the  clockwise  Nyqulst 

contour  D  under  the  mapping  det(T  +  G)  equals  the  number  of  unstable 
R 

open-loop  poles  of  the  open-loop  transfer  matrix  C(s). 

Now  let's  look  at  the  Nyqulst  stability  criteria  for  the  ST?fi  case. 
Since  the  determinant  of  a  scalar  Is  itself,  (2,164)  reduces  to 

N(0,  1  +  g(s),  D^)  =  -Pu^oL  (?.165) 

It  Is  also  easy  to  see  that 

N(0,  1  +  g(s),  =  N(-l,  g(s),  (2.166) 

The  reason  Is  that  If  we  plot  the  image  of  under  the  mapping  1  +  g(s) 

then  by  shifting  every  point  of  1  +  g(s)  by  -1,  we  obtain  the  Image  of 

D  under  the  mapping  g(s).  That  Is,  (2.166)  states  that  the  number  of 
R 

encirclements  of  the  origin  by  the  Image  of  under  the  map  1  +  g(s)  Is 
the  same  as  the  number  of  encirclements  of  -1  bv  the  Image  of  iinder 
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Che  map  gis) ,  Assuming  Chat  Fig  2.2  stands  for  a  SISO  system,  Che 
closed-loop  system  is  stable  if  and  only  if 

N(-l.  g(s).  Dj^)  =  -Pu,oL  (2.167) 

Unfortunately,  (2.16A)  can  not  be  simplified  any  further  (that  is, 
removing  the  determinant  operator  or  shifting  the  origin  to  -1)  for  an 
arbitrary  matrix  G(s).  The  only  further  simplification  possible  is  for 
the  special  case  where  G  is  a  diagonal  matrix,  that  is 

G(8)  =  dlagf  gj(8),  g2(s),  ...,  g^(8)l  (2.168) 

which  means  we  are  dealing  with  n  decoupled  SISO  systems  (this  is  a 
trivial  multivariable  case).  In  this  case 

detfl  +  C(s)l  =  n  [1  +  g^(s)l  (2.169) 

1*1  1 

and  (2.164)  can  be  written  as  (see  the  property  shown  in  (2.157)  also) 
n 

^Z^N(0,  1  +  g^(s),  Dj^)  =  -Pu^OT,  (2.170) 

Notice  that  the  nice  thing  about  the  Nyqulst  stability  criteria  is 
that  ir  order  to  determine  closed-loop  stability  we  don't  need  to  solve 
for  closed-loop  eigenvalues.  We  can  find  closed-loop  stability  based  on 
open-loop  information.  In  the  SISO  case,  we  use  either  g(s)  or  1  +  g(s) 
as  shown  in  (2.167)  or  (2.165).  In  the  MIMO  case,  we  have  to  use  the 
determinant  of  the  return  difference,  det(I  +  G(s)l,  and  we  cannot 
simplify  it  to  the  form  of  (2.167)  unless  G(8)  is  completely  decoupled. 
This  does  increase  the  difficulty  in  using  the  technique,  but  for  tlme- 
delav  systems  we  really  have  no  choice.  For  robustness  analysis  (see 
Chapter  3),  our  stability  tests  will  be  based  on  the  Nyniilst  criteria, 
but  we  will  not  actually  have  to  plot  det(T  +  C(s)].  As  one  final 
comment,  if  a  compensator  matrix  K(s)  is  present  in  the  system,  we  can 
simply  replace  G(s)  with  G(s)K(s)  through  the  relationship  given  in 
Appendix  2r  (substitute  equation  (2C.26)  into  (2.160)). 
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Detectability 

In  this  section  we  briefly  explain  what  we  mean  by  controllability, 
observability,  stablllzablllty  and  detectability.  These  concepts 
(determined  only  from  state  space  models)  are  important  to  design 
techniques  using  optimal  control  theory,  eigenstructure  assignment,  pole 
placement,  etc. 

A  linear  system  described  by  the  state  space  model 


x(t)  =  Ax(t)  +  Bu(t) 


(2.171) 


Is  said  to  be  completely  controllable  If  and  only  If  the  system  can  be 
transferred  from  any  Initial  state  x  at  any  Initial  time  t  to  any 
final  state  x(t^)  =  x^  within  a  finite  time  t^-t^.  If  the  system  Is  not 
completely  controllable  (l.e.,  uncontrollable) ,  then  no  matter  how  much 
control  energy  we  put  Into  the  system,  there  are  certain  states  In  the 
state  space  that  can  not  be  reached.  From  a  pole-placement  viewpoint,  a 
completely  controllable  system  Implies  that  we  can  move  all  the  poles  of 
the  system  (using  feedback)  whether  those  poles  are  in  the  left-half  or 
right-half  s-plane. 

A  simple  test  to  determine  complete  controllability  for  the  linear 
system  of  (2.171)  Is  to  first  form  the  so-called  controllability  matrix. 


denoted  by  M  ,  given  by 

V« 


Mc=  [B 


A^B  •  . . . 


a"-^bi 


(2.172) 


where  n  Is  the  number  of  states.  If  the  rank  of  Is  equal  to  n,  then 
the  system  is  completely  controllable.  If  this  rank  Is  less  than  n,  the 


system  Is  uncontrollable.  The  rank  defect  of  (i.e.,  n  minus  the 
actual  rank  of  H  )  tells  us  how  many  modes  (poles)  are  uncontrollable. 

V/ 


»"  1 
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When  the  eigenvalues  of  A  are  distinct,  the  uncontrollable  modes  have 
the  property 

Rankf  -  A,  B]  =  g  <  n  (2.173) 

Equation  (2.173)  gives  us  a  way  to  find  which  modes  are  uncontrollable. 
If  the  eigenvalue  is  uncontrollable,  then  it  is  also  called  an  input 
decoupling  zero. 

There  is  another  way  to  describe  controllability.  Consider  the 
system  of  (2.171),  and  assume  all  eigenvalues  of  A  are  distinct.  Define 
a  transformation  of  state  variables  by 

x(t)  =  Tz(t)  (2.174) 

where  z(t)  is  the  transformed  state,  and  T  is  a  transformation  matrix 
whose  columns  are  the  eigenvectors  of  the  A  matrix.  Then  (2.171)  can  be 
rewritten  as 

z(t)  -  T"^ATz(t)  +  T"^Bu(t)  =  Az(t)  +  R^u(t)  (2.175) 

where  A  Is  a  diagonal  matrix  with  the  eigenvalues  as  the  diagonal 
elements.  If  B^  does  not  have  a  zero  row,  then  the  system  Is  completely 
controllable;  otherwise.  It  is  not  completely  controllable,  and  the 
eigenvalues  corresponding  to  the  zero  rows  are  the  uncontrollable  modes. 

If  all  the  unstable  modes  (poles  or  eigenvalues)  are  controllable, 
then  that  system  Is  said  to  be  stablllzable.  This  tells  us  that 
Stahl llzablllty  does  not  Imply  complete  controllability  since  the  stable 
modes  (poles  in  the  left-half  plane)  may  not  be  controllable  (l.e.,  we 
may  not  be  able  to  move  them  using  feedback).  However,  complete 
control labl llty  does  Implv  stablllzablllty. 

A  system  is  said  to  be  completely  observable  If  every  Initial 
state  x(tj^)  can  be  exactly  determined  from  the  measurements  of  the 
output  y(t)  over  a  finite  Interval  of  time  t^^t^t^..  This  implies  that 
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every  state  x(t)  affects  the  output  y(t).  If  there  are  any  states  that 
do  not  affect  the  system  response,  then  It  Is  not  a  completely 
observable  (l.e.,  unobservable)  system.  This  means  that  If  the  system 
Is  not  completely  observable,  then  there  are  certain  states  that  can 
never  be  identified  or  estimated  because  there  are  some  states  that  do 
not  Influence  the  output. 

A  quick  way  to  check  If  the  linear  system  described  by 
xft)  =  Axft)  +  Bu(t) 

y(t)  =  Cx(t)  (2.176) 


Is  completely  observable  Is  to  first  form  the  so-called  observability 
matrix  given  by 


H  .  IC'^  i  aV  :  (AbVi...  i(Ab'’-'c’'l 

O  I  I  II 


(2.177) 

If  the  rank  of  M  Is  n,  where  n  Is  the  size  of  A  matrix,  then  the  system 


In  (2.176)  Is  completely  observable;  otherwise,  it  Is  unobservable.  The 
rank  defect  of  Is  equal  to  the  number  of  unobservable  modes.  Another 
way  to  understand  complete  observability  Is  to  use  the  transformation 
(assuming  nonrepeated  eigenvalues)  shown  In  (2.174)  on  the  output 
equation  of  (2.176).  We  have 

y(t)  =  Cx(t)  =  CTz(t)  =  c’z(t)  (2.178) 

If  a  column  of  has  all  zeros,  then  one  mode  Is  not  coupled  to  any  of 
the  outputs  and  the  system  Is  not  completely  observable.  Again,  the 
modes  corresponding  to  the  zero  columns  are  unobservable. 

If  the  unobservable  modes  are  In  the  open  left-half  s-plane  (l.e., 
stable),  then  the  system  Is  said  to  be  detectable.  Obviously, 


detectability  does  not  Imply  observability  whereas  observability  does 
Imply  detectablHty. 


Finally,  a  pole-j^ero  cancellation  In  a  transfer  function  implies 
that  the  system  Is  either  uncontrollable  or  unobservable  or  both.  That 
is  why  a  pole-zero  cancellation  Is  not  permitted  if  we  are  Interested  in 
deriving  a  state  space  model  from  the  transfer  function.  Such  a 
cancellation  will  destroy  the  information  regarding  controllability  and 
observability. 
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Appendix  2A 

Derivation  of  equations  (2.110  -  2.112) 
Consider  the  following  MTMO  block  diagram 


r(s)  e(s)^ 

K(s) 

u(s) 

G(s) 

1 

-1 

1 

Fig  2A-1  MIMO  Block  Diagram 


We  have 


e  =  r  -  y 
y  =  Gu 
u  =  Ke 

To  get  (2.110),  start  with  (2A.1)  and  simplify  as  shown 
e  =  r  -  y 
=  r  -  Gu 
=  r  -  GKe 

Solving  for  e,  we  get 

e  =  (I  +  GK)“^r 
But 


y  =  GKe 

so  that  substituting  (2A.4)  into  (2A.5)  yields 
y  =  GK(I  +  GK)"^r 
G^j^  =  GK  (I  +  GK)"^ 

To  get  (2.111),  start  with  {2A.2)  and  simplify  as  shown 
y  ”  Gu 
=  GKe 


(2A.1) 

(2A.?) 

(?A.3) 


(2A.4) 


(2A.5) 


(7.110) 


=  GK(r  -  y) 
-  GKr  -  GKy 


Solving  for  y,  we  get 

y  >=  (T  +  GK)“’GKr 
G^j^  =  (I  +  GK)"^GK 

To  get  (2.112),  start  with  (2A.3)  and  simplify  as  shown 
u  =  Ke 


(2.111) 


=  K(r  -  y) 

=  K(r  -  Gu) 


=  Kr  -  KGu 


Solving  for  u  we  get 


u  =  (T  +  KG)“  Kr 


y  =  Gu 


(2A.6) 


(2A.7) 


so  that  substituting  (2A.6)  Into  (2A.7),  we  have 
y  *  G(I  +  KO'^Kr 
Gpj^  =  G(I+  KG)“*K 


(2.112) 


There  are  two  more  ways  of  obtaining  (2.111)  from  (2.110).  The 
algebra  shown  In  the  following  steps  is  sometimes  very  useful  In  matrix 
manipulation.  Recalling  that  (AB)  ^  =  B  ^A  ^ ,  start  with  (2.110)  and 
simplify  as  shown  below 

GK(I  +  GK)~^  =  f(I  +  GK)(GK)“^]"^ 

=  r(GK)“^  +  Tl'^ 

=  f(GK)"^(I  +  CK)!"* 


(I  +  gk)“'gk 


which  Is  (2.111), 


The  other  way  Is  to  consider  the  following  matrix  Identity  and 
fol’ow  the  steps  (remember  GK  Is  a  square  matrix). 


-  -'v-V' 

.••iVW 


.•V 

•  •  *  4 

W  ^  *  0  * 


•  •  x  *  W 


!i!^ 


>"• 


V.*  v.'. 
r.' 

A.vV 

'  >.'•  I.V  .1 
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Appendix  2B 

Determinant  Identities  required  to  prove 
1.  ^2  square  matrices,  then 

det(AjAp)  =  det  (A^'det  (A2) 

7.  Let  Aj  and  A^  be  square  matrices  and  let  A^  and  A 
dimensions.  Then 


det 


A3  A^ 


-I 


-1, 


=  det(Aj^)*det(A^-A^Aj^  A^) 


provided  Aj^  exists 

3. 


det 


^2' 

=  det 

1 

> 

I - 

CO 

< 

A^ 

> 

L*. 

‘.J 

A.  Combining  equations  (2B.2)  and  (2B.3),  we  get 


det 


) 


-1. 


det(A^)*  det(Aj^-A2A^  A_) 


(2.123) 

(2B.1) 

^  have  appropriate 

(2B.2) 

(2B.3) 


(2B.4) 


Illll 


--r  I - - 

The  relationship  between  closed-loop  and  open-loop  characteristic 
polynomials  for  MIMO  systems  considering  the  plant  and  controlJer 
transfer  matrices  explicitly 


r(s)  + 


^e(s). 


K(s) 


u(s) 


G(s) 


y(s) 


Fig  2C-1  MTMO  Block  Diagram 

Consider  the  MIMO  block  diagram  shown  In  Fig  ?C-1.  Let's  derive 
the  relationship  assuming  K(s)  has  poles  and  zeros  In  It.  Our  final 
result  will  hold  even  If  K(s)  Is  a  pure  gain  matrix.  First,  we  need  to 
write  the  state  space  description  of  the  transfer  matrices  Gfs)  and 
K(s).  Let's  use  the  matrices  A,  B,  and  C  in  order  to  realize  Gfsl  and 
the  matrices  E,  F,  and  D  to  realize  K(s)  as  shown  below. 

Plant ; 


xft)  =  Ax(t)  +  Bu(t)  (2C.1) 

y(t)  =  Cx(t)  (?C..?) 

G(s)  =  C(sI-A)"’b 

Controller: 

i(t)  =  FzCt)  +  Fe(t)  (?G.4) 

uft)  =  Dz(t)  r?c.5) 

K(s)  =  D(sl  -  F.)"V  r?C.6) 


We  augment  the  systems  represented  In  (2C.1,  2C.2)  with  (2C.4,  as 

T 

shown  below  by  defining  a  new  state  vector  (y,  z)  . 

Augmented  System: 


x(t)' 

A 

BD 

xft)' 

‘o' 

+ 

z(t) 

0 

F, 

z(t) 

F 
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(2C.7) 


vrr)  =  [c  o]  rx(t)' 


(2C.8) 


Note  that  the  BD  term  in  (7C.1)  cones  from  combining  (?C.l)  and(2C.5). 
Let  us  rewrite  this  augmented  system  as: 

x^Ct)  =  A^x’(t)  +  B’e(t)  (2C.9) 

y(t)  =  c’xVt)  r2C.10) 


where : 

x^ft)  =  f<'x(t),  7^t)^l 
A  Bd' 

0  K 

o' 

F 

=  [C  0] 


Let 


Then  using  (28.4)  we  have 


(2C.n) 

(2C.12) 

f2C.]3) 

(2C. 14) 


det 


drt(A^)-det(A^  -  A^A^  A^) 


det(sT  -AS'detfT  ♦  C^CsT  -  aS”^l’) 


sl-A 

-BD 

r 

'sl-A 

-BD 

-1 

‘O' 

\ 

det 

0 

sI-E 

•  det  •> 

+  (C  0  ] 

0 

sI-E 

F 

L 

— 

- 

J 

L  J 

/ 

(2C. 15) 


Sirr<  fsl  -  A)  and  (nT  -  F)  are  square  matricps,  using  (2B.2)  we  have 


O  si  -  F 


=  det(sl  -  A)»det(sl  -  E) 


(2C. 16) 


It  Is  essy  to  verify  that 


si  -  A 


si  -  E 


(si  -  A)‘ 


(si  -  A)'’bD(sI  -  E)”^ 
(sT  -  E)"’ 


(2C.17) 


Substituting  (2C.16)  and  (2C.17)  Into  (2C.15)  and  carrying  out  the 
matrix  multiplication  we  have 

,  ,  *1  '2 

det 

_^3  ^4. 

=  det(sl  -  A)*det(sl  -  E)*detri  +  C(sl  -  A)"^BD(sI  -  E)"’f1  (2C.18) 

Substituting  (2C.3)  and  (2C.6)  Into  (2C.18)  we  get 


^  "2 

det 

=  det(8l  -  A)-det(sT  -  F)*detrT  +  G(s)F(s)l 


(?fM9) 


From  Appendix  2B,  we  know  that  (2B.2)  and  (2B.4)  are  equal.  Let  us 
start  with  (2B.?)  and  simplify  as  shown 


Ai  A, 


=■  det (Aj) •  det (A^  -  A^Aj  A^) 

=  det  (I) -det  [(sT  -  aS  +  B^"*ch 


=  det 


=  det 


si  -  A 


si  -  E 


hi  rr  n] 


si  -  A  -BD 


si  -  E 


Using  the  result  shown  In  (2B.4),  we  have 


si  -  A  -BD 


si  -  E 


-  det (si  -  F)-det(sT  -  A  +  BD(8l  -  E)~  FCl 


(2C.20) 


(?c.?n 
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■A' V  -t"’*-  ^-*7 


Substituting  (2C.6)  and  (2C.21)  Into  (2C.20),  we  have 
det(Aj)*det(A^  -  A^Aj  ^A^) 

=  det(sl  -  E)-detrsI  -  A  +  BK(s)C]  (2C.22) 

Equating  (2C.19)  and  (2C.22),  we  have 
det(8l  -  E)‘detrsT  -  A  +  BK(8)Cl 

=  det(sl  -  A)-det(sI  -  E)*detfT  +  G(s)K(s)l  (2C.23) 

Because  K(s)  is  a  transfer  matrix,  the  matrices  fsT  -  A  +  BK(s)Cl  and 
fl  +  C(s)K(s)l  In  (2C.23)  are  also  transfer  matrices,  meaning  each 
element  of  these  matrices  Is  a  transfer  function.  Therefore,  the 
determinants  of  these  matrices  are  transfer  functlc. s  with  poles  and 
zeros.  However,  the  product  of  det(sl  -  E)  and  detfsl  -  A  +  BK(s)Cl  Is 
a  polynomial  because  the  denominator  of  detfsl  -  A  +  RK(s)Cl  gets 
completely  cancelled.  Similarly,  the  denominator  of  detfl  +  Ofs)K(s)l 
also  gets  completely  cancelled  when  multiplied  by  detfsl  -  A)  and 
detfsT  -  E)  (you  can  verify  these  facts  easily  with  a  simple  example,  If 
you  wish).  Thus,  both  sides  of  (2C.23)  are  polynomials. 

We  know  that  the  poles  of  the  open-loop  system  are  the  poles  of 
C(s)  and  K(s),  or  In  other  words,  the  eigenvalues  of  the  A  and  E  matri¬ 
ces,  We  define,  then 

<()  (s)  =  detfsl  -  A)-det(sT  -  E)  (2C.24) 

Following  the  derivation  done  In  Section  2.2-4,  we  realize  that 

(s)  =  detfsl  -  E)*detfsT  -  A  +  BKfs)Cl  r2C.25) 

We  r,<n  now  rewrite  f?C.23)  to  show  the  relationship  between  (})_  fs)  and 


41^,.  (s)  =  (J)  fs) ‘det  [I  +  Gfs)K(s)  1 


f2C.26) 


where  given  In  (2C.24)  and  (2C.25).  Because  of 

the  definition  of  shown  In  (2C.24)  and  to  Insure  both  sides  are 

polynomials,  we  have  not  cancelled  the  term  det(sT  -  E)  on  both  sides  of 
(2C.23).  If  Kfs)  Is  a  pure  gain  matrix,  then  the  realization  In  f?(;.4  - 
2C.6)  does  not  exist.  If  we  let  K(s)  ®  K,  then  (2C.23)  becomes 

detfsl  -  A  +  BKC)  -  detfsT  -  A)-det(I  +  n(s)K)  Of.??! 

If  K  Is  Identity,  then  (2C.27)  becomes 

det(sl  -  A  +  RC)  =  detfsT  -  A)*detfT  +  Cfcll  ' 

which  Is  the  same  result  as  obtained  In  Section 


A  itionic  polynomial  Ip  one  whose  highest  degree  term  has  a 

coefficient  equal  to  one. 

fyample:  Consider  the  polynomial  f(x) 

f (x)  =fx  +f  ,x  +...+f 
n  n-1  o 

The  rolvnomlal  ffx)  Is  monir.  If  f  =1. 

'  n 

/'  common  divisor  of  polynomials  a^Cx),  a^fx),  ...,aj^(x)  Is  a 
polynomial  which  divides  each  a^fx)  without  remainder. 

The  greatest  common  divisor  (g.c.d.)  Is  the  unique  monlc  common 
divisor  of  highest  degree,  and  Is  Itself  divisible  by  any  common 
dlvl sor . 

Fxample:  Consider  the  following  factored  polynomials: 

Ojfx)  =  fx+3) (x+5) (x+10) 

a^(x)  *  (x+3) (x+7) (x+9) (x+10) 

ri,(x)  =  fx+1 )  (x+3)  (x+7)  (x+10)  (x+13) 

For  this  set  of  polynomials,  the  common  divisors  are 

2 

(x+3),  fx+lO),  and  (x  +  13x  +  30) 

2 

The  greatest  common  divisor  is  (x  +  13x  +  30),  because  It  has  the 

highest  degree,  is  unique,  monlc  and  Is  Itself  divisible  by  any  common 

2 

divisor,  such  as  (x+3),  (x+lO)  or  (x  +  I3x  +  30). 

A  set  of  polynomials  is  said  to  be  relatively  prime  if  the  g.c.d. 
has  eero  order  fl.e.,  equal  to  unity). 

Kxample:  Consider  the  following  factored  polynomials 


a^Cx)  =  (x+5)(x+ll)fx+17) 

There  is  no  coTmnon  divisor  for  all  these  polynomials  except  unitv. 
Therefore,  the  g.c.d.  is  unity,  and  Sj^fx),  a^(y)  and  a^fx)  are 
relatively  prime.  However,  the  groups  faj(x),  a^Cx)!,  fa^ifx),  a^(x)] 
and  fa^Cx),  a^fx)]  are  not  relatively  prime,  as  each  has  a  non-unity 


Definition  of  right  coprime  factorization  (r.c.f)  to  understand 

equation  f2.136) 


Suppose  G(s)  is  a  transfer  function  matrix  with  real  coefficients. 
An  ordered  pair  (N^,  D^)  is  called  a  r.c.f.  of  G(s)  if: 

'i)  Each  element  of  N^(s)  and  D^{s)  is  a  proper  (i.e.,  the  number  of 
poles  is  greater  than  or  equal  to  the  number  of  zeros)  stable  transfer 
function. 

(il)  D^(s)  is  snuare,  non-singular  and 
G(s)  =  H^(s) fn^(s) T"’ 

(ill)  There  exist  matrices  X^(s)  and  Y^(s)  such  that 

X  (s)N  (s)  +  Y  (s)D  (s)  =  T 
r  r  r  r 

for  all  s  (this  Is  called  a  Bezout  identity). 

The  left-coprlme  factorization  of  G(s)  =  ^J^fs)  can  be  defined 

analogously. 
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3.  ROBUSTNESS  ANALYSIS 


3.1  Introduction 

Any  mathematical  model  can  only  approximate  the  behavior  of  a 
physical  system.  The  problems  created  by  model  uncertainties  (such  as 
parameter  variations,  unmodelled  or  Incorrectly  modelled  dynamics,  etc.) 
have  often  been  either  trivialized  or  Ignored  in  theoretical  studies  in 
favor  of  assuming  the  alternative  of  no  distinction  between  models  and 
reality.  Stability  and  good  performance  In  the  face  of  these 
uncertainties  is  precisely  the  Issue  under  study  in  this  chapter. 

In  designing  a  feedback  compensator,  one  nominal  model  must  be 
selected  from  a  class  of  models  that  approximate  the  physical  system's 
behavior,  denoted  by  G  .  Once  a  nominal  model  has  been  selected,  an 
associated  class  of  modelling  errors  is  defined  implicitly  by  the 
deviation  of  any  model  In  G  from  the  nominal  design  model.  When  a 
compensator  Is  designed  using  this  nominal  model,  the  resulting  feedback 
system  Is  said  to  be  robust  with  respect  to  the  class  of  modelling 
errors  If  It  remains  stable  when  the  nominal  model  is  replaced  by  any 
other  model  in  G .  'Otherwise,  the  feedback  system  Is  not  robust. 

The  original  work  In  this  area  was  done  by  Safonov  (3-1,3-21,  who 
generalized  an  approach  of  Zames  (3-3,3-41.  Doyle  has  since  extended 
the  works  of  Safonov  and  Zames  (3-5,3-6,3-71.  There  are  many  other 
people  who  have  done  excellent  work  In  this  area,  but  are  not  shown  In 
the  reference  list  of  this  chapter. 

It  should  be  pointed  out  that  there  are  two  types  of  robustness  — 
stability  robustness  and  performance  robustness.  If  a  closed-loop 
system  remains  stable  in  the  face  of  uncertainties,  then  that  system  is 
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said  to  possess  stability  robustness.  If  the  performance  of 


closed-loop  system  In  the  face  of  uncertainties  Is  acceptable,  then  that 
system  is  said  to  possess  performance  robustness. 

This  chapter  addresses  the  stability  robustness  problem  only.  We 
do  this  because  It  doesn't  make  sense  to  study  various  techniques  for 
performance  robustness  without  studying  the  stability  robustness  aspects 
first.  Ultimately,  the  control  designer  has  to  make  a  trade  between 
stability  and  performance  robustness.  This  trade-off,  as  well  a.«s 
performance  robustness  Issues,  will  be  addressed  starting  from 
Chapter  4. 

This  chapter  highlights  four  technical  papers  by  Yeh,  Banda, 
Ridgely,  and  Yedavalli,  which  were  presented  at  various  conferences  and 
are  due  to  appear  as  Journal  articles  in  1985.  The  actual  papers  appear 
In  Appendices  3A,  3B,  and  3C.  The  reader  of  these  notes  is  urged  to 
study  the  material  In  these  Appendices  carefully  so  that  he  or  she  can 
appreciate  the  techniques.  To  assist  the  reader  In  this  regard, 
sections  3.2  -  3.4  outline  some  of  the  major  points  and  discuss  the 
Implications  and  limitations  of  the  results.  Tn  these  sections,  the 
numbers  of  the  equations,  figures,  theorems,  etc.,  refer  to  those  in  the 
papers  in  the  corresponding  appendices,  unless  otherwise  stated. 

3.2  Remarks  on  Appendix  3A 

The  most  familiar  types  of  errors  are  probably  those  of  absolute 
and  relative  errors.  Absolute  errors  are  additive  In  nature  whereas 
relative  errors  are  multiplicative  In  nature.  One  can  use  both  types  of 
errors  to  derive  robustness  theorems.  Typically,  errors  in  hlpb 
frequency  dynamics  (neglected  either  due  to  ignorance  or  due  to 
reduced-order  modelling)  are  characterized  by  additive  perturbations 


fFip,  1).  Multiplicative  perturbations  are  represented  In  Fig  2  at  the 
Input  to  the  plant  and  are  called  Input  multiplicative  perturbations.  If 
these  are  represented  at  the  output  of  the  plant,  then  they  are  called 
output  multiplicative  perturbations.  Typically,  errors  In  actuator  and 
sensor  dynamics  are  modelled  by  Input  and  output  multiplicative 
perturbations,  respectively.  Since  the  familiar  notions  of  gain  and 
phase  margins  are  associated  only  with  relative  errors,  multiplicative 
type  perturbations  are  used  to  calculate  these  margins,  which  will  be 
discussed  further  in  Section  3.3. 

l,et  C(s)  Indicate  the  nominal  open-loop  transfer  matrix  (l.e..  It 
includes  the  plant  and  the  controller).  Let  G(s)  Indicate  the  perturbed 
open-loop  transfer  matrix.  Also,  let  E(s)  generically  denote  the 
particular  modelling  error  under  consideration.  Then,  additive 
perturbations  can  be  thought  of  as 

E(s)  =  C(s)  -  G(s)  (3.1) 

and  multiplicative  perturbations  can  be  thought  of  as 

Ffs)  =  G‘^(s)fS(s)  -  G(s)]  (3.2) 

or 

E(s)  =  [G(s)  -  G(s)]g‘®(s)  (3.3) 

Suppose  that  Instead  of  measuring  the  absolute  and  relative  errors 

between  G(s)  and  G(s),  wc  measure  the  absolute  and  relative  errors 
\  —  1 

between  G  (s)  and  G  (s).  In  the  SISO  case,  this  would  correspond  to 
ntsfeurlng  the  absolute  and  relative  errors  between  the  nominal  and 
perturbed  systems  rn  an  inverse  Nyqulst  diagram,  Ir  which  the  inverse 
Irop  transfer  functions  "p  ^(s)  and  g  ^(s)  are  plotted.  The  Inverse 
Nyqulst  diagram  can  also  be  used  to  determine  stability  by  counting 
encirclements  of  the  critical  points  (0,0)  and  (-1,0)  in  the  complex 
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plane.  For  details  see  the  textbook  on  control  systems  by  D'Azrc  and 
Houpls  (Ref  f3-8]).  In  this  case,  the  characterization  of  the  error  is 
referred  to  as  inverse  additive  (Fig  3)  or  inverse  multiplicative  (Fig 
4)  perturbations.  Typically,  we  model  the  errors  associated  with  mode 
shapes  and  right-half-plane  pole  locations  using  either  inverse  additive 
or  Inverse  multiplicative  types  of  perturbations.  The  Inverse  additive 
errors  E(s)  can  he  thought  of  as 

E(s)  =  g"^(s)  -  g"^(s)  (3.4) 

and  the  Inverse  multiplicative  errors  E(s)  can  be  thought  of  as 

E(s)  =  G(s)fG"^(s)  -  g“’(s)]  (3.5) 

or 

F,(s)  =  fG"Vs)  -  g"^(s))G(s)  (3.6) 

The  merits  and  demerits  of  modelling  a  particular  type  of  error 
using  one  characterization  versus  another  are  not  well  known.  For 
example,  one  could  model  the  errors  associated  with  high-frequency 
dynamics  using  multiplicative  perturbations  Instead  of  additive 
perturbations.  There  are  no  "rules  of  thumb"  to  decide  which  is  the 
best  way  to  characterize  the  uncertainty.  This  still  remains  an  open 
question  In  current  research. 

Typically,  the  robustness  tests  have  the  following  forms.  The 
magnitude  (or  norm)  of  the  modelling  error  (or  uncertainty)  is 
characterized  by  a  nonnegative  frequency-dependent  scalar  function.  The 
measure  of  robustness  Is  also  characterized  by  a  nonnegative 
frequency-dependent  scalar  function  that  represents  the  magnitude  (or 
norm)  of  a  certain  matrix  related  to  the  feedback  system.  The 
robustness  tests  consist  of  a  comparison  of  these  quantities  for  all 
frequencies  on  the  Nyqulst  contour. 
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fJrE(s)1<  a  fi  4  r  ^(s)) 


The  proofs  used  to  derive  the  stability  robustness  tests  shown  In 
Table  3.1  are  based  upon  Multivariable  Nyquist  Theory.  Interested 
readers  can  look  into  the  references  listed  at  the  end  of  this  chapter. 
There  are  several  assumptions  made  In  deriving  these  results.  One  of 
the  Important  assumptions  that  we  will  be  requiring  later  Is  that  the 
nominal  closed-loop  system  must  be  stable  In  order  to  apply  these  tests, 
TlMs  .shouldn't  cause  too  much  concern  since  nominal  closed-loop  systems 
are  designed  to  be  stable.  Implications  of  this  particular  assumption 
will  be  discussed  further  in  Section  3.3. 


Given  a  plant  and  given  a  controller,  the  loop  transfer  matrix  G(s) 
is  completely  known.  For  additive  perturbations,  calculation  of  the 
minimum  singular  value  of  the  matrix  I  +  G(s)  will  give  an  upper-bound 
on  the  uncertainty  matrix  that  the  system  can  tolerate  In  order  for  the 
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closed-loop  system  to  remain  stable.  In  other  words.  If  the  norm  of  the 
error  matrix  E(s)  Is  less  than  ofl  +  G(s)]  for  all  frequencies,  then 
the  closed-loop  system  Is  guaranteed  to  be  stable.  However,  It  should 
also  be  pointed  out  that  if  the  norm  of  the  error  matrix  E(s)  is  greater 
than  a[I  +  G(s)l  (l.e.,  if  the  test  fails),  the  test  is  Inconclusive. 
This  means  that  If  the  design  falls  the  test,  the  closed-loop  system  may 
or  may  not  be  stable  and  It  requires  further  examination.  The  reason 
this  happens  Is  that  these  tests  assume  the  error  occurs  In  the  worst 
possible  direction.  For  multiplicative  perturbations,  we  use  1  +  G  ^ (si 
Instead  of  T  +  G(s)  In  the  robustness  tests. 

Because  these  tests  are  only  sufficient  conditions,  not  necessary 
and  sufficient  conditions,  they  may  give  overly  conservative  results  for 
some  systems.  This  should  not,  however,  be  looked  down  upon  ■’'n  general, 
because  these  norm-bounded  robustness  tests  give  rise  to  a  great  deal  of 
theory  that  answers  other  important  questions.  It  can,  for  example, 
give  answers  to  the  questions  posed  In  the  example  of  the  paper.  These 
types  of  questions  couldn't  have  been  answered  before  the  development  of 
this  theory.  In  addition,  this  theory  allows  us  to  clearly  define  and 
compute  multivariable  stability  margins.  Finally,  this  theory  can  be 
extended  to  give  a  synthesis  procedure  that  accounts  for  uncertainties. 

We  should  notice  that  the  tests  use  only  the  magnitude  of  the 
modelling  error  and  do  not  exploit  any  other  characteristics  or 
structure  of  the  model  error.  Hence,  they  are  based  on  the  unstructured 
part  of  the  model  error.  Tn  other  words,  these  tests  give  only  a  scalar 
bound  on  the  entire  uncertainty  matrix.  However,  It  Is  possible  to  give 
bounds  on  the  Individual  elements  of  the  uncertainty  matrix  uslrr 
weighted  and  norms. 


Table  3.2  summarizes  some  of  the  results  of  the  paper.  The 
following  notation  is  tised  In  the  table.  We  let 

Afs)  =  fl  +  G*’(s)r^  (3.7) 

where  G*'(s)  refers  to  C(s)  or  G  Vs)  for  additive  or  multiplicative 
perturbations,  respectively.  jAj  Indicates  the  magnitude  of  a^^  for  all 
1,  j.  A(|a|)  Indicates  the  Perron  eigenvalue  of  the  matrix  A  (the 
Perron  eigenvalue  of  A  is  the  positive  eigenvalue  of  |A  |  which  Is 
greater  than  or  equal  to  the  magnitude  of  any  other  eigenvalue,  and  the 
corresponding  eigenvector  Is  the  only  one  that  has  all  positive 
components) . 


j  Table  3.2  Some  Stability  Robustness  Tests  with  Structured  Uncertainty 

I  Theorem  number 

in  the  paper  [comments! 


1 

Fonlv  when  F(s)  or  G{s) 
Ir  a  diagonal  matrix! 


[only  when  E(s)  and  C(s) 
are  triangular  matrices  1 


j  |f(s))  <  jAfs)!/  x2t|A(s)|! 

1 

I 

,  je^^(s)|<  1/n  (ra.r.s. [m.c.s]  of  jA(s)|) 

I  m.r.sf m.c.s!  of  |F.(p)1 

<  1 /m. r. s . Tm. c. s. !  of  jA(s)| 


m.r..s,  -  maximum  row  sum 


3 

[any  E(s)  and  G(s)l 


5 

[any  E(s)  and  G(s)’ 


6 

fany  F.(s)  and  G(a)l 


Test 


xr  |F.(s'i)!  <  i/Xr|A(s)|! 


max 


1  I  |eii(s)p  <  1/  Tf  pii^s)|! 


m.c.ss.  -  maximum  column  sum 


Notice  that  Theorem  3  yields  bounds  on  the  magnitude  of  all  the 
elements  in  the  uncertainty  matrix  F.(s).  Obviously,  this  gives  a  great 
deal  more  Information  about  tbe  system  when  compared  to  obtaining  a 
single  bound  on  E(s)  using  singular  value  tests.  Also  notice  that  when 
E(s)  and  G(s)  have  triangular  structure.  Theorem  permits  the  off- 
diagonal  elements  of  E(s)  to  be  unrestricted  in  magnitude.  Theorem  3 
doesn't  Impose  any  restrictions  on  Ffs)  or  Cfs)  and  Is  applicable  even 
when  E(s)  and  C(s)  are  triangular.  This  Is  why  Theorem  2  gives  less 
conservative  (better)  results  than  Theorem  3  when  r(s)  and  G(s)  are 
triangular.  Nevertheless,  Theorem  3  provides  a  way  to  structure  E(s) 
when  G(s)  is  not  triangular,  which  cannot  be  covered  by  Theorem  2.  To 
appreciate  the  use  of  the  theorems  shown  In  Table  3.2,  the  reader  is 
strongly  recommended  to  carefully  study  the  example  given  In  the  paper. 

Before  we  close  this  section.  It  must  he  pointed  out  that  the 
robustness  analysis  methods  we  have  discussed  so  far  are  for  the  case 
where  only  one  uncertainty  was  considered  at  a  time.  In  reality  we  may 
have  multiple  uncertainties  In  a  given  system.  For  example,  consider  a 
system  with  both  Input  and  output  multiplicative  perturbations,  as  shown 
in  Fig  3.1. 


Fig  3.1  An  Example  of  a  Block  Diagram  With  Multiple  Uncertainties 
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The  analysis  of  such  systems  has  been  done  by  Doyle  using  his  structured 
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singular  value  technique  as  discussed  In  Ref  [3-6].  Consider  Fig  3.2 
shown  below. 


Fip  3.2  An  Equivalent  Block  Dlagran  to  Fig  3.1 
Doyle  shows  that  Figs  3.1  and  3.2  are  equivalent  (for  n  zero  Input)  if 
M(s)  is  chosen,  for  example,  as 


(T  +  Kr.)~'KG  (T  +  KO'^K 

=  _1  .1 
1^  -(T  +  CK)  r.  (T  +  CK)  CK 

In  other  words.  Figs  3.1  and  3.2  are  equivalent  from  a 

stability  pndnt-rf-vlew  If  H(s)  Is  selected  as  shown  In 

3.2,  A(s)  Is  given  bv 


(3.8) 

closed-loop 
(3.8).  In  Fig 


^,(s)  0 

A(s)  =  (3.9) 

D  F/s) ; 

V.  *  —• 

Similar  equivalent  block  diagrams  can  be  drav’n  even  when  we  have  more 

than  two  uncertainties,  Doyle  shows  that  the  nondestabillzlng  hounds  or 

the  uncertainties  F^fs)  and  given  by  a  scalar  function,  y  , 

vHih  he  calls  the  structured  singular  value,  where 

U  =  Inf  a  (nw"')  (3.  10) 

D 


fliis  formula  Is  good  only  if  the  number  of  uncertainties  Is  less  than  or 
equal  to  three.  In  (5.10),  D  is  a  real  diagonal  weighting  matrix.  If 


the  number  of  uncertainties  is  more  than  three,  the  formula  for  u  is 


much  more  involved  than  (3.10),  and  is  not  shown  here.  If  only  one 
uncertainty  is  considered,  p  is  the  same  as  o  . 

Although  the  structured  singular  value  is  a  much  more  versatile 
tool  than  those  previously  discussed  in  this  section,  its  computation  is 
a  different  matter.  First,  note  that  if  the  dimension  of  C(s)  is  (nxn) , 
then  M(8)  is  (2nx2n),  and  so  is  D.  Equation  (3.10)  requires  calculation 
of  the  Inflmum  of  *^(DMD  S  over  all  D.  This  requires  a  search  for  the 
optimum  D  over  a  2n-dimensional  real  space  with  all  possibilities 
allowed.  To  the  knowledge  of  the  authors  of  these  rotes,  verv  ^ew 
individuals  or  organizations  besides  Doyle  and  his  co-workers  ha^'p  the 
ability  to  easily  calculate  P  for  a  general  case.  Calculation  of  P 
becomes  much  more  simple,  as  can  be  expected.  In  the  case  of  SI  SO 
systems,  because  then  D  Is  (2x2)  and  a  search  for  the  optimum  ratio  of 
the  two  diagonal  elements  can  be  done  over  a  l-dimenslonal  real  space 
easily. 

3.3  Remarks  on  Appendix  3B 

This  appendix  contains  two  papers  on  stability  margins  (i.e.,  gain 
and  phase  margirs)  for  MIMO  systems.  For  SISO  svstems,  single-irput 
multiple-output  (SIMO)  systems,  or  multiple-input  single-output  (MISO) 
systems,  we  open  one  loop  at  a  time  and  allow  the  gain  or  phase  to  vary 
in  that  loop  alone.  By  keeping  the  value  of  gain  and  phase  in  the  other 
loops  at  nominal  values  we  can  calculate  the  stability  margirs  for  that 
loop  using  graphical  techniques,  like  Bode  plots,  Nyquist  plots,  I'tc. 
However,  it  Is  not  obvious  how  to  calculate  the  stability  margins  for 
MIMO  systems  because  they  not  only  have  multiple  loops,  but  also  have 
cross-feed  transfer  functions  as  well.  For  MIMO  systems,  what  we  need 
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if.  a  method  that  allows  us  to  vary  all  the  loop  gains  or  loop  phases 
simultaneously  in  order  to  calculate  the  stability  margins. 

The  key  to  doing  this  is  to  assume  diagonal  perturbations  In  the 
stability  robustness  tests  that  we  discussed  In  Section  3.2.  This 
diagonal-type  perturbation  will  make  the  problem  tractable  and  will 
yield  slmple-to-use  formulas  to  obtain  stability  margins.  Consider  Fig 
1  in  the  first  paper.  I.et  the  diagonal  perturbation  L(jw)  be 

L(iw)  =  L^(iw)K(jw)  (3.11) 

vl  rre 

F^lw)  =  dlag[k^(jw),  k^(1w),  ....  k^(1w)]  (3.12) 

and  either 

j9,(w)  je  (w)  j0j,(w) 

Lj^(jw)  =  dlag[Sj^(w)e  ,  62(w)e  ,  ....  ]  (3.13) 

or 

L^(jw)  =  0(w)e^®^''^  I  (3.14) 

F-quatlon  (3.13)  Is  used  for  obtaining  Independent  margins,  and  equation 
(3.14)  is  used  for  obtaining  uniform  margins  (see  paper  for  definitions 
of  these).  The  matrix  K(jw)  shown  In  equation  (3.12)  is  used  to  update 
the  nominal  system.  Before  we  start  the  first  Iteration,  we  let 
K(iw)  =  I. 

For  input  multiplicative  perturbations,  we  have  the  following 
.-'tability  robustness  tests 

-  11  <  0  11  +  (HGK)"h  (3.15) 

or 

on.j"^  -  n  <  n  «  O  fT  +  HCKi  ,a  I  (3. If) 

Foliation  (3.15)  is  the  same  as  the  one  shown  in  Table  3.1,  using  the 
notation  of  Fig  1  in  the  first  paper  of  this  Appendix.  Equation  (3.15) 
Is  written  based  on  Inverse  Nyquist  criteria,  whereas  eauatlon  (3. If), 
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another  type  of  robustness  test,  is  written  usinp  ^’vrluist  crltrri  ..  We 
can  also  rewrite  (3. 15-3.  HO  in  terms  of  eigenv/' 1  uls  as 

"’T|Xi[Lj  -  T]  I  <"'i"|\[T  +(FGK)~’]j  COl  O 

or 

'"T' -  Ill  ^  '"l"  I  +  HGKl  I  ,  ''OIP) 

The  proofs  for  (3.17-3.18)  are  given  in  the  firsf  naper.  To  obtai’t' 

Independent  margins,  we  use  (3.13)  in  f3.15).  Tf  we  let 

6j  (w)  =  S2(w)  =  ...  -  ~  then  we  obtain  independent  gain  riargii, 

(TGM),  and  if  we  let  Bj  (w)  =  ^^(w)  =  ...  =  (^^^(w)  =  1,  then  we  obtaH 

Independent  phase  margins  (TPM).  Similarly,  if  we  substitute  (3.14) 

into  (3.17),  it  will  yield  uniform  margins.  Substitution  of  9(w)  0 

gives  uniform  gain  margins  (UGM)  and  6(w)  =  1  gives  uniform  phase 

margins  (IIPM) .  Since  (3.16)  and  (3.18)  are  also  stability  robtistness 

tests,  substitution  of  (3.13)  and  (3.14)  into  those  equari(>ns  will  also 

result  in  independent  and  uniform  stability  margins,  respcctlvelv. 

Since  (3.15)  and  f3.16)  both  vleld  independent  stability  margins  and 

since  both  of  these  inequalities  are  only  suffirient  conditions,  their 

union  also  gives  independent  stability  margins  and  Is  less  conservat j-'’e 

(l.e.,  wider  margin).  Similarly,  less  conservative  uniform  stabilitv 

margins  are  given  by  the  union  of  (3.17)  and  (3.18). 

In  what  follows,  we  will  show  the  derivation  of  the  formulas  for 

IGM  and  TPM.  Substituting  (3.13)  into  (3.15),  we  get 

a{dlag[(B,e^^^-l),  (  ),...,(  B  e'^®n-l )  1  }<£[  1  +  (HGK)"’l  (3.10) 

1  /  n 

To  get  IGM,  we  let 

e,  =  e„  -  ...  =  0  =  0  (3.30) 

12  n 

and 

=2(1  +  (HGK.)”h  n.21) 
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Then  (3.19)  becomes 


a{dlagf(B,  -  H,  (6,  -  1),  ....  (B  -  1)1}  <  a 

I  i  n  J 


(3.22) 


which  can  be  writter  as 
max 


lax  I  p 

1  I  1 


I  <  a 


(3.23) 


7f  the  largest  j  ~  l|  less  than  a^,  then  all  of  them  must  be,  so 
that 


|b.  -  1  I  <  a^  VI  (3.24) 

which  may  be  rewritten  as 

1  -  aj  <  6  . (w)  <  1  +  a,  VI  (3.25) 


The  terms  1  +  and  ]  -  In  (3.25) 

are  the 

upper  and 

lower  bounds  cf 

the  TCK.  To  get  tht;  TPM,  we  let 

B,  =  Bj  “  ...  =  Bn  =  1 

(3.26) 

Using  (3.21)  and  (3.26)  In  (3.19),  we 

get 

*  6  4  0 

d{dlag((e^  1-  1),  (e-  2_ 

,(e^ 

1)1}<  a^ 

(3.27) 

so  that 

max  1  1 9 j  ,  I  ^ 

i  h-  M 

(3.28) 

This  implies 

|e’  l|  <  a, 

V  1 

(3.291 

which  roav  be  rewritten  as  follows 

1  cos 9 ,  +  •'slnQ.  -  ll^  a, 

'1  1  '  1 

V  1 

(3.301 

jfcos6^  -  11  +  ^sin0^j< 

V  1 

(3.31) 

fcos^  9.  -  2cos  0.  +  1  +  sln^0, 1  < 

1  1  1 

V  i 

(3.32) 

f 2  f I  -  COS0  ^ )  ’  ^  ^  ® 1 

V  1 

(3.33) 

(2r2sln’(0./2ll  }'•  -  aj 

V  1 

(3.34) 

The  above  equation  yields 


-sln(0^/2)  <  aj/2 

Equation  (3.35)  and  (3.36)  can  be  written  as 


0.36) 


0^  <  2sln  (a^/?) 


O,??) 


0^  >  -2sln"'(aj/2)  V  1 

Equation  (3.37)  and  (3.38)  may  be  combined  to  give 

-2sln“^(aj/2)  <  9^  (w)  <  ?sln"’ (a^ /2)  V  i  it  a^42 


0.38) 


(3.3^)) 


-  IT  <  0^  (w)  <  TV 


Vi  if  a^  >  2 


(3.40) 


Equation  (3.40)  Is  true  since  2sln  (0^/2)  lies  in  between  -it  anc'  it  , 
which  are  the  principal  angles.  Equations  (3.301  and  (3.40)  give  tbp 
upper  and  lower  bounds  of  the  TPM. 

Substituting  (3.13)  into  (3.16)  and  doing  the  algebra  showii  in 
(3.22-3.40),  we  can  obtain  the  ICM  and  1PM  again  as 


-  <  0  (w)  <  - 

1  +  Uj  ^  ~ 

-2sln  ^(0^/2)  <  0^(w)  <  2sln  ^(a^/?) 


where 


=  ofT  +  HGK] 


(3.41) 


0.42) 


(3.43) 


The  union  of  (3.25)  and  (3.41)  will  also  give  TOM  (i.e.,  the  larger  and 
smaller  numbers  of  both  the  upper  and  lower  limits),  f'imilarlv,  rbe 
union  of  (3.39)  and  (3.42)  will  also  give  IPM. 

Recall  that  for  diagonal  matrices,  singular  values  and  eigenvalues 
are  Identical.  Substituting  (3.14)  into  (3.17)  and  (3.18)  and  following 
the  same  algebra  as  before,  we  obtain  formulas  for  the  I'Gl'  and  lil’M  as 


1  -  a  ''  0(w)  ''  1  +  a 
o  o 

-2sln"*(a  /2)  ^  0(w)  ''  2sin“’(a  /?) 
o  o 


if  a  2 
o 


(3.44) 


(3.45) 
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where 


where 


TT  <  e(w)  <  ir 


a  -  X  fT  +  (HGK)  M 

o  1 


I  1 

-  <  6(w)  <  - 


1  +  01 


1  -  a 


-2sln  ^(a  I?)  <  e(w)  <  2.sin  /2) 
n  o 


If  a  >2 
o 


“p  =  ""I"  I  +  HGK]  j 

Fqiiatdons  (3.44),  (3.48),  and  their  union  all  give  formulas  for 


(3.46) 


(3.47) 


(3.48) 


(3.49) 


(3.50) 


calculating  the  UCl'.  Similarly,  equations  (3.45),  (3.49)  and  their 
union  all  give  formulas  for  calculating  the  UPM. 

Consider  Fig  3.3,  which  doesn't  represent  any  real  physical  system 
per  se,  but  helps  explain  several  points. 


/92(dB) 


actual  region 
of  stability 


UNSTABLE 


;  STABLE  I 


■ft  (dB) 


Fig  3.3  Peglon  of  Ftalllity  in  the  Cain  Space 


■ .  ft  '.-ft-  ■ 


Let's  suppose  that  the  MTMO  system  Fig  3.?  correspords  to  Is  a  '-Input 

?-output  system.  The  axes  and  rorrespnnd  to  changes  In  fht?  loop 

gains  (In  dB) .  Before  the  system  Is  perturbed  (i.e.,  the  nomlr;  ’ 

system),  the  loop  gains  are  at  their  nominal  values,  which  corresponds 

to  the  origin  In  Fig  3.3.  Suppose  that  Fa, hi  is  the  iCM  In  dB  using  the 

union  of  (3.25)  and  (3.41).  This  means  that  as  long  as  the  changes  In 

the  loop  gains  Bj  and  lie  within  the  limits  Fa.hl,  the  closed- loop 

system  Is  stable.  Since  by  definition  of  the  IClf,  B  and  S,.  can  take 

1  ^ 

any  value  within  fa,b]  Independently  and  simultaneously,  the  region  of 
stability  Is  given  by  the  rectangle  ABCD.  The  coordinates  of  AF.CD  in 
terms  of  a  and  b  are  given  In  Table  3.3. 


Table  3.3  Coordinates  of  ABCD  In  Fig  3.3 

Point 

Coordinates 

A 

(a,b) 

B 

(b,b) 

C 

(b,a) 

D 

(a, a) 

Hence,  the  definition  of  TCM  guarantees  that  as  long  as  the  rhciiges  In 
the  loop  gains  remain  within  the  rectangle  ABCD,  the  closed-loop  svstom 
is  stable.  The  second  paper  In  this  Appendix  proves  that  everv  point  on 
the  boundary  of  ABCD  is  also  stable,  so  long  as  2[I  +  I'CK]  ^  0  anywhere 
on  the  boundary. 

Now  let  us  study  the  line  segment  EF.  Suppose  that  fc.d]  is  the 
UGH  In  dB  using  the  union  of  (3.44)  and  f3.48).  This  means  that  as  long 
as  each  loop  gain  Is  changed  by  the  same  amotint  somewhere  within  Fc.dl, 
the  closed-loop  system  Is  stable.  This  corresponds  to  the  line  segment 
EF  with  slope  equal  to  +1  and  passing  through  the  nominal  operating 


vv  pj  *j’'j»'*jnyny  rj  v  ■vnr.-wjr.-w-.r.  w^r 


-■•  .'•  .'■  .'■  ."i 


polnt.  The  slope  of  this  lire  Is  +1  because  every  point  on  this  line 
corresponds  to  the  sait'e  change  In  loop  gains  and  The  coordinates 

of  the  points  E  and  F  are  (d,d)  and  (c,c).  The  definition  of  UGW 
guarantees  that  every  point  on  the  line  segment  EF  Is  stable.  The 
second  paper  in  Appendix  B  proves  that  the  end  points  E  and  F  also 
correspond  to  closed-loop  stability  when  +  HGKlj  ^  0  at  those 

points. 

Recall  that 

a(A)  =  1/  a(A"S  (3.51) 

anci 

i*)l  - 1/  ”?!» (*■')! 

■.I/P(A"')  (3.52) 

where  P ( •)  is  the  spectral  radius  of  the  matrix  In  the  parentheses.  The 
spectral  radius  of  a  matrix  Is  always  smeller  than  or  equal  to  any  other 
matrix  norm.  That  Is, 

p(A~h^  o(A"b  (3.53) 

'therefore 

'''l^l\(A)|  >o(Al  (3.54) 

Jf  wc-  let 

A  -  T  +  (HGK)”^  (3.55) 

then  using  the  notation  of  (3.21)  and  (3.47)  ,  we  have 

5  Sj  (3.56) 

lh;Mig  a  similar  arpument  wc  also  have  (using  the  notation  of  (3.43)  and 
(  0)  ) 

^  a  ^  (3.57) 

Therefore,  the  I'OM  giver  by  formulas  (3.44)  and  (3.4B)  will  be  larger 
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than  or  equal  to  the  IGll  given  by  formulas  0.?5)  and  (3.41). 

Therefore,  the  UGM  are  less  conservative  than  the  IGM  in  a  particular 
direction.  However,  UGM  give  only  line  segments  whereas  IGM  g've 
rectangles  covering  an  area  In  the  gain  space.  In  the  case  v;here  there 
are  n  loops,  we  will  get  hypercubes  for  the  ICM,  but  the  UGM  will  still 
give  1-dlmenslonal  line  segments  In  the  n-dimensional  space. 

Let's  refer  to  Fig  3.3  again.  The  actual  region  of  stability  for 
the  system  under  consideration  may  be  given  bv  the  curve  joining  the 
points  PORS  as  shown  in  Fig  3.3.  As  long  as  changes  In  the  loop  gains 
remain  within  this  region,  the  closed-loop  system  is  guaranteed  to  he 
stable  and  every  point  outside  this  region  c.orrespt>nds  to  closed-loop 
instability.  Recall  that  the  UGM  and  TGM  fomtulas  are  derived  from 
(3.15-3.18),  which  are  only  sufficient  conditions.  This  means  that  the 
changes  in  loop  gains  corresponding  to  the  points  outside  the  rectangle 
ABCD  and  off  the  line  segment  EF  may  or  may  not  make  the  closed-loop 
system  unstably;.  Our  goal  is,  somehow,  to  generate  the  entire  actual 
region  of  stability  PORS.  Since  closed-loop  stability  is  guaranteed  for 
every  point  on  the  boundary  ot  ABCD,  we  can  do  Iterative  calculations  of 
the  UGM  and  IGM.  For  example,  suppose  we  choose  point  A.  We  Know  that 
the  changes  in  loop  gains  corresponding  to  that  point  are  (a,b)  In  dB, 
and  that  the  system  is  stable  there.  This  means  that  we  can  convert 
(a,b)  into  actual  magnitudes  and  use  those  gains  as  the  diagonal 
elements  In  the  K  matrix  in  (3.13),  i.e.,  define  A  as  a  new  nominal 
operating  point.  UGM  and  TGM  can  then  be  calculated  and  plotted  using 
point  A  as  the  origin  of  a  new  coordinate  system.  These  iterations  may 
he  done  successively  until  a  ,  a.,  a  or  a,  becomes  (close  tol  Kero. 


The  formulas  for  TPM  and  UPM  can  be  used  similarly  to  generate  the 
entire  region  of  stability  In  the  phase  space.  See  the  second  paper  in 
Appendix  3R  for  one  possible  iteration  scheme. 

The  actual  region  of  stability  in  the  gain  or  phase  space  could  be 
obtained.  If  desired,  using  independent  margins  alone  finstead  of 
combination  of  Independent  and  uniform  margins).  However,  since  uniform 
margins  are  less  conservative  in  a  particular  direction,  the  actual 
boundary  of  stability  will  be  reached  using  fewer  iterations  if  uniform 
margins  are  used.  Generation  of  regions  of  stability  using  only  uniform 
margins  is  rot  posaiMe  since  they  generate  only  45°  lines.  Stable 
regions  not  or  a  45°  line  couldn't  be  obtained  in  ar  iterative  fashion; 
rather,  one  would  have  to  first  check  for  nominal  closed-loop  stability 
at  some  other  point  (recall  that  these  margins  are  derived  from 
norm-bounded  stability  robustness  tests  with  the  assumption  that  the 
nominal  closed-loop  system  is  stable).  Application  of  independent  and 
uniform  margins  together  gives  an  efficient  method  for  computing  the 
entire  regions  of  stability,  because  the  answers  from  one  iteration  lead 
Into  another  iteration,  and  the  number  of  iterations  is  minimized. 

rinally,  it  siiould  be  noted  that  after  generating  the  stable 
regions  in  the  gain  and  phase  spaces,  one  could  double  check  the 
botindary  In  the  gain  space  easily  by  computing  closed-loop  eigenvalues 
a*-  points  on  the  boundarv.  Such  a  check  is  not  possible  in  the  phase 
space  since  we  can't  write  a  transfer  function  corresponding  to  a  pure 
phase  shift.  Also  realize  that  eilthough  the  method  discussed  here  is 
good  for  n-loops,  the  solution  is  not  tractable  graphically  for  n  >  3. 

Add  i  t lonal ]v,  if  there  are  completely  detached  stable  spaces,  this 
method  will  identify  only  the  one  containing  the  nominal  system. 


Lastly,  a  brute  force  application  of  SISO  gain  and  phase  narpln  formulas 
(by  successively  perturbing  the  system)  will  also  generate  the  actual 
regions  of  stability,  but  could  take  considerably  more  computations 
does  not  lend  Itself  to  computerization  very  well. 

3. A  Remarks  on  Appendix  3C 

This  Appendix  contains  a  paper  on  the  area  of  tlme-domair 
robustness  analysis.  One  of  the  goals  In  research  on  robustness 
analysis  Is  to  obtain  bounds  on  the  tolerable  perturbations  (from  the 
stability  and  performance  viewpoint)  of  the  real  parameters  <^6iich  as 
stability  and  control  derivatives).  To  meet  such  a  goal,  fomulation  of 
the  problem  in  the  time  domain  seems  appropriate,  since  in  our 
previously  described  frequency-domain  formulations.  Information  about 
real  parameter  variations  Is  Imbedded  In  the  singular  value  bounds  on 
the  transfer  matrices.  However,  concepts  such  as  gain  and  pbast  margins 
(which  are  tolerable  loop  gain  and  loop  phase  variations)  can  onlv  be 
handled  In  the  frequency  domain. 

Time-domain  robustness  tests  give  explicit  bounds  on  the  real 
parameter  perturbations  In  the  A,  B,  and  C  matrices  of  the  state-space 
model.  We  will  consider  three  classes  of  perturbations,  as  follows: 

I)  Highly  structured  perturbations:  Perturbation  model  structure  Is 
known  and  bounds  on  the  Individual  elements  of  the  perturbation  matrix 
are  known. 

II)  Weekly  Structured  Perturbations:  Perturbation  model  strricture  is 
known,  but  only  a  spectral  norm  bound  on  the  perturbation  is  known  (with 


no  knowledge  about  the  Individual  element  bounds) . 


TIT)  Unstructured  Perturhatlons;  Perturbation  model  structure  Is  not 
known . 

For  simplicity,  we  will  use  the  terms  "structured  perturbation"  for 
class  (1)  and  "unstructured  perturbation"  for  classes  fIT)  and  (III) 
from  now  on.  For  a  good  discussion  on  unstructured  perturbations,  see 
P.cf  r3-91.  Vr  are  not  going  to  cover  that  material  because  we  are  only 
interested  in  obtaining  bounds  on  Individual  elements  of  tbe  A,  B,  and  C 


matrices. 

Consider  tbe  state  space  model 

X  =  Ay  +  Fy  (3.5P) 

where  Y  is  the  perturbation  matrix  with  structured  perturbations 


hli 


(3.59) 


The  svsttm  A  +  K  is  stable  iC 


le,,  -  e  <ii  „  =  I/O  ((|P|U  )  1 
'  i1  max  eV  '■''ns’ 


(3.60) 


where  !’  ’s  the  solution  of  Lyapunov  matrix  equation 


.T 


A  I  4  PA  +  ?T  =  0 


(3.61) 


and  is  an  (nxn)  matrix  with  all  elements  equal  to  unity.  The  symbol 


meat'-  modulus  of  every  element  in  the  matrix,  (•)  indicates  the 


symmetrir  portion  o'"  the  matrix  in  the  parenthesis  (i.e.,  for  example, 
.T, 


fA>^  =  ‘  (A  +  A  )  1 ,  and  of*")  indicates  the  maximum  singular  value  of  the 
matrix  ' • ' . 


S('1vrion  of  the  Lyapunov  equation  rap  he  a'.’oided  if  A  is  normal. 


T  T 

i.c.,  i!  AA  =  A  A.  Then  (see  Ref  f3-10')  tiie  svstem  A  '  is  stable  if 


I 


•ill  =  G  'h'  >  1 

i i I  max  Ye  *  'ns 


(3.62) 

ran  get  an  even  better  bound  than  in  (’3.60)  for  (3.6?))  if 
struct'  1,  ’  Infornirtion  o'"  the  matrix  A  is  taken  into  err'  ’deration.  For 
example,  ''i'cn 
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we  may  have  the  additional  knowledge  that  some  of  the  elements  of  A  are 


not  subjected  to  any  perturbations,  l.e., 
=  0  for  some  1  and  1 


In  such  a  case,  a  better  bound  can  be  obtained  by  substituting  for  t  lie 

matrix  U  (In  (3.60)  and  (3.62))  a  matrix  U  whose  entries  are  such  that 
n  e 

U  *  0  if  the  perturbation  in  a  ,  .  is  known  to  be  zero  (i.e.,  e .  .  =  fl)  , 

^Ij 

and  1’  =  1  if  the  perturbation  In  a..  Is  known  to  be  non-zero  (l.e,, 

e  40).  This  means  that  H  is  a  matrix  whose  entries  are  normalized 

i  j  « 

with  respect  to  the  maximum  perturbation 

17  =  (3,6:0 


■Ij  Aa,. 


Thus,  the  entries  will  have  the  values  0  or  ! ,  depending  upon  the 
location  of  the  perturbation.  Then,  (3.60)  and  (3.6?)  can  be  rewritten 


hula..  -  =  ■  '''’"Il’IV.' 

where  P  Is  the  solution  of  (3.61),  and 


1^3 


=  C  <  LI 

max  YcS 


=  1/ 


(3.66) 


(3.67) 


To  apply  (3.66),  consider  an  example  where 


(3.68) 


The  results  are  shown  in  Table  3.3,  which  clearly  indicate  that  the 
perturbation  location  directly  Influences  the  perturbation  bound. 


Elements  of  A  In  Mhtch  perturtation  is  assumed 


*11 

only 

*12 

only 

[::] 

[:;] 

1.657 

1.657 

lit  'll*  *12* 
„  *21  *21 


0.236  1.657  1.657  0.655  0.396  1.0  0.382  0.48  0.5  0.324  0.3027  0-397  0.311  to.273  0.256 


*12* 

*22 

*21* 

*22 

[::] 

[::] 

0.324 

0.3027 

These  results  can  be  extended  to  the  case  of  LQ  and  LQG  Regulators 

Following  the  notation  used  in  the  paper  in  Appendix  3C,  we  have  that 

the  perturbed  closed-loop  system  of  the  LO  Regulator  is  stable  if 

|(AA  +  AB*iG  I  +  (  B  +  AB  |•|AC|)  <  p 

>  I  '  ■  iijmax  eY 

=  1/^  [(iPlU^)gl  (3.69) 

where  AA,  AB  and  AG  are  perturbations  In  the  A,  B  and  (controller  gain) 
G  matrices  (there  is  no  A C  term  since  we  assumed  full  state  feedback), 
and  P  has  to  satisfy  the  Lyapunov  equation 

^  (3.70) 


where  A^^_  is  the  nominal  closed-loop  system  matrix  given  by 
A^j  =  A  +  KG 


(3.71) 


'^ht  matrix  can  he  replaced  by  as  before,  if  the  locations  of  the 
perturbations  in  are  known.  If  there  are  no  perturbations  in  the  B 
and  C  matrices  (i.e,,  AF  =  AG  =  0),  then  (3.69)  givp.='  bounds  on  the 
mayimum  tolerable  variations  of  thr  real  paramt ter.'-  in  the  A  matrix, 
oii.iilarlv,  if  aA  -  AC  -  0,  then  (3.69)  gives  bounds  I'n  the  perturbations 
in  the  1  matrix,  and  so  t-n.  In  the  case  of  the  TOC  problem,  the 


nondestabl  1: zinp  bounds  nr  the  real  parameters  arc  piven  by  ntiuntinn 
(26)  in  the  paper  ard  will  not  be  repeated  here. 

Before  we  close  this  section,  we  should  note  the  followitp.  The 
robustness  tests  in  the  frequency  domain  arc  t’erlved  baset!  on  'vquifv 
stability  cf^tcrla,  whereas  in  the  time  domain,  tliey  are  deri-'’fd  based 
upon  Lyapunov  stability  criteria.  These  robustness  inecuallty  tests  In 
both  the  frequency  and  time  domains  are  only  sui f icient  conditions, 
l.e.,  if  the  design  passes  these  tests,  the  closed-loop  syster.  '  r. 
guaranteed  to  be  stable;  otherwise,  no  claim  can  be  made  regarding 
stability.  These  tests  In  both  domains  are  conservative.  This  happer s 
In  the  frequency  domain  because  the  tests  assume  that  the  uncertainty  is 
In  the  worst  direction  (l.e.,  lack  of  phase  ^I'formatlon) .  Tn  the  time 
domain,  the  robustness  criteria  actually  give  the  conditions  under  which 
perturbed  matrix  will  he  negative  definite.  This  is  done  because  al'' 
negative  definite  matrices  are  guaranteed  to  be  fitable.  The  problem 
with  this  is  that  all  stable  matrices  are  not  necessarily  negative 
definite.  This  leads  to  a  conservative  result.  The  criteria  In  both 
domains  assume  that  the  nominal  closed-loop  system  fbefore  it  i.r 
perturbed)  is  stable,  which  should  not  be  a  concern. 
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Abstract 

This  paper  presents  techniques  of  using  weighted  and  norms  to 
incorporate  the  structural  information  of  the  return  difference  and  the 
perturbation  matrices  in  the  measure  of  stability  robustness  of 
multivariable  control  systems.  The  flexibility  offered  by  these  norms  along 
with  the  use  of  nonnegative  matrix  theory  enables  one,  in  most  cases,  to 
reduce  the  conservatism  which  has  been  a  typical  concern  with  the  use  of 
singular  value  based  stability  robustness  tests.  New  stability  robustness 
criteria  are  derived  on  the  basis  of  weighted  and  norms.  Examples  are 
given  to  demonstrate  the  merits  of  these  methods  over  singular  value  tests. 

1 •  Introduction 

One  of  the  intriguing  problems  in  the  extension  of  the  classical 
frequency  domain  analysis  and  design  techniques  for  single-input, 
single-output  (SISO)  feedback  systems  to  multivariable  feedback  systems  is 
perhaps  the  measure  of  relative  stability  ll-3].  The  one-loop-at-a-time 
stability  margins  fail  to  account  for  the  simultaneous  variations  and 
crossfeed  changes  in  a  multivariable  system.  Extensions  of  the  Nyquist 
method  to  multivariable  systems  [4-6]  also  fail  to  reveal  the  nearness  of  a 
stable  multivariable  system  to  instability. 
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In  recent  developments  [2],  [7],  the  robustness  of  a  multivariable 
system,  i.e.,  the  nearness  of  a  stable  multivariable  system  to  instability 
when  subject  to  plant  perturbations  or  uncertainties,  is  measured  by  the 
singular  value  of  the  return-difference  of  the  loop  transfer  or  the  inverse 
loop  transfer  matrix..  For  various  models  of  plant  perturbations  or 
uncertainties,  the  robustness  criteria  may  be  summarized  [8]  as  either 


11^ 

■r%  ' 


alE(s)]  <  iZll  +  gCs)] 


or 


(1) 


a[E(s)]  <  £[I  +  g“^(s)J  (2) 

depending;  upon  the  modeling  of  the  plant  perturbations,  where  2(*)  denotes 
the  miniumum  singular  value,  ^C*)  the  maximum  singular  value,  ECs)  the 
plant  perturbation,  G(s)  the  loop  transfer  matrix,  and  I  the  identity 
matrix.  In  some  cases,  an  additional  restriction  on  o’lECs)]  is  required. 
These  conditions  impose  hard  bounds  upon  the  class  of  plant  perturbations 
that  do  not  destabilize  the  feedback  system.  In  other  words,  for  each 

0(s)  £[1  +  G*(s)]  (3) 


where  G*(s)  means  G(s)  or  G  ^(s)  depending  upon  whether  the  robustness 
stability  criterion  is  given  by  (I)  or  (2),  there  always  exists  an  ECs) 
that  satisfies 


(T[E(6)]  .<  0(8) 


(4) 


'i-?7 


.-v  ^  A  A  L  L  -  ■  IL  L I -J  LI  f.  .  ■  L  ■  l  ■  i .  j  ■  i  i. 


but  destabilizes  the  closed-loop  system,  provided  that  the  selection  of 
E(s)  is  unrestricted  except  in  the  matrix  dimensions.  Nevertheless,  for  a 
given  perturbation  ECs),  or  a  class  of  perturbations  for  which  there  is 
some  &  priori  knowledge  about  the  structure  of  the  multivariable 
perturbation  (i.e.,  the  numerical  relationship  among  the  elements  of  the 
perturbation  matrix  E(s))  the  robustness  tests  (1)  and  (2)  are  often  too 
conservative.  If  a  perturbation  passes  the  test  given  by  (1)  or  (2),  the 
perturbed  system  is  stable,  if  it  fails,  the  test  is  inconclusive. 

The  problem  of  cc'.servat ism  in  the  robustness  tests  for  linear  feedback 
control  systems  has  been  discussed  in  several  papers  [3],  [8-13]. 
Conservatism  of  these  robustness  tests  may  be  attributed  to  the  fact  that 
little  structural  information  about  a  matrix  is  reflected  in  its  maximum  or 
minimum  singular  values.  In  general,  if  more  is  known  about  the  uncertainty 
than  just  a  simple  bound  on  its  spectral  norm  (the  maximum  singular  value), 
then  less  conservative  stability  robustness  tests  may  be  formulated.  In  the 
extreme  case,  if  the  perturbation  matrix  is  completely  known,  then  an 
eigenvalue  test  [9]  or  the  Nyquist  theorem  gives  the  necessary  and 
sufficient  condition  for  the  stability  of  the  perturbed  system.  A  singular 
value  decomposition  can  be  used  to  reduce  the  conservatism  if  there  is  a 
significant  difference  between  the  smallest  and  the  next  smallest  singular 
value  of  the  return  difference  matrix  [8],  [111.  The  technique  of  weighting 
or  scaling  a  matrix  in  order  to  obtain  a  smaller  norm  has  also  been 
employed  to  reduce  the  conservatism  of  robustness  criteria  [9],  [10]. 
However,  the  study  was  essentially  for  disgonally  perturbed  systems.  It  has 
also  been  shown  that  the  theory  of  M-matrices  can  be  used  to  characterize 
certain  allowable  perturbations  and  thus  reduce  the  conservatism  of 
robustness  criteria,  in  seme  cases  112). 
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This  paper  presents  methods  of  using  weighted  x.  ^  and  norms  and  the 
theory  of  nonnegative  matrices  to  account  for  the  structural  information  of 
the  perturbation  matrix,  and  to  derive  less  conservative  stability 
robustness  criteria.  The  next  section  generalizes  the  singular  value 
inequalities  of  (1)  and  (2)  into  inequalities  incorporating  general  matrix 
norms.  The  basic  idea  of  characterizing  structural  information  of  a  matrix 
by  weighted  and  norms  is  developed  in  Section  III  and  the  main 
results  are  given  in  Section  IV.  Some  of  the  most  interesting  results,  in 
contrast  to  the  scalar  inequalities  of  (1)  and  (2),  are  matrix  inequalities 
bounding  the  magnitude  of  each  element  of  the  class  of  nondestabilizing 
perturbation  matrices.  Examples  are  given  in  Section  V  to  demonstrate  the 
reduction  in  conservatism  of  the  stability  robustness  criteria,  and 
conclusions  are  given  in  Section  VI. 


II .  General  Norm-Bounded  Stability  Robustness  Criteria 


Robustness  criteria  (l)  and  (2)  are  special  cases  of  inequalities 


G‘l(s)  =  G‘^(s)  +  E(s)  ;  x[E(s)G(s)]  ^ 

Fig.  3  Inverse  Additive  Perturbation 
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G(s)  =  6(s)  (l  +  E(s)}‘^ 

Fig.  4  Inverse  Multiplicative  Perturbation 


the  stability  robustness  criterion  (a  sufficient  condition)  may  be 
generalized  as 


1e<s) 


I  +  Gla)  ]■ 


except  for  the  inverse  multiplicative  perturbation  (Fig. 4)  where  the 
additional  condition 


E(s)  <  1 


is  imposed.  The  vertical  double  bars  ||  »  |]  denote  any  matrix  norm.  It  is 
worth  noting  here  that  (6)  may  be  replaced  by  the  weaker  condition  that 
requires  only  the  eigenvalues  of  E(ja>)  not  belong  to  the  section  (-“  ,~ll 
on  the  real  axis,  for  all  However,  for  most  practical  systems,  the 

minimum  value  of  the  right-hand  side  of  (5)  for  s  r.n  is  usually  smaller 


than  unity.  Therefore,  the  stronger  condition  (6)  can  be  used  without 
imposing  unnecessary  restrictions  on  the  error  function  ECs).  For  systems 
modeled  with  multiplicative  or  inverse  additive  perturbations  (Fig. 2  and 
Fig. 3),  the  stability  robustness  criterion  (a  sufficient  condition)  may  be 
generalized  as 


||e(s)||  < 


[  I  ♦  g"^(s) 


Note  that  for  the  system  of  Fig.  3,  as  stated  in  the  figure,  the  additional 
restriction  on  the  eigenvalues  of  E(s)G(6)  must  be  included.  This 


eigenvalue  restriction  is  implied  by  |jE(s)G(B)||  <  1,  which  in  turn  is 
implied  by  ||e(s)||<  1/  ||g(s)||.  Thus,  a  stability  robustness  criterion  for 
the  system  of  Fig.  3  is  the  simultaneous  satisfaction  of  the  latter  and 
inequality  (7).  However,  in  this  paper,  the  development  of  the  robust 
stability  tests  of  Fig.  3  will  be  based  on  (7)  only,  assuming  that  the 
eigenvalue  restriction  as  stated  in  Fig.  3  is  satisfied.  Since  the 
derivations  of  (l)-(2)  and  (5)-(7)  are  based  on  multivariable  Nyquist 
theory,  some  preliminary  conditions  on  the  nominal  and  perturbed  systems 
must  hold,  i.e.,  the  open-loop  characteristic  polynomials  of  the  nominal 
system  and  the  perturbed  system  must  have  the  same  number  of  closed 
right-half  plane  roots,  all  imaginary  poles  of  the  open-loop  perturbed 
system  must  also  be  poles  of  the  open-loop  nominal  system,  and  the  nominal 
system  must  be  closed-loop  stable.  Furthermore,  inequalities  (l)-(2)  and 
(5)-(7)  must  hold  for  all  s  on  the  Nyquist  contour.  The  theory  here  is 
formulated  for  n  x  n  square  matrices  G(s)  and  unity  feedback  systems.  It 
can  be  easily  extended  to  the  general  case  with  nonunity  feedback. 


The  general  norm  inequalities  for  additively  and  multiplicatively 
perturbed  systems  (Fig.l  and  Fig. 2)  follow  from  a  simple  generalisation  of 
the  derivation  given  in  [7],  and  has  been  used  in  other  papers  [10],  [12]. 
The  general  norm  inequalities  for  the  inverse  additive  and  inverse 
multiplicative  cases,  though  not  quoted  or  used  elsewhere,  can  be  derived 
in  the  same  fashion  as  the  derivation  of  the  singular  value  inequalities  in 
[2].  However,  because  the  perturbation  matrix  E(6)  appears  nonlinearly  in 
the  convex  combination  of  G(b)  and  GCs)  (Fig. 3  and  Fig. 4),  the 
generalization  of  the  proofs  in  [2]  to  the  proofs  of  the  inequalities 
(5)-(7)  for  the  inverse  additive  and  inverse  multiplicative  perturbation 
cases  is  not  trivial.  The  proof  of  (5)  for  the  inverse  multiplicative 
perturbation  case  (Fig.  4)  is  given  in  another  paper  [19].  The  proof  of  (7) 
for  the  inverse  additive  perturbation  case  can  then  be  analogously 
formulated.  The  formulation  of  perturbation  models  into  Figs.  1-4  is 
attributed  to  Lehtomaki  et  al  [8]. 

It  is  evident  from  the  comparison  of  (1)  and  (2)  with  (5)  and  (7)  that 
the  conservatism  of  stability  robustness  criteria  can  be  reduced  if  norms 
of  the  perturbation  matrix  E(6)  and  the  inverse  return  difference  matrix 
can  be  computed  to  be  less  than  their  corresponding  maximum  singular  values 
(  note  that  2(A)  =  1/  o(A”^)  ).  Since  there  are  infinitely  many  ways  to 
compute  a  matrix  norm,  the  idea  of  reducing  the  conservatism  in  the 
robustness  criteria  here  is  to  account  for  as  much  structural  information 
of  the  perturbation  matrix  and  the  return  difference  matrix  as  possible  in 
order  to  obtain  the  smallest  possible  norms  of  these  matrices. 
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III.  Dtilization  of  Structural  Information  of  Matrices  in  Weighted 

£.  and  9.  Norms 

—1  -  — oo  - 

Structural  information  of  a  matrix  can  be  exploited  to  a  considerable 
extent  in  weighted  and  norms.  These  norms  have  been  used  extensively 
in  numerical  analysis  [14]  but  are  not  widely  used  in  control  literature. 
They  have  been  used  in  calculating  the  gain  margin  (uniform  for  all  loops) 
of  diagonally  perturbed  multivariable  feedback  systems  [10],  but  their 
potential  in  reducing  the  conservatism  of  norm-bounded  stability  robustness 
teste  has  not  been  fully  exploited. 


A  norm  of  a  vector 


number 


11-11 


such  that 


is  a  function  which  assigns  to  every  vector  a  real 


11  X  1  j>  0  unless  x  ■  0  (8) 

j|  ax  |[«=  I  a  j  •  II  X  1 1  for  any  a  in  the  field  (9) 


||x  +  illN<||x||  +  lli||  (10) 

A  norm  of  a  square  matrix  is  defined  as  a  real-valued  function  ||  *  j]  (the 
same  notation  as  the  vector  norm  is  used  because  the  distinction  will  be 
clear  in  the  context)  such  that  for  any  two  square  matrices  A  and  B  of  the 
same  size 


A  >  0  unless  A 


(11) 


I  a  A  j  =  a  *  A  for  any  a  in  the  field 


(12) 


A  +  B  K  A  +  B 


The  matrices  are  assumed  to  be  square,  which  is  no  real  restriction  since 
one  can  always  adjoin  null  rows  and  columns.  A  matrix  norm  is  said  to  be 
consistent  with  a  vector  norm  if  for  every  A  and  for  every  x. 


A  matrix  norm  is  said  to  be  subordinate  to  a  vector  norm  if  it  is 
consistent  and  if  for  every  A  ^  0  there  exists  an  x.  ^  0  such  that 


“•  •  • 


'A. 


-Avi 


To  every  vector  norm  there  corresponds  a  unique  subordinate  matrix  norm 
defined  by  [14] 


m 


11^2.11 


The  most  commonly  used  vector  norm  is  the  Euclidean  norm  |]c  ^  defined  by 


X  IL  =  (x*x)' 

—  lit - 


where  *  denotes  complex  conjuj^ate  transpose.  The  matrix  norm  subordinate  to 


the  vector  Euclidean  norm  is  the  spectral  norm  ||A|jg  ,  defined  as  the 
larj^c^t  singular  value  of  A,  i.e.. 


|1a|)  »  c(A)  =  I  X(A*A)]^^^  -  (  X(AA*)]^^^ 


where  X( *  )  denotes  the  maximun  eigenvalue  of  the  given  matrix.  The 
weighted  vector  norm  on  the  complex  field  C°  is  given  by 

.  II  _i  .  “I  1*1  1^  \1/P 


where  the  q^'s  are  real  and  positive  numbers 


q  -  col  [  •  •  •  q^  1 


Q  «  diag  [q]  ■  diag  ^  <12  *  *  *  %  ^  (22) 

The  Euclidian  vector  norm  ia  a  special  case  of  the  weighted  norm  when 
Q  ■  1  and  p  =  2.  Of  special  interest  here  are  the  weighted  and  norms. 
The  weighted  norm  is  a  special  case  of  (20)  when  p  =  1 ,  and  the  weighted 
£  norm  is 


A  ^~1  A  max  /I  1 1  \ 

»  Q  i  -  1  (hil/Oi) 


where  11  •  denotes  the  H  norm  when  the  weight  is  evenly  distributed 

I  I  OO  00 


(unweighted) . 


The  matrix  norm  subordinate  to  the  weighted  Jlj  vector  norm  (  called 
g'-norm  by  Householder  [14])  is 
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. .  . 

‘liqi  *  l|l*'i3|ls"' 

»  max  row  sum  of  Q  ^|a*|q  (24) 


where  q  and  Q  are  given  by  (21)  and  (22)  respectively.  A'  is  the  transpose 
of  A,  and  the  absolute  value  sign  |*j  *  when  applied  to  a  complex  vector  or 
matrix  as  in  (23),  retains  the  magnitude  of  each  element  and  drops  the 
complex  phase  angles.  The  matrix  norm  subordinate  to  the  weighted  2^ vector 
norm  (called  g-norm  by  Householder  (141)  is 


^  w  im  ww  in 
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max  row  sum  of  Q  ^|AjQ 


(25) 


The  weighted  £ ,  and  £  norms  are  duals  of  one  another  in  the  sense  that  the 
£j^  norm  of  a  matrix  is  the  £^  norm  of  its  complex  conjugate  transposition. 


Expanding  the  Q  ^  A  Q  term  on  the  right-hand  side  of  (25)  shows 


'All  =  max  row  sum  of 
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Thus,  the  relationship  between  the  norm  and  the  structure  of  a  matrix 
becomes  explicit  when  a  weighted  or  norm  is  used.  For  example,  if  A 

is  diagonal,  the  weighted  or  Z  norm  is  the  maximum  modulus  of  the 

1  <*> 

diagonal  elements  of  A  regardless  of  the  weighting  vector  q.  The  extent  to 
which  the  conservatism  in  robustness  tests  is  reduced  by  using  (3)  or  (7) 
instead  of  (1)  or  (2)  depends  upon  the  ability  to  simultaneously  reduce  the 
norms  of  E(s)  and  I  +  G(s)  (  or  I  +  G  ^(s)  )•  The  use  of  weighted  or 
Z^  norms  on  these  tests  provides  complete  freedom  in  selecting  q  to 
minimize  the  norm  of  one  matrix  if  the  other  is  known  to  be  diagonal.  This 
freedom  is  totally  lacking  in  the  singular  value  inequalities  of  (1)  and 
(2).  If  A  is  upper  triangular,  or  skewed  towards  upper  triangularity,  and  q 
is  selected  to  be 

q  =  I  1  6  6^  •  •  •  6""^  ]  (27) 

then  for  6  sufficiently  small,  the  above-diagonal  elements  have  negligible 
effects  on  the  weighted  norm  of  A.  The  advantage  becomes  especially 
notable  if  the  off  diagonal  terms  of  a  triangular  matrix  are  dominant. 


In  selecting  the  weighting  vector  q  to  minimize  the  weighted  norm 
(or  norm)  of  a  matrix,  the  well  established  theory  of  nonnegative 
matrices  [14],  [15]  can  be  used  to  great  advantage.  A  matrix  A  is  said  to 
be  reducible  if  there  exists  some  permutation  matrix  P  such  that 


P'AP 


^1  ^12 


‘22 


(28) 


where  Ajj  and  A22  ate  square  submatrices.  If  no  such  permutation  matrix 
exists,  A  is  irreducible.  A  permutation  matrix  is  a  matrix  whose  elements 


are  only  one's  and  zero's,  with  exactly  one  1  in  each  row  and  in  each 
column,  and  it  has  the  property  that  P  ^  «  F'.  The  transformation  described 
in  (28)  is  equivalent  to  successively  interchanging  pairs  of  rows  and 
corresponding  pairs  of  columns.  Physically,  this  is  equivalent  to 
relabeling  the  input-output  pairs  of  the  loop  transfer  matrix 
simultaneously.  That  means  if  x.  is  renamed  x.  then  y.  is  also  renamed  y.  , 

1  j  •'i  ■'j  ’ 

and  so  forth.  Therefore,  a  system  (assuming  equal  number  of  inputs  and 

outputs)  with  a  reducible  transfer  matrix  means  that  there  exists  a 

subsystem  (with  an  equal  number  of  inputs  and  outputs)  that  does  not 

receive  crossfeed  information  from  the  rest  of  the  system.  It  is  well 

known,  by  a  theorem  attributed  to  Perron  and  Frobenius,  that  for  an 

irreducible  nonnegative  matrix  |a  |  there  exists  1)  a  positive  eigenvalue 

X  (called  the  Perron  eigenvalue  of  A)  which  is  no  less  than  the  modulus  of 

any  other  eigenvalue  of  j^j,  2)  corresponding  to  X  there  exists  an 

eigenvector  of  all  positive  components  (called  the  Perron  eigenvector  of 

A),  and  3)  X  is  the  only  eigenvalue  of  |a|  that  has  a  corresponding 

eigenvector  of  all  positive  components.  Being  a  nonnegative  matrix  here 

does  not  mean  being  a  positive  semidefinite  matrix,  but  refers  to  each 

matrix  element  being  real  and  nonnegative.  In  the  ensuing  discussion, 

positive  vectors  and  matrices  are  similarly  defined.  By  virtue  of  the 

Perron-Frobenius  tlieorem,  if  q  is  selected  to  be  the  Perron  eigenvector  of 

A,  then  the  weighted  n  norm  of  A  is  found  to  be  the  spectral  radius  (the 

00 

magnitude  of  the  largest  eigenvalue)  of  jA|.  Although  there  is  no  guarantee 
that  X(  1a|)  will  always  be  smaller  than  o(A),  for  most  practical  cases 
where  the  crossfeed  structure  is  unsymmetr ical  this  is  found  to  be  true  and 
therefore  a  weighted  or  norm  may  be  used  to  reduce  the  conservatism 
in  the  robustness  tests. 


W  i.  ^  ^ 

~  »  1 

^  V 

Moreover, 

it  is 

obvious 

from 

(25) 

that  if 

1 A  1  ^  1  B 1  ,  element 

for 

l£ 

O*'.  J 

element , 

then 

llellij.- 

Thus , 

the 

weighted 

or  1  norm  can 

1  00 

be 

used 

MBT" 

to  find 

robustness 

bounds 

for 

the 

modulus 

of  the  elements 

of 

the 

perturbation  matrix.  This  will  be  presented  in  the  next  section. 

If  A  is  a  reducible  matrix,  then  there  is  no  loss  of  generality  in 
considering  A  to  be  of  the  form  of  the  right-hand  side  of  (28)  (or  a 
general  upper  or  lower  triangular  block  matrix),  since  this  can  be  achieved 
by  relabeling  the  input  and  output  variables.  Suppose  now  that  A^j  and 
are  both  irreducible.  Let  and  be  the  Perron  eigenvectors  of  Aj^^  and 
A22  respectively.  Then  by  substituting 


q  =  col  (  q, '  cq,'  1 


and  the  right-hand  side  of  (28)  for  A  into  (25),  the  weighted  f ^  norm  of  A 
is  again  found  to  be  the  spectral  radius  of  |a|  (for  sufficiently  small  c), 
which  is  the  larger  of  the  Perron  eigenvalues  of  A^^  or  A^j*  If  or  A22 
is  reducible,  the  same  procedure  of  finding  the  minimum  weighted  norm 
can  be  imbedded.  Thus,  the  off-diagonal  block  of  a  reducible  matrix  does 
not  affect  the  value  of  the  minimum  weighted  norm  of  the  matrix.  If  the 
perturbation  matrix,  E(s),  and  the  return  difference  matrix,  I  +  G(s)  or 
I  +  G  ^(s),  are  both  upper  or  lower  block  triangular  matrices  of  identical 
partitions  then  the  off-diagonal  block  in  E(s)  does  not  affect  the 
stability  robustness  of  the  closed-loop  system.  This  property  will  be 
formally  stated  in  the  next  section.  The  minimum  weighted  2^  norm  of  a 
reducible  matrix  with  nonnegligible  off-diagonal  blocks  can  be  expected  to 
be  smaller  than  its  maximum  singular  value. 


m 
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If  A  is  in  block  diagonal  form  with  m  blocks,  then  the  weighting  vector 


may  be  chosen  as 

q  “  col  I  qj  S2  *  *  *  3m  ^ 

where  q^  is  the  Perron  eigenvector  of  the  ith  block.  (The  term  Perron 
eigenvector  is  slightly  abused  when  the  diagonal  block  is  reducible.)  The 
minimum  weighted  norm  of  A  is  again  found  to  be  the  spectral  radius  of 
|a|  ,  which  is  the  maximum  spectral  radius  of  the  diagonal  blocks  of  |a|. 

IV.  Stability  Robustness  With  Structured  Uncertainty 

In  this  section  the  main  results  are  stated.  For  notational  brevity, 
let 


A(6)  «  I  I  +  G*(s)  (31) 

Where  G*(8)  refers  to  G(8)  for  the  cases  of  Fig.  1  and  Fig.  4,  and  to 
g”^(s)  for  the  cases  of  Fig.  2  and  Fig.  3.  The  notation  max  t*l  denotes  the 
maximum  element  of  the  nonnegative  vector  in  the  argument.  An  inequality  of 
nonnegative  matrices  compares  its  two  sides  element  for  element.  In  all 
Lemmas  and  Theorems  stated  below,  all  the  preliminary  conditions  on  the 
nominal  and  perturbed  systems  are  assumed  satisfied,  and  all  conditions 
derived  are  assumed  to  hold  for  all  s  on  the  Nyquist  contour. 

Lemma  1.  ;  The  perturbed  systems  of  Fig.  1-4  are  asympotically  stable  if 
there  exists  a  positive  vector  qis)  such  that 


I-/.! 


max  [Q  (s)  |e(8)|  qCs)]  < - -r - - - 7 - 

max  iQ  ' (s)|A(6)|q(s)] 


and  in  addition 


max  [Q  ^(s) |e(s)| q(8)]  <  1 


for  the  case  of  Fig.  4,  where  QCs)  and  qCs)  are  a  frequency  dependent 

matrix  and  vector  as  in  (22)  and  (21),  respectively.  This  Lemma  remains 

true  if  E(s)  and  A(s)  are  replaced  by  E*(8)  and  A*(8),  respectively. 

Proof  :  Usine  weighted  H  norms  in  inequalities  (5)-(7)  with  weighting 

'  "  00 

vector  q  gives  the  stated  result  of  inequalities  (32)  and  (33).  If  weighted 
norms  are  used,  E(6)  and  A(s)  in  this  Lemma  are  replaced  by  E*(s)  and 
A*(8). 


Lemma  2.  i  The  perturbed  systems  of  Figs.  1~4  are  asymptotically  stable  if 
G(s)  is  irreducible  and 


max  [Q  ^(s) 1e(6)| q  (s)]  <  -77 


X  t|A(s)|  J 


and  in  addition 


max  [Q  ^(6)|E(s)|q  (s)]  <  1 


for  the  case  of  Fig.  4,  where  X[|a(8)|]  is  the  Perron  eigenvalue  of  A(8), 
and  q  (s)  is  the  corresponding  Perron  eigenvector.  This  Lemma  remains  true 
if  E(8)  and  A(8)  are  replaced  by  E*(8)  and  A*(s)  respectively. 


for  the  case  of  Fig.  4. 

Proof  :  Suppose  E(s)  is  diagonal.  If  Gls)  is  irreducible,  then  (37)  and 
(38)  follow  (34)  and  (35),  respectively.  If  G(b)  is  reducible,  then 
relabeling  the  plant  input  and  output  variables  (which  is  the  same  as 
performing  a  permutation  transformation),  transforms  A(8)  into  the  form  of 
the  right-hand  side  of  (28)  while  E(s)  remains  diagonal.  Choosing  q  (s)  as 

•“fl 

in  (29)  for  inequalities  (34)  and  (35)  gives  the  stated  result.  The  case 


where  Gis)  (and  hence  ACs))  is  diagonal  can  be  similarly  proved  by  using 
the  Perron  eigenvector  of  E(s}  as  ^(s)  in  Lemma  1. 

Note  that  for  diagonal  matrices,  the  Perron  eigenvalue,  the  spectral 
radius,  and  the  maximum  singular  value  are  identical.  Hence,  for  the 
diagonally  perturbed  system  (i.e.,  ECs)  diagonal),  (37)  is  a  less 
conservative  test  if  the  Perron  eigenvalue  of  A(s)  is  smaller  than  the 
spectral  norm  of  A(s).  This  is  true  if  G(e)  is  relatively  skew,  i.e.,  the 
crossfeeding  is  unsymmetrical. 


Theorem  2.  :  The  perturbed  closed-loop  systems  of  Figs.  1-4  are 
asymptotically  stable  if  E(s)  and  G(s)  are  both  upper  or  lower  triangular 
and 


[  |e.i(s)|  J  <  1  (40) 

for  the  case  of  Fig.  4,  where  ®ii^*^  denote  the  diagonal  terms 
of  E(e)  and  A(s),  respectively.  The  off-diagonal  terms  of  E(s)  (the 
crossfeed  perturbation)  do  not  affect  the  stability  robustness  of  the 
closed-loop  system,  and  those  of  G(s)  do  not  affect  the  robustness  bound. 
Proof  :  If  G(s)  is  upper  (lower)  triangular,  then  so  is  A(s).  If  both  E(s) 
and  G(s)  are  upper  triangular,  using  q(s)  of  (27)  in  (32)  and  (33)  gives 
the  stated  result.  If  both  E(s)  and  G(s)  are  lower  triangular,  then  letting 
6  be  sufficiently  large  in  (27)  gives  the  stated  result. 


Theorem  2  offers  a  robustness  criterion  that  is  heavily  structurally 
dependent  and  is  significantly  less  conservative  than  the  singular  value 
tests  when  applicable.  This  will  be  demonstrated  in  an  example  in  the  next 
section.  This  theorem  can  also  be  generlized  to  the  case  where  E(s)  and 
G(8)  are  identically  partitioned  into  upper  or  lower  triangular  block 
matrices . 


Corollary  2.1  :  The  perturbed  closed-loop  systems  of  Figs.  1-4  are 
asymptotically  stable  if  ECs)  and  G(s)  are  both  upper  or  lower  triangular 
block  matrices  with  identical  partitions,  and  if 


and  in  addition 


max 

i 


1 


(41) 


(42) 


for  the  case  of  Fig.  4,  where  E^^(8)  and  A^^(b)  are  corresponding  diagonal 

blocks  of  £(&)  and  A(6),  respectively,  and  is  an  arbitrary  diagonal 

weighting  matrix  with  positive  diagonal  elements.  The  off-diagonal  blocks 

of  £(e)  (the  cross-feed  perturbation  between  subsystems)  do  not  affect  the 

stability  robustness  of  the  closed-loop  system,  and  those  of  G(s)  do  not 

affect  the  robustness  bound.  This  corollary  remains  true  if  all  weighted 

a  norms  are  replaced  by  weighted  £,  norms. 
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Proof  :  If  GCs)  is  upper  (lower)  block  triangular,  then  so  is  A(s).  If  both 
E(s)  and  G(s)  are  upper  block  triangular  with  N  diagonal  blocks,  then 
substituting 


(43) 


q  -  col  aq/  6^^/  •  •  «  6**"^/] 

Into  (32)  and  (33)  gives  the  stated  result  (for  sufficiently  small  6  ), 
where  is  a  vector  composed  of  diagonal  elements  of  Q^.  If  both  E(s)  and 
G(s)  are  lover  triangular  block  matrices »  then  letting  be  sufficiently 
large  in  (43)  gives  the  stated  result.  The  proof  for  weighted  norms  may 
be  analogously  stated. 

Theorem  2  gives  robustness  bounds  on  ’..he  magnitude  of  each  diagonal 
element  of  E(s)  if  £(&)  and  G(s)  are  both  upper  or  lower  triangular.  The 
off-diagonal  elements  may  be  left  unbounded.  Corollary  2.1  extends  this 
result  to  the  case  where  £(&)  and  G(s)  are  both  upper  or  lower  block 
triangular  matrices,  by  measuring  the  weighted  norms  of  the  diagonal 
blocks  instead  of  the  magnitudes  of  the  diagonal  elements.  The  following 
theorems  specify  bounds  on  the  magnitude  of  each  element  of  A(6). 

Theorem  3_  :  The  perturbed  closed-loop  systems  of  Figs.  1-4  are 

asymptotically  stable  if 

||e(.)||<  — r--— |a(.)|  (44) 

where 


b  =  1  (45) 

for  the  systems  of  Figs.  1-3  and 

b  =  min  {  x|a(6)|  ,  1  }  (46) 
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for  the  syfitem  of  Fig.  4. 

Proof  :  Suppose  G(e)  is  irreducible.  Then  A  ^(s)  and  A(s)  are  also 
irreducible.  Let  be  the  Perron  eigenvector  A(8).  Then  by  definition 

jA(6)|q  (s)  -  Tl|A(B)[lq  (s)  (47) 

Since  an  inequality  of  nonnegative  matrices  compares  its  two  sides  element 
for  element,  inequality  (44)  leads  to 

-1  ^  -1 
max  [Q  (sllElsllq  (b)1  < - -z - max  (Q  (B)jA(8)|q  (s)] 

“  X^[|a(8)|1  * 


b  b 

- - niax  I  x<1a(b)|>Q  ^(s)q  (s)]  - -  (48) 

)^(1a(8)|i  '  *  ^  x(|a(8)|) 


Comparing  (48)  with  (34)  shove  that  for  the  systems  of  Figs.  1-3,  b  ■  1, 
but  for  the  system  of  Fig.  4,  it  suffices  to  set  b  ■=  I  jA(8)|  ]  if 
Tf|A(s)|]  1,  and  b  =  1  if  X[|a(6)|]  >  1.  This  proves  the  theorem  for 
irreducible  G(8). 

If  G(s)  is  reducible,  so  are  A  ^(s)  and  A(s).  There  is  no  loss  of 
generality  to  consider  A(b)  as  an  upper  triangular  block  matrix.  The  Perron 
eigenvector  of  A(6)  is  then  given  by  (43)  for  arbitrarily  small  6  ,  with  q^ 
chosen  to  be  the  Perron  eigenvector  of  the  ith  block  A^^^  on  the  diagonal. 
Then  the  proof  of  the  irreducible  Gfs)  case  can  be  repeated  to  give  the 
stated  result. 
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It  is  worth  noting  here  that  for  the  reducible  GCs)  case,  Theorem  2  and 
Corollary  2.1  give  less  conservative  stability  robustness  criteria  than 
Theorem  3,  because  the  validity  of  (44)-(46)  implies  the  validity  of 
(39)-(42).  Moreover,  Theorem  2  or  Corollary  2.1  permits  the  off-diagonal 
elements  or  off-diagonal  blocks,  respectively,  of  E(s}  to  be  unrestricted 
in  magnitude,  hut  Theorem  3  imposes  bounds  on  the  magnitude  of  all  elements 
in  £(s).  Nevertheless,  Theorem  3  provides  a  way  to  structure  E(s)  when  G(s) 
is  irreducible,  which  cannot  be  covered  by  Theorem  2  and  Corollary  2.1. 

The  following  theorems  specify,  in  different  ways,  uniform  bounds  for 
all  elements  of  the  perturbation  matrix  E(s). 


Lemma  3.  :  The  perturbed  systems  of  Figs.  1-4  are  asymptotically 
there  exists  a  positive  vector  q(s)  such  that 

“i"  {q.(8)} 

e..(s)|  < - -T - - - 

d'q(6)max  [Q  ^(s)|A(s)(q(s)] 

and,  in  addition,  for  the  system  of  Fig.  4 


max 


stable  if 


(49) 


{q.(s)} 

i'qCs) 


(50) 


where  e^j(6)  is  the  ij  element  of  the  perturbation  matrix  E(s),  and  ^  is 
the  vector  defined  by 


d  -  col  I  1  1  •  •  •  1  J 


(51) 


This  Lemma  remains  true  if  A(s)  is  replaced  by  A*(s). 

Proof  :  Let  D  be  the  n  x  n  matrix  of  which  all  elements  are  unity,  i.e.. 


1  1 
1  1 


u  -  •  • 


1  1 


It  is  obvious  that  for  a  nonnegative  matrix  ECs) 


E(8)  I  ^ 


(52) 


$ 


(53) 


and  for  any  nonnegative  vector  q(6), 

max  lQ"^(8)(E(8)(q(8)I  max  |  ||  ^ 

f”“|e.  .(s)|]d'q(6) 

.  _ _  (54) 

{q.(8)} 

Substituting  (54)  into  (49)  yields  (32),  and  substituting  (54)  into  (50) 
yields  (33).  To  prove  the  validity  of  this  Lemma  with  A(8)  replaced  by 
A*(s),  simply  use  E*(6)  and  A*(8)  in  Lemma  1  and  repeat  the  above  argument 

with  E(8)  replaced  by  E*(8)  in  (53)  and  (54). 


Theorem  ^  :  The  perturbed  systems  of  Figs.  1~4  are  asymptotically  stable  if 
G(8)  is  irreducible  and 


min 

i 


(s)) 


d'q^(8)  M|a(8)|  ] 


(55) 


and,  in  addition,  for  the  system  of  Fig.  4, 


{q  .(s)} 

|e..(6)l  <  - - - 

'  d'q  (s) 


where  d  is  given  by  (51),  q  (s)  is  the  Perron  eigenvector  of  ACs),  and 
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q  .(s)  is  the  ith  element  of  q^(«)*  This  Theorem  also  remains  valid  if 
q  (s)  is  chosen  as  the  Perron  eigenvector  of  A*(s)  instead. 

Proof  :  Since  G(s)  is  irreducible,  the  Perron  eigenvector  q^Cs)  of  A(e) 
exists.  Hence,  Q  ^(s)  exists.  Substituting  q  (s)  ior  qCs),  Q  (s)  ior  QCs), 

d  o 

and  q  .(s)  for  q.(s)  in  Lemma  3  yields  Theorem  4. 

^ai  1 


Theorem  5.  !  The  perturbed  closed-loop  systems  of  Figs.  1  4  are 

asymptotically  stable  if  either 


e..(6)l  < - 


max  row  sum 


of  ACs) 


|e..(s)  - - - - 

I  n<max  col  sum  of  (A(s)| 


and,  in  addition,  for  the  system  of  Fig.  4, 


e..(8)  < 

i,J  i-J 


Proof  :  Substituting  ^  for  q(s)  and  the  identity  matrix  I  for  QCs)  in  (49) 
and  (50)  yields  (57)  and  (59),  respectively.  If  A*(b)  is  used  in  (49) 
instead  of  A(s),  tlien  (58)  and  (59)  follow. 


Both  Theorems  4  and  5  indicate  that  the  bound  on  the  magnitude  of  the 
elements  of  E(s)  is  inversely  proportional  to  the  number  of  variables  of 
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the  multi-input  multi-output  system.  This  may  be  attributed  to  the  fact 
that  crossfeed  perturbations  of  maximum  magnitude  are  assumed  for  all 
elements  in  the  perturbation  matrix  E(s).  If  this  assumption  is  not 
imposed,  a  less  conservative  criterion  will  result,  as  given  in  the  next 
Theorem. 

Theorem  6^  :  The  perturbed  closed-loop  system  of  Figs.  1-4  are 
asymptotically  stable  if 

1 

max  row  sum  of  jE(s)|  < -  (60) 

max  rov  sum  of  |a(s)| 

and,  in  addition,  for  the  system  of  Fig.  4, 

max  row  sum  of  |e(s)|  <  1  (61) 

The  Theorem  remains  valid  if  the  operator  "max  row  sum"  is  replaced  by  "max 
col  sum". 

Proof  :  Substituting  ^  for  q(s)  and  I  for  QCb)  in  (32)  and  (33)  gives  (60) 
and  (61).  If  E*(s)  and  A*(8)  are  used  in  Lemma  1,  then  "max  col  sum" 
replaces  "max  row  sum"  in  (60)  and  (61). 

It  should  be  noted  that  (57)  implies  (60),  and  (59)  implies  (61). 
Therefore,  Theorem  6  is  a  less  conservative  test  than  Theorem  5.  However, 
more  information  about  the  structure  of  E(s)  is  needed  to  apply  Theorem  6 
tlian  Theorem  5.  Usually  the  A(6)  matrix  is  completely  known  and  there  is  no 
difficulty  in  obtaining  the  right-hand  side  of  (57)  and  (58).  However,  it 
is  possible  to  tigliten  (make  if  more  conservative)  the  conditions  (57)  and 
(58)  further  so  as  to  require  less  information  about  A(s)  and  make  an  even 
simpler  test,  as  given  in  the  next  Theorem. 


Theorem  T_  :  The  perturbed  closed-loop  systems  of  Figs.  1-4  are 
asymptotically  stable  if 


1 


2  max 

“  l.j 


and  in  addition,  for  system  of  Fig.  4, 


(62) 


max 

i.j 


e. .(s)  < 


(.(■ 


where  a.  .(s)  is  the  ii  element  of  A(s). 
Proof  : 


max  row  sum  of 


A(s) 


n 


max 

i.j 


a.  .(b) 
ij 


(64) 


Therefore,  (62)  implies  (57).  This  establishes  Theorem  7. 

Alternatively,  Theorem  7  can  also  be  proved  by  using  the  absolute 
matrix  norm  in  inequalities  (5)-(7).  The  absolute  matrix  norm  is  defined  by 
[16] 


n 


max 

'i.j 


(65) 


which  is  consistent  with,  but  not  subordinate  to,  the  absolute  vector  norm 


”•  Illustrative  Examplea 

Examples  are  used  to  demonstrate  some  of  the  abilities  of  the  above 
theorems  in  exploiting  the  structural  information  of  the  plant 
uncertainties  to  determine  the  stability  robustness  of  the  feedback  system. 
For  the  sake  of  comparison,  the  system  used  in  the  examples  is  taken  from 
Lehtomaki,  et  al  [2] , [ 17 ]-[ 18] . 


I  +  E(s) 


1 


S  +1 


1 

S  4  1 

nominal  loop  transfer  function  G(s) 


perturbed  loop  transfer  function  G(s) 


Fig.  5  Feecback  System  of  Example  1 

Consider  the  feedback  system  of  Fig.  5  where  the  uncertainties  in  the 
open-loop  transfer  function  are  modeled  as  multiplicative  perturbations. 
The  theory  developed  in  the  above  section  can  answer  questions  such  as: 


1)  Suppose  that  the  uncertainties  of  the  open-loop  transfer  function 
lie  only  in  the  complex  gains  of  the  crossfeed  and  feedforward  paths  of  the 
plant  model,  and  there  is  no  uncertainty  about  the  existence  or 
nonexistence  of  the  signal  paths.  What  are  the  sizes  of  the  perturbations 
that  the  nominal  closed-loop  system  can  tolerate  without  becoming  unstable? 

2)  If  the  only  uncertainty  in  the  model  of  the  nominal  transfer  matrix 
is  in  the  magnitude  of  the  d.c.  crossfeed  gain  b^^j*  what  pertentage  change 
in  this  gain  can  be  tolerated  before  the  closed-loop  system  becomes 
unstable? 

3)  Suppose  that  there  are  uncertainties  in  the  existence  or 
nonexistence  of  signal  paths  as  well  as  the  complex  gains  in  the  paths. 
What  are  the  sizes  of  the  perturbations  that  the  nominal  closed-loop  system 
can  tolerate  without  becoming  unstable? 

4)  If  the  only  uncertainty  in  the  model  of  the  nominal  transfer  matrix 
is  tbe  possible  crossfeeding  of  signals  from  u^  to  u^,  which  is  not 
included  in  the  model,  what  is  the  magnitude  of  the  complex  gain  in  this 
path,  regardless  of  its  phase,  that  the  closed-loop  system  can  tolerate 
without  becoming  unstable? 

5)  If  the  possible  crossfeeding  of  signals  from  u^  to  u^ ,  as  well  as 
from  u^  to  u^ ,  are  the  only  uncertainties  in  the  open-loop  transfer 
function,  what  are  the  sizes  of  these  crossfeed  gains  that  the  system  can 
tolerate  without  becoming  unstable? 

6)  If  there  are  uncertainties  only  about  some  of  the  complex  amplifier 
gains  at  the  control  variable  inputs  Uj  and  U2  (the  so-called  diagonal 
perturbation),  what  percentage  changes  in  these  gains  can  be  tolerated 
before  the  system  becomes  unstable? 

The  nominal  open-loop  transfer  matrix  is  given  by 


I'.V  VT'I  ->  -.-V 

b 


Therefore , 


ACs)  ■  [I  +  G  ^(s)]  ^ 


bi2(6+l) 

(6+2)^ 


S>S‘N 


pr  '1 

V  *•  V 
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The  assumption  made  in  question  1)  means  that  the  perturbed  open- loop 
transfer  matrix  G(s}  must  have  the  same  crossfeed  and  feedforward  structure 
as  the  nominal  open-loop  transfer  matrix.  This  in  turn  means  that  the 
perturbation  matrix  E(s)  must  also  be  upper  triangular.  By  virtue  of 
Theorem  2  and  (69),  ECs)  only  has  to  satisfy 


I  e.  As)  ]  <  s+2 
1  11 


or,  since  the  off-diagonal  terms  of  E(s)  and  A(s)  do  not  play  a  role  in  the 
robustness  measure  in  this  case, 


owwapigcgi 
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Inequality  (71)  is  the  answer  to  question  1),  provided  the  perturbed  system 
satisfies  the  preliminary  conditions  of  stability  robustness  stated  in 
section  II. 


Under  the  conditions  set  in  question  2),  the  perturbation  matrix,  E(e), 
is  given  by 


E(s) 


0  (k-l)bj2 
0  0 


Then 


^(s)  =  G(6)[I  +  ECs)]  = 


r  1 


s+l 


0 


kb 


12 


B  +  1 
1 

6+1 


(72) 


(73) 


which  means  that  the  only  perturbation  in  G(b)  is  the  magnitude  of  ^^2* 
view  of  (71)  and  (72),  it  is  seen  that  the  closed-loop  system  can  tolerate 
any  perturbation  in  the  real  gain  bj2  without  becoming  unstable. 


The  concern  raised  in  question  3)  suggests  that  there  may  be  a  signal 
path  going  from  u^  to  Uj  (Fig. 5)  that  has  been  neglected  in  the  nominal 
model  G(e),  and  complex  gains  in  all  four  signal  paths  are  subject  to 
perturbation.  In  this  case,  621^®^  ^®  longer  restricted  to  zero 

and  Theorem  3  may  be  used  if  bounds  on  the  elements  of  Efs)  are  to  be 
found.  Substituting  A(s)  of  (68)  into  (57)  or  (58)  gives 
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(s-1^2)^ 

(74) 


One  can  also  let 


and 
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(75) 
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in  Lemma  3  and  obtain 


1  -  ^ \  1  ✓ 

l.J  1  1-J  1 

1 

bj^Cs+l) 

*2 

bj^2<8+l) 

s-i-2 

(e-^2)^ 

(8+2)^ 

172' 


(77) 


which  is  a  less  conservative  criterion  than  (74). 

The  concern  raised  in  question  4)  suggests  that  the  perturbation  matrix 
E(s)  takes  the  form 


E(s) 


62^(8) 


0 

0 


(78) 


Then 


G(8)  -  G(8)[I  +  E(8)]  - 


e2i(8) 


which  8howE  that  a  crosefeed  from  to  through  U2  exists  in  the 
perturbed  model.  Application  of  Theorem  6  yields 


622(8)  < 


1 

1 

+ 

s+2 

bi2(8+l) 

(6+2)^ 


Alternatively,  one  can  let  q2  *  1  and  q2— in  (32)  and  apply  Lemma  1  to 
yield 


621(8) I  < 


b22(8+l) 


I  (8+2)"  I 

Hence,  the  magnitude  of  the  perturbation  in  the  crosefeed  path  that  is 
unmodeled  shall  be  limited  to  the  inverse  of  the  magnitude  of  the  gain  in 
the  "opposite"  or  "on-coming"  path  in  the  closed-loop  system.  This  shows 
the  seriousness  of  neglecting  a  signal  path  that  is  in  the  opposite 
direction  of  a  high  gain  crossfeed  path. 


It  is  noted  that  the  singular  value  method  cannot  be  used  to  find 
answers  to  questions  1)  and  3),  and  it  fails  to  distinguish  the  structural 
difference  between  the  perturbation  matrices  that  represent  the  assumptions 
set  in  questions  2)  and  4).  (See  Corollary  2.2  of  [2].)  More  specifically, 
regardless  of  whether  E(s)  takes  the  form  of  (78)  or  the  form 


the  ones  obtained  by  the  singular  value  method  at  all  frequencies.  The 


unweighted  norm  bounds  (y^  curve  of  Fig.  6)  are  only  slightly  lower  than 
the  singular  value  bounds  at  low  frequencies  but  are  exponentially  higher 


at  frequencies  higher  than  1  rad/sec.  When  b22  **  robustness  bounds 

are  infinity  (as  indicated  by  the  left-hand  side  of  (81)),  but  the  singular 

value  method  fails  to  reveal  this.  In  fact,  the  singular  value  method  would 

|s+2j 

give  a  conservative  bound  of  - - -  .  When  the  crossfeed  gam  b.^  is 

ls  +  l| 

large,  the  off-diagonal  element  in  Afs)  is  dominant  at  low  frequencies  and 
the  difference  between  the  y2  and  y^  curves  diminishes,  but  as  the 
frequency  increases  becomes  significantly  greater  than  y^.  Fig.  7  shows 
the  graphs  of  y_  and  y-  in  dB  versus  frequency,  for  b,.  =  50. 


FREQUENCY 

Fig.  7  Robustness  bounds  on  the  unmodeled  crossfeed  gain  when  b^^ 


The  curve  y^  is  only  a  small  fraction  of  a  dB  below  yj  throughout  the 
entire  frequency  range  and  is  omitted  in  Fig.  7  to  maintain  clarity. 


The  assumption  set  in  question  5)  implies  the  perturbation  matrix 


ej2(.) 


Note  that  this  case  ia  not  covered  by  Corollary  2.2  of  [2],  in  which 
I  ♦  eCs)  must  be  a  block  triangular  matrix.  Application  of  Theorem  6  to 
this  case  yields  an  upper  bound  given  by  the  right-hand  side  of  (80)  for 
both  1®21^®^1*  conservative  bound  can  be  found 

(see  Appendix)  by  selecting 


h2i<*>| 


q,(s) 


for  the  q(s)  vector  in  (32),  and  then  applying  Lemma  1.  This  gives  the 
upper  bound  of  the  greater  of  j^21^*^| 


max  {  I e  j2(s)|  .  |e2i(®)|  >  < 


max  (3  »  1  ) 


bj2(8+l) 

(6+2)^ 


This  selection  of  q(s)  vector  is  optimal  in  the  sense  that  the  bounds  on 

!®12^®H  and  je21^®^j  maximized.  Note  that  the  ratio  of  jei2^®M 

2 

je2j(s) j  is  given  by  6  . 


Finally,  the  conditions  set  in  question  6)  mean  that  the  perturbation 
matrix  E(8)  is  diagonal,  i.e.. 


eii(8) 


622(8) 


The  robustness  bound  on  the  magnitudes  of  *^jj^(s)  and  €22(8)  readily 
found  by  application  of  Theorem  1.  The  result  is  the  same  as  the  answer  to 
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question  1)  (inequality  (70))  since  a  diagonal  E(s)  is  a  special  case  of  an 
upper  or  lover  triangular  matrix.  The  result  is  clearly  less  conservative 
than  that  of  the  singular  value  method  since  contributes  significantly 
to  the  singular  value  of  A(s)  but  not  to  the  Perron  eigenvalue  of  A(s). 

The  physical  meaning  of  the  reducibility  of  the  open-loop  transfer 
matrix  G(s)  can  also  be  demonstrated  through  the  above  system  (Fig. 5).  It 
is  seen  that  if  G(6)  is  reducible,  A(s)  and  A  ^(s)  are  also  reducible  to 
block  triangular  matrices  that  are  partitioned  identically  to  G(s).  Hence 
the  system  can  be  said  to  be  reducible.  The  reducibility  of  the  system  of 
Fig.  5  is  characterized  by  the  lack  of  crossfeed  from  Uj  or  Cj  to  u^  or  c^. 
This  constitutes  the  zero  element  >elow  the  diagonal  in  the  G(6)  matrix  of 
(67). 


For  control  systems  having  a  large  number  of  inputs  and  outputs,  the 
reducibility  of  the  system  can  be  similarly  determined.  Physically,  this 
amounts  to  finding  a  subsystem  (or  subsystems)  which  does  not  receive 
crossfeeds  from  the  signals  of  the  rest  of  the  systems.  If  such  a  subsystem 
exists  (the  determination  of  such  subsystems  may  be  facilitated  by  graph 
theory),  the  G(s)  matrix  is  reducible.  For  example,  if  G(s)  takes  the  form 
of  the  right-hand  side  of  (28)  after  the  input  and  output  variables  are 
relabeled,  then  the  subsystem  characterized  by  does  not  receive  any 

crossfeed  from  the  subsystem  characterized  by  If  A^^^  or  k^^  is  again 

reducible,  then  G(s)  can  be  further  partitioned  into  an  upper  triangular 
block  matrix  having  more  than  two  diagonal  blocks,  after  the  input  and 
output  variables  are  appropriately  relabeled.  Note  that  a  subsystem  must 
have  an  equal  number  of  inputs  and  outputs.  Fictitious  grounded  (zero 
signal  level)  inputs  or  outputs  can  always  be  augmented  to  the  system  to 
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make  the  number  of  inputs  and  outputs  virtually  equal.  Hence,  if  a  system 
is  reducible,  Corollary  2.1  may  be  applied  to  characterize  allowable 
perturbations  of  a  similar  structure.  If  the  G(s)  matrix  is  reducible  to 
triangular  form.  Theorem  2  is  applicable.  If  the  system  is  irreducible. 
Lemma  2  and  Theorem  4  may  be  applied.  The  rest  of  the  Lemmas  and  Theorems 
apply  to  both  reducible  and  irreducible  systems. 

VI .  Conclusions 

Techniques  for  using  weighted  and  norms  to  incorporate  the 

structural  information  of  a  multivariable  feedback  control  system  in  the 
measure  of  its  stability  robustness  have  been  presented.  The  flexibility 
offered  by  these  norms,  along  with  the  use  of  the  theory  of  nonnegative 
matrices,  enables  one  to  assess  individual  bounds  on  elements  of  the 
open-loop  perturbation  matrix  for  stability  robustness,  under  various 
assumptions  on  the  structure  of  the  plant  uncertainty.  Situations  in  which 
certain  crossfeed  perturbations  in  a  given  system  may  be  unbounded  without 
destabilizing  the  closed-loop  system  can  be  easily  determined.  Whether  or 
not  failure  to  include  certain  crossfeed  signal  paths  in  the  system  model 
can  lead  to  serious  miscalculations  of  the  system  stability  can  also  be 
determined.  Structure-dependent  stability  robustness  criteria  are  derived 
via  weighted  £,  and  i  norms.  When  the  structure  of  plant  uncertainty  is 
known,  these  new  criteria  may  be  used  to  obtain  lees  conservative 
uncertainty  bounds  than  the  singular-value  based  robustness  tests. 
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APPENDIX 


Derivation  of  Robustness  Bounds  for  the  Crossfeed 
Perturbations  for  the  Illustrative  Example 


Let 


A(6) 


a 

0 


b 
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~) 


(A-1) 


and  ECs)  be  the  one  given  in  (84).  Let 


ei2(s) 


4  .2 


(A-2) 
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Substituting  these  quantities  into  (32)  gives  the  sufficient  condition  for 
robustness  as 
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max 


1 

—  |ei2(6)| 

X 


X  e2|(s) 
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1 

a  + - b 
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(A-4) 


where  a  and  b  are  positive.  In  view  of  (A-2),  for  x  <  B  it  is  seen  that 


(A-5) 


Hence,  for  all  x  C  B,  (A-4)  may  be  restated  as 


3-f)5 


e,,(s)|<  - -  U-12) 

xa  +  b 

Combining  (A-2)  and  (A-12)  gives 

2 

<  ------ 

xa  +  b 

Hence,  x  should  be  selected  to  be  as  small  as  possible  to  give  the  least 
conservative  robustness  bounds.  Therefore,  in  (A-12)  and  (A-13),  x  should 
again  be  set  equal  to  6,  again  yielding  (A-10)  and  (A-9) ,  respectively. 


Now  (A-9)  and  (A-10)  can  be  combined  to  read 

max  (  g  ^  ,  1 ) 

max  {  |e,„(e)|  ,  |e,,(8)|  }  <  -  (A-14) 

'  '  Ba  +  b 


Substituting  appropriate  numbers  for  a  and  b  in  (A-14)  yields  (86). 
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Abstract 

This  paper  discusses  concepts  of  stability  margins  of  multivariable 
feedback  systems.  Independent  and  uniform  stability  margins  are  defined.  A 
previous  conjecture  that  the  uniform  margins  may  be  computed  by  using  the 
eigenvalue  magnitudes  instead  of  the  singular  values  in  the  robust 
stability  criteria  is  theorized.  The  nonconservatism  provided  by  this 
theory  in  the  evaluation  of  uniform  margins  is  discussed,  along  with 
limitations  of  the  uniform  margins.  Also  presented  is  a  method  of  using  the 
uniform  margins  to  extend  the  region  of  stability  beyond  what  can  be 
specified  by  singular  values.  Results  are  demonstrated  numerically  in  an 
example  of  a  lateral  attitude  control  system  for  a  drone  aircraft. 

Introduction 


Gain  and  phase  margins  have  long  been  accepted  as  useful  concepts  in 
the  specification  of  single-input  single-output  (SISO)  feedback  systems, 
because  they  give  the  user  of  a  control  system  a  feel  of  how  safe  the 
system  is,  so  far  as  the  stability  is  concerned.  In  extending  these  useful 
concepts  to  multiple-input  multiple-output  (MIMO)  feedback  systems, 
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diversity  and  ambiguity  often  arise.  The  one-loop-at-a-time  stability 
margins  fail  to  account  for  the  simultaneous  variations  in  a  MIMO  feedback 
system  and  hence  may  be  unacceptable  as  relative  stability  measures^.  The 
norm-bounded  robustness  criteria  *  guarantee  closed-loop  stability,  but 
give  the  user  no  idea  as  to  how  the  individual  elements  of  the  gain  matrix 
may  vary  without  destabilizing  the  closed-loop  system.  It  is  possible  to 
obtain  bounds  on  the  magnitude  of  each  element  in  the  perturbation  matrix 
of  the  loop  transfer  function  for  the  stable  operation  of  the  feedback 
system"^’  .  In  a  general  sense,  these  bounds  arc  gain  margins  of  the  MIMO 
system.  However,  they  are  derived  under  the  assumption  that  the  phases  and 
magnitudes  of  all  elements  in  the  perturbation  matrix  may  vary 
simultaneously  in  the  worst  possible  direction  with  unlimited  phase 
variations.  This  is  equivalent  to  having  all  the  direct  and  crossfeed 
transfer  functions  varied  independently  and  simultaneously.  Since  the  worst 
possible  variations  are  a  mathematical  extreme,  these  general  gain  margins 
are  unduly  conservative  and,  due  to  their  uncorrelated  multivariate  nature, 
do  not  give  a  clear  notion  of  how  far  the  feedback  system  is  from  becoming 
unstable . 

More  meaningful  stability  margins  may  be  defined^  as  limits  within 
which  the  gains  of  all  feedback  loops  may  vary  independently  at  the  same 
time  without  destabilizing  the  system,  while  the  phase  angles  remain  at 
their  nominal  values,  and  vice  versa.  This  amounts  to  setting  the  limits 
for  independent  gain  or  phase  variations  in  a  diagonal  perturbation  matrix 
for  a  multiplicative  perturbation  model.  The  zero  off-diagonal  elements  in 
the  perturbation  matrix  coordinate  the  variations  of  the  crossfeed  transfer 
functions  and  render  the  perturbation  more  tractable.  However,  these 
stability  margins,  as  computed  via  Che  singular-value  based  robust 
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stability  criterion  ,  also  tend  to  be  very  conservative.  In  an  attempt  to 
relax  the  conservatism  in  the  evaluation  of  stability  margins  of  a 
two-input  two-output  lateral  attitude  control  system  of  a  drone  aircraft, 
Mukhopadhyay  and  Newsom^  experimented  with  using  the  magnitudes  of  the 
eigenvalues  instead  of  the  singular  values  in  the  robustness  criterion.  By 
examining  the  Nyquist  plot  of  the  eigenvalues  of  the  return  difference 
matrix  of  the  control  system  in  their  study,  they  conjectured  that  the 
"eigenvalue-based"  gain  (or  phase)  margins  are  limits  within  which  the 
gains  (or  phases)  of  all  feedback  loops  vary  uniformly  without 
destabilizing  the  feedback  system  while  the  phase  angles  (or  gains)  remain 
at  their  nominal  values.  In  fact,  since  the  spectral  radius  (maximum  of  the 
modulii  of  the  eigenvalues)  of  a  matrix  is  the  greatest  lower  bound  of  all 
norms  of  that  matrix,  the  conjecture  of  Ref.  5  is  the  least  conservative 
for  the  evaluation  of  the  uniform  stability  margins  by  means  of 
norm-bounded  robust  stability  criteria. 

The  uniform  variations  of  multiloop  gains  and  phases  are  also 
interesting  in  that  the  uniformity  constraints  give  the  multiloop 
variations  a  single-variable  nature.  Hence,  the  regions  of  stability  in  the 
gain  and  phase  spaces  degenerate  into  line  segments.  At  each  stable  nominal 
operating  point  in  the  gain  and  phase  spaces  one  such  line  segment  may  be 
constructed.  In  this  fashion,  the  uniform  gain  and  phase  margins  facilitate 
a  nonconservative  but  discrete  representation  of  the  regions  of  stability 
in  multidimensional  gain  and  phase  spaces. 

In  this  paper,  the  conjecture  given  in  Ref.  5  is  proved.  Uniformity  in 
the  gain  and  phase  variations  in  feedback  loops  may  be  viewed  as  a  special 
structure  in  the  perturbation  of  an  open-loop  transfer  matrix.  Therefore, 


weighted  and  norms'^  are  used  in  the  norm-bounded  stability 
robustness  criteria  to  derive  the  formulas  from  which  the  uniform  stability 
margins  are  computed.  The  concept  and  the  one-dimensional  characteristics 
of  the  uniform  stability  margins  and  their  use  in  discretizing  the  regions 
of  stability  in  multidimensional  gain  and  phase  spaces  are  demonstrated. 
The  two-input  two-output  lateral  attitude  control  system  of  a  drone 
aircraft^  is  used  again  to  demonstrate  the  extent  of  reduction  of 
conservatism  in  determining  the  regions  of  stability  and  to  demonstrate  the 
feasibility  of  discretizing  the  regions  of  stability  in  multidimensional 
gain  and  phase  spaces  into  line  segments  characterized  by  the  uniform 
variation  of  loop  gains  and  phases.  The  statement  and  proof  of  the 
conjecture  are  preceded  by  definitions  of  the  commonly  used^’^  independent 
gain  and  phase  margins  and  the  proposed  uniform  gain  and  phase  margins. 

Stability  Margin.-  of  Multivariable  Feedback  Systems 

Definition  1_:  Independent  gain  margins  are  limits  within  which  the 
gains  of  all  feedback  loops  may  vary  independently  at  the  same  time  without 
destabilizing  the  system,  while  the  phase  angles  remain  at  their  nominal 
values.  Independent  phase  margins  are  limits  within  which  the  phase  angles 
of  all  feedback  loops  may  vary  independently  at  the  same  time  without 
destabilizing  the  system,  while  the  gains  remain  at  their  nominal  values. 

The  independent  gain  and  phase  margins  vary  with  the  point  at  which  the 
complex  loop  gains  are  measured.  For  a  general  nonunity  feedback  system  as 
shown  in  Fig.  1,  if  the  loop  is  broken  at  u  to  measure  the  complex  loop 
gains,  then  the  simultaneous  perturbation  in  each  loop  may  be  represented 
by  a  diagonal  perturbation  matrix  L(s)  preceding  the  plant  G(s).  If  the 
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loop  IS  to  be  broken  at  the  output  y,  then  L(s)  should  be  inserted  before 
the  feedback  block  H(s).  For  s  =  jtu,  let  L(s)  be 


L(jco)  =  diag  [  3,  ((o)e  3_(ftj)e 


j9  (cj) 


.  .  P  K(iije 


Fig.  1  Feedback  system  with  input-multiplicative  perturbations 

Independent  gain  margins  are  limits  within  which  nay  vary 

independently  for  each  i  without  destabilizing  the  system,  while  0^('j)  =  0 
for  all  (i)  and  all  i.  Independent  phase  margins  are  limits  within 
which  9^(w)  may  vary  independently  for  each  i  without  destabilizing  the 
system,  while  3^(oj)  =  1  for  all  (o  and  all  i. 


One  can  also  let  both  3.(w)  and  6  .  ( co )  vary  simultaneously  and 

11 

independently  for  each  i.  But  then  the  limits  within  which  may  vary 

depend  upon  6^(0)  and  vice  versa,  and  hence  are  unwieldy  for  use  as  gain 
and  phase  margins. 


Definition  2:  Uniform  gain  margins  are  limits  within  which  tlie  gains 
of  all  feedback  loops  may  vary  uniformly  at  the  same  time  without 


destabilizing  the  system,  while  the  phase  angles  remain  at  their  nominal 
values.  Uniform  phase  margins  are  limits  within  which  the  phase  angles  of 
all  feedback  loops  may  vary  uniformly  at  the  same  time  without 
destabilizing  the  system,  while  the  gains  remain  at  their  nominal  values. 

For  the  system  of  Fig.  1,  let  L(joj)  be  given  by 

LCjw)  =  (2) 

where  K(jfiJ)  is  the  nominal  complex  loop  gain  matrix  given  by 

KCjoj)  =  diag{  kj^(joj)  k^C joj)  •  •  •  k^(j&j)  ]  (3) 

Uniform  gain  margins  with  respect  to  the  nominal  loop  gain  K(jaj)  are  limits 
within  which  B(oj)  may  vary  without  destabilizing  the  feedback  system 
while  0(a))  =  0  for  all  oj  .  Uniform  phase  margins  with  respect  to  the 
nominal  loop  gain  KCjca)  are  limits  within  which  may  vary  without 

destabilizing  the  feedback  system  while  B(<o)  =  1  for  all  a). 

The  nominal  gain  K(jaj)  also  represents  a  nominal  operating  point  in  the 
gain  and  phase  spaces,  about  which  the  system  is  uniformly  perturbed.  Since 
there  is  only  one  complex  variable  in  (2),  the  regions  of  stability  about 
each  stable  nominal  operating  point  K(jaj)  in  the  gain  and  phase  spaces  are 
straight-line  segments.  These  one-dimensional  regions  facilitate  a  discrete 
representation  of  the  regions  of  stability  in  multidimensional  spaces.  This 
will  be  demonstrated  in  an  example  after  the  formulas  for  nonconservative 
evaluation  of  the  uniform  stability  margins  are  derived. 


Nonconservative  Evaluation  of  Unifonn  Stability  Margins 

For  the  system  of  Fig.  1,  two  robust  stability  criteria  can  be 
written;  i.e.,  for  all  s  on  the  Nyquist  contour, 

0  lL(s)  -  I]  <  0(1  +  {H(s)G(6)}“h  (4) 


and 


0- [l“^(s)  -  I]  <  a  ^  o[i  +  h(s)G(s)]  (5) 

where  a  1 ,  "oi-)  is  the  maximum  singular  value  of  the  matrix  in  the 

argument,  £(  •  )  the  minimum  singular  value,  and  1  the  identity  matrix. 

12 

Since  these  criteria  are  derived  ’  on  the  basis  of  multivariable  Nyquist 
theory,  some  preliminary  conditions  on  the  nominal  and  perturbed  systems 
must  hold.  These  conditions  are^’^;  (a)  the  open-loop  characteristic 

polynomials  of  the  nominal  system  and  the  perturbed  system  must  have  the 
same  number  of  closed  right-half  plane  roots,  (b)  all  imaginary  poles  of 
the  open-loop  perturbed  system  must  also  be  poles  of  the  open-loop  nominal 
system,  and  (c)  the  nominal  system  must  be  closed-loop  stable.  Since  the 
right-hand  sides  of  (4)  and  (5)  are  measures  of  the  nearness  of 
{H(s)G(s)}  ^  and  H(s)G(s)  to  the  critical  point  of  stability,  (4)  and  (5) 
may  be  referred  to  as  the  inverse  Nyquist  formulation  and  the  Nyquist 
formulation,  respectively. 

If  these  formulations  are  employed  to  determine  the  stability  margins, 

the  results  obtained  are  always  conservative.  However,  these  criteria  are 

3  6  7 

special  cases  of  inequalities  involving  general  matrix  norms  ’  ’  ,  namely. 
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L(s)  -  lj|  <  j'j  ZT”-!?!” 

"  II  [I  +  {H(s)G(fi)}  M  ^11 


L~^(s)  -  I  <  a 


"  "  ||(l.H(s)G(s)]-^|| 

where  Ot  1  and  the  vertical  double  bars  11-11  denote  general  matrix  norms 

which  include  the  maximum  singular  value  as  a  special  case.  Inequality  (6) 

follows  from  a  simple  generalization  of  the  derivation  given  in  Ref.  2,  and 

4  7 

has  been  used  in  other  papers  '  .  Inequality  (7)  can  be  derived  in  the  same 
fashion  as  the  derivation  of  inequality  (5)  (see  Ref.  1).  Nevertheless, 
because  the  error  matrix  L  ^(s)-I  appears  nonlinearly  in  the  convex 
combination  of  nominal  and  perturbed  loop  transfer  matrices,  the 
generalization  of  the  proof  in  Ref.  1  to  the  proof  of  inequality  (7)  is  not 

g 

trivial.  The  proof  of  (7)  can  be  found  in  a  recent  paper  .  It  is  evident 
that  the  conservatism  of  robust  stability  criteria  may  be  reduced  by  using 
(6)  or  (7)  instead  of  (4)  or  (5),  respectively.  This  reduction  will  occur 
if  for  all  s  on  the  Nyquist  contour  the  norms  of  L{s)-I  and 
[I  +  {H(s)G(s)}  M  ^  ,  or  L  ^(s)  -  I  and  lI+H(s)G(s)l  ^  can  be  computed  to 
be  less  than  their  respective  maximum  singular  values  (note  that 
£(A)=  1/  ^(a'^)  ). 


A". 


The  conjecture  of  Mukhopadhyay  and  Newsom  states  that,  if  L(s)  is 
characterized  by  (2)  and  if  K(j<i>)  =  I,  the  maximum  and  minimum  singular 
values  in  (5)  may  be  replaced  by  the  maximum  and  minimum  magnitudes  of  the 
eigenvalues,  respectively.  More  specifically,  the  conjecture  states  that 
under  the  above  assumption,  the  stability  of  the  system  of  Fig.  1,  and 
hence  the  stability  margins  for  K(j<^)=I,  may  be  determined  by  the 
inequality 


.Nv 
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T  X.lL  "(s)  -  1  <  a  x.ll  +  H(s)G(s)l 

i  1  i  1 


for  ot-$  1,  and  for  all  s  on  the  Nyquist  contour,  where  X^(*)  denotes  the 
ith  eigenvalue  of  the  matrix  in  the  argument.  Since  any  norm  of  a  matrix  is 
always  greater  than  or  equal  to  the  spectral  radius  of  the  matrix, 
inequality  (8)  is  the  least  conservative  of  all  computations  of  (7),  which 
includes  (5)  as  a  special  case. 


The  subsequent  development  theorizes  the  above  conjecture  in  a  general 
framework  and  provides  a  proof,  and  then  derives  the  nonconservative 
formulas  of  uniform  stability  margins.  The  same  conjecture  can  also  be 
applied  to  (4),  ai.d  will  also  be  proved  here.  In  the  formulation  of  uniform 
variations  of  complex  multiloop  gains,  the  nominal  gain  matrix  K(jci))  of  (2) 
is  not  an  identity  matrix  in  general  and  is  given  a_  priori.  It  may  be 
treated  as  part  of  the  plant.  Therefore,  the  resulting  norm-bounded  robust 
stability  criteria  for  the  system  of  Fig.  1  with  L(s)  characterized  by  (2) 
may  be  written  as 


[  -  11  I 


;i  +  {H(  ja))G(  jw)K(  ja))}~M”^ 


H  8(a)) 


:i  +  H(  ju)G(  jcj)K(  jo))] 


for  0  w  <  “  .  These  inequalities  are  obtained  by  substituting  j  oj  for  s 
G(  j  (i))K(  j  0))  for  G(j(a),  and  B(  {jj)exp[  j  0(  w)  ]  for  L(jci))  in  (6)  and  (7) 


Practical  systems  with  H(s)G(s)K(s)  - >  0  as  s 


“  are  assumed 


Lenma  Let  A  be  an  n  x  n  matrix,  jA|  be  the  nonnegative  matrix 
formed  by  taking  the  absolute  values  of  the  elements  of  A,  and 


Q  =  diag[qj^  <12'’'  be  an  n  x  n  diagonal  matrix  with  >  0,  for 

i=l,2,  •  •  •  ,n.  The  maximum  row  sum  of  the  matrix  product  Q  ^[a[q  is  a  norm 
of  A,  called  the  Q-weighted  norm,  denoted  by 


liQ“ 


=  max  row  sum  of  Q  ^|a|Q 


The  proof  of  Lemma  1  may  be  found  in  Ref.  9. 


(11) 


Lemma  2^.  Given  any  nonsingular  n  x  n  matrix  M,  and  any  n  x  n  matrix  A, 
if  f(A)  is  a  norm  of  A,  then  f(M  ^AM)  is  also  a  norm  of  A. 


This  Lemma  is  also  given  in  Ref.  9. 


Theorem  J^.  If  the  preliminary  conditions  following  (4)  and  (5)  hold, 
and  L(s)  is  characterized  by  (2)  (  K(joj)  need  not  be  diagonal),  then  the 
system  of  Fig.  1  is  stable  if  either  one  of  the  following  inequalities  is 
satisfied : 


P(cjj)  e 


j9(oj) 


min 


\^[l  +  {H( j(u)G(jw)K(jaj)}"  ] 


(12) 


|[l/e(a))]e  -  l|  < 


a 


mm 


A^U  +  H(  jw)G(  jaj)K(  jcij)  ]  j  (13) 


for  Cl  1 ,  and  for  all  0  w  <  . 

Proof;  Let  M(s)  be  the  modal  matrix  of  II  +  {H(  joj)G(  jco)K(  jw) }  M 
Then  ( j  w)  [  I  +  {H(  j  :^)G(  io)K(  j;.))  joj)  is  in  Jordan  canonical  form,  and 


all  of  Its  elements  below  the  diagonal  are  zero.  For  notational  brevity, 
let  this  Jordan  canonical  form  be  denoted  by  jCjco),  i.e., 


J(jco)  «=  M~^(jco)[l+{H(j6j)G(jaj)K(ja))}"M 


Q  =  diag  [  1  £ 


where  e  is  an  arbitrarily  small  positive  number.  Then,  by  virtue  of  Lemmas 
1  and  2,  a  special  form  of  (9)  may  be  written  as 


||m  ^(jco)[{P(a3)ej®^“^  -  l}l]M(jcu)||^ 


J(jaj)  ^ 


The  left-hand  side  of  the  above  inequality  is  readily  computed  to 
be  3(  co)e'^  (11)>  (14),  and  (15),  the 

Q-weighted  norm  of  the  Jordan  canonical  form  of  J(jW)  is  found  to  be 


|1JU‘^)||qco=  “r  1  ^i^^^  {H(jco)G(j(o)K(ja))}"^)'^]  +  6e 


The  variable  in  (17)  is  either  1  or  0,  depending  on  the  superdiagonal 
elements  in  J(ja)).  Thus,  (16)  is  equivalent  to 


Y\  \l(I  +  {H(ja))G(ja))K(ju)}  ")  +  6e 


However,  for  any  invertible  A,  any  eigenvalue  of  the  inverse  of  A  is  the 
inverse  of  an  eigenvalue  of  A.  Therefore,  (18)  is  equivalent  to 


-  1  < 


which  may  be  written  as 


“i"!  +  {H(ja))G(ja))K(ja))}~M| 

1  +  6e“J“|A^Il  +  {H(jw)G(ja))K(ja))}"^] 


|e(a))ej®^“^  -  l|  <  +  {H(jco)G(jco)K(jaj)}"^]  -  0(e) 


where  0(e)  vanishes  with  e  in  such  a  way  that  0  0(c)  <  ke  for  some 

k  >  0  and  for  sufficiently  small  e  .  This  proves  inequality  (12). 

Inequality  (13)  follows  from  (10)  by  the  same  reasoning.  Q.E.D. 


Corollary  1.1.  If  there  exists  a^  >  0  such  that  for  0  ^  cn  <  “  , 


Xj^[I  +  {H(jw)G(jco)K(ja))}  ^  a^ 


then  the  uniform  gain  margins  of  the  MIMO  system  of  Fig.  1  are  given  by 


1  -  a  <  &(a))  <  1  +  a 

o  o 


«  •  •  * 
.**  .•>  .Vj 
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and  the  uniform  phase  margins  are 


-IT  Q(w)  ir 


if  2  <  a  (23) 

o 


-2sin  ^(a  /2)  <  6(oj)  <  2sin  ^(a  /2) 

o  o 


if  a  42  (24) 

o 


Proof:  In  view  of  (21)  and  (12),  the  system  of  Fig.  1  is  stable  if 


B(  w)e 


_  1  < 


•*.  V  '.-V  v"'*  ***.,*■’.-  V  “  •  '»  * '' '  '*’,**V*  *'  ■  ‘ 


Letting  6(w)  =  0  in  (25)  gives  (22).  To  obtain  the  uniform  phase  margins, 
let  B(<^)  =  1  in  (25)  to  yield 


_  1 


Conditions  (23)  and  (24)  are  a  result  of  (26).  Q.E.D. 


Corollary  1.2.  If  there  exists  some  1  such  that 

for  0  , 


T  H(jaj)G(joj)K(j(o)l 


then  the  uniform  gain  and  phase  margins  of  the  MIMO  system  of  Fig.  1  are 


given  by 


1  1 

-  <  3((o)  <  - 

1  +  do  1  ~  Oo 


-2sin  ^(ao/2)  <0(0))  <  2sin  ^(ac/2) 


respectively , 


Proof:  Letting  9(6))  =  0  and  a  =  oo  in  (13)  yields  formula  (28)  for  the 
uniform  gain  margins.  Letting  P  (cj)  =  1  and  a  =  Oq  in  (13)  yields  formula 
(29)  for  the  uniform  phase  margins.  Q.E.D. 


Theorem  1  and  the  Corollaries  may  be  restated  for  independent  gain  and 
phase  margins  by  substituting  singular  values  for  eigenvalues,  3£(w)  for 
3(a)),  and  0^(a))  for  0(a)),  because  the  maximum  singular  value  of  a 
diagonal  matrix  is  the  magnitude  of  its  largest  element.  However,  in  many 
cases  less  conservative  results  can  be  achieved  by  using  norm  measures 
other  than  singular  values.  For  the  sake  of  convenience,  Corollaries  1.1 
and  1.2  may  be  referred  to  as  the  inverse  Nyquist  formulation  and  the 
Nyquist  formulation  of  uniform  stability  margins,  respectively.  Note  that 
the  inversion  of  the  loop  transfer  function  matrix  in  the  inverse  Nyquist 
formulation  may  be  avoided  by  substituting  lI+H(s)G(s)]  ^H(s)G(s)  for 
[l+{H(s)G(s)}  ^  in  the  right-hand  side  of  (6)  and  then  rewriting  (12), 

(21),  and  (27)  accordingly. 

Since  multivariable  stability  margins  are  based  on  sufficient 
conditions,  the  union  of  the  stability  regions  given  by  different  methods 
is  also  a  valid  region  of  stability.  When  computing  uniform  stability 
margins,  the  nominal  system  (when  L(s)  =  K(s)  )  is  required  to  be  stable  in 
order  for  the  robust  stability  criteria  to  be  valid.  The  selection  of  the 
nominal  gain  K(s)  may  be  aided  by  the  formulas  for  independent  gain 
margins.  Thus,  the  combined  use  of  independent  and  uniform  stability 
margins  enables  one  to  extend  beyond  the  conservative  regions  of  stability 
established  by  the  independent  gain  and  phase  margins  along  selected 
straight  lines  in  the  gain  and  phase  spaces.  This  is  demonstrated  in  the 
example  in  the  next  section. 
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Regions  of  Stability  in  the  Gam  and  Phase  Spaces 

As  in  the  SISO  case,  stability  margins  of  a  MIMO  system  guarantee  the 
stability  when  either  the  gains  or  phases,  but  not  both,  of  all  the 
feedback  loops  may  vary  within  the  prescribed  limits  without  destabilizing 
the  closed-loop  system.  Therefore,  if  the  uniform  gain  margin  of  a  MIMO 
system  at  a  nominal  gain  K(j6j)  is  then  the  system  (Fig.  1)  is 

stable  when 

L(ja))  =  3^K(ja))  (30) 

for  all  3  satisfying  g,<3  <g.,.  To  determine  the  region  of  stability 

o  ml  o  mz 

in  the  gain  space  where  phase  angles  of  all  feedback  loops  are  assumed 
unperturbed,  all  elements  in  K(j£o)  are  selected  to  be  real  constants,  i.e., 

K(j«o)  =  diag[k^  k2  •  k^^l  (31) 

The  coordinates  of  the  gain  space  are  loop  gains  (magnitudes  of  the 
elements  of  L(jOJ)  given  by  (30)  and  (31)  )  3^,  where  3^  =  ^o'^i’ 

i  =  1,2,  *  ••,n.  Thus,  the  region  of  stability  specified  by  the  uniform  gain 
margin  is  a  line  segment  between  points  and  gjjj2^  gain  space, 

where  k  is  the  vector 


k  =  (  k^ ,  k2>  ■  ■  ■  »  k^)  (32) 

In  the  phase  space,  the  absolute  gains  of  all  feedback  loops  are  assumed 
unperturbed.  To  determine  the  region  of  stability  in  the  phase  space,  all 
elements  in  K(j6J  )  must  be  selected  to  be  complex  constants  of  unity 
magnitude,  i.e.. 


■>  V  a  i^jA'iPi'^.>y:'  i  >»l>i  j.  i.  ^.-i  k«k»'  '■•v^ 


nyiii'is'T' 


K(jO;))  =  diag[  gj*^2.  .  .  gj*i*n  ] 


(33) 


Thus,  if  the  uniform  phase  margin  of  a  MIMO  system  at  a  nominal  gain  K(jco) 
given  by  (33)  is  [  (J)  ,  (j)^  ]  then  the  system  is  stable  when 


L(ja))  =  e^^°  K(j(o) 


(34) 


m. 


.--A- 


'*•  'J 


for  all  6^  satisfying  ^  ^o  ^  *^m2*  coordinates  of  the  phase  space 

are  loop  phases  (phase  angles  of  L(ja))  given  by  (33)  and  (34)  )  0^, 

where  ^q*  ^  ”  1»2»*  *  *  .n.  Thus,  the  region  of  stability 

specified  by  the  uniform  phase  margin  is  a  line  segment  between 

4>  +  <(>  ,  e  and  ((i  +  (fi  .e  in  the  phase  space,  where  e  and  <}>  are  the 
—  ml  —  mz  — 

n-vectors  given  by 


=  (11 


1  ) 


^  -  (  <P^  4>2  •  ’  '  ^ 


(35) 


(36) 


In  contrast  with  the  uniform  stability  margins,  the  regions  of 

stability  prescribed  by  independent  stability  margins  are  hypercubes  in  the 

gain  and  phase  spaces.  It  is  easy  to  see  from  Definition  1  that  if  the 

independent  gain  margin  of  a  MIMO  system  is  Ig  ,  g. 1 ,  the  system  is  stable 

Q  D 

when 


L(j(k))  =  diag[  ^2  ’  ■  ■  ^n  ^ 


(37) 


.'«V- 


.v.v.; 

•-’I-*'!' 

sS 

v-'v*'- 


v.-"- 
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with  g  <  3  •  <  gu  for  i=l,2,»  •  •  ,n.  If  the  independent  phase  margin  of  a 
®a  i  °b 

MIMO  system  is  [  ‘{>^  ]|  the  system  is  stable  when 

L(jw)  a  diag[  e^^'  ei®2.  .  .  ]  (38) 

with  4'  <  0.  <  <|>,  for  i=l,2,  •  •  <,n. 

a  1.  b 

Since  the  operating  points  inside  the  hypercube  of  the  independent 
stability  margins  are  guaranteed  to  be  stable,  they  may  be  used  as  nominal 
gains  K(jaj)  in  (30)  and  (34)  to  determine  the  one  dimensional  regions  of 
stability  in  the  n-dimensional  gain  and  phase  spaces. 

Example ;  For  the  purpose  of  comparison,  the  8th  order  lateral  attitude 
control  system  of  a  drone  aircraft  used  in  Ref.  5  is  used  here. 


G(s) 


Fig.  2  Lateral  attitude  control  system  of  a  drone  aircraft 


The  block  diagram  o£  the  system  is  given  in  Fig,  2  and  the  numerical  data 
of  Fig.  2  are  given  in  Table  1.  The  perturbation  matrix  L(s)  is 
characterized  by 


where  3^ ,  constants  in  the  gain  and  phase  margin 

calculations . 


The  graphs  of  the  minimum  magnitudes  of  the  eigenvalues  and  singular 
values  of  I+H( ja))G( joi)  and  I  +  {H( j(i))G( joj)}  ^  are  plotted  versus  frequency  in 
Fig.  3  and  Fig.  4.  The  minimum  values  of  these  curves  are  found  to  be 

“o  ^  ^i^^  ju)G(j&)))  j  >=  0.6494  (40) 

“o"  “  -2  +  H(ja))G(ja))]  =  0.2463  (41) 

a^  =  I  Ai[l  +  {H(j£u)G(jco))"M  =  0.4417  (42) 

a  '  =  “m*'  o  U  +  {H(jca)G(j(o)}"M  =  0.2279  (43) 
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The  independent  gain  and  phase  margins  (IGM  and  IFM,  respectively),  may  be 

calculated  from  o,  '  and  a  '  as 
o  o 


IGM  =  [  1/(1  +  a^')  ,  1/(1  -a^')  1  =  I  0.8024  ,  1.3268  )  (44) 

IGM  =  I  1  -  a  '  ,  1  +  a  '  1  =  I  0.7721  ,  1.2279  ]  (45) 

o  o 

• 

IPM  =  [  -2sin‘^(a '/2)  ,  2sin~^(a'/2)  1  =  [  -14.147°  ,  14.147°  ]  (46) 

o  o 

IPM  =  (  -2sin"^(a  '/2)  ,  2sin~^(a  '/2)  ]  =  I  -13.09°  ,  13.09°  ]  (47) 

o  o 


Note  that  the  union  of  the  regions  of  stability  found  by  any  sufficient 
stability  criteria  is  contained  in  the  actual  region  of  stability.  Hence, 
the  gain  margins  of  (44)  and  (45)  may  be  combined.  Similarly,  the  phase 
margins  of  (46)  and  (47)  may  also  be  combined,  but  the  right-hand  side  of 
(47)  is  already  contained  in  that  of  (46).  Thus, 

IGM  =  [  0.7721  ,  1.3268  ]  (48) 

IPM  =  I  -14.147°  ,  14.147°  ]  (49) 

The  regions  of  stability  represented  by  (48)  and  (49)  are  shown  as  squares 
in  the  gain  and  phase  planes  in  Fig.  5  and  Fig.  6,  respectively.  These  are 
the  regions  of  stability  specified  by  singular  value  robust  stability 
criteria  for  independent  loop  gain  variations  when  phase  angles  are  kept  at 
nominal  values,  and  for  independent  loop  phase  variations  when  loop  gains 
are  kept  at  nominal  values.  Each  point  (gj,  ^2)  in  the  gain  plane  of  Fig.  5 
represents  an  operating  point  of  the  system  of  Fig.  2,  when 
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L  =  <liag[02^,  32!*  Similarly,  each  point  (  6^^,  )  in  the  phase  plane  of 

Fig.  6  represents  an  operating  point  of  the  system  of  Fig.  2,  when 
L  =  diag[  ^  1.  If  the  system  operates  anywhere  inside  the  square 

ABCD  in  Fig.  5  or  PQRS  in  Fig.  6,  it  is  stable. 


5*1 


>A"(8.522,  14.644)  /  B"(5.227,  5.227) 


LOOP 

GAIN 

ft 


A  =  (0.7721,  1.3268) 
B=(1.3268,  1.3268) 
•C"  C={1.3268,  0.7721) 
D=(0.7721,  0.7721) 


LOOP  GAIN  ft 


Fig.  5  Gain-plane  region  of  stability  for  the  system  of  Fig.  2 


-20° 


LOOP  PHASE  B] 


Fig.  6  Phase-plane  region  of  stability  for  the  system  of  Fig.  2 


The  uniform  gain  and  phase  margins  (where  “  $2  “  ^ 

®i  ~  ®  in  (39)  )  for  which  K(i<i))  =  I  are  calculated  from  a  and  a  of 
(40)  and  (42).  These  are  found  to  be  (0.5583,  2.8523)  and  (-37.895°, 
37.895°),  respectively.  It  is  seen  that  these  margins  are  much  larger  (less 
conservative)  than  those  in  (48)  and  (49),  but  yield  only  line  segments  in 
the  gain  and  phase  spaces  versus  the  squares  ABCD  and  PQRS  in  Figs.  5  and  6 
obtained  through  independent  margins.  However,  these  line  segments  obtained 
by  uniform  margins  can  be  used  to  extend  the  regions  of  stability  in 
certain  directions  considerably  beyond  what  can  bo  established  by 
independent  margins. 


To  demonstrate  this  use  of  uniform  gain  and  phase  margins,  let  the 
nominal  system  be  operating  at  point  A  (Fig.  5)  and  assume  uniform 
perturbations.  The  uniform  gain  margins  may  be  found  by  (22)  and  (28)  using 


K(ja))  = 


0.7721  0 

0  1.3268 


(50) 


The  graphs  of  the  minimum  magnitude  of  the  eigenvalues  of  I+H(  jta )G(  i£a)K 
and  I+{H(ja))G( ja))K^}  are  plotted  versus  frequency  in  Fig.  7.  The  minimum 
values  of  these  curves  are  found  to  be 


“o  ”  ^i^^  H(j(o)G(jcu)K^]  j  =  0.9094  (51) 

+  ^t^(i^)G(jaj)K^}“^]  =  0  .6058  (52) 


FREQUENCY 


Fig.  7  Minimum  eigenvalues  when  the  system  is  operating  at  A  in  Fig.  5 


The  uniform  gain  margins  based  on  the  Nyquist  and  inverse  Nyquist 
formulations  are  found  to  be 


UGM  =  I  1/(1  +  a^)  ,  1/(1  -  a^)  1  =  [  0.5237  ,  11.0374  ]  (53) 

UGM  =[l-a  ,1+a  ]=(  0.3942  ,  1.6058  ]  (54) 

o  o 

respectively.  The  combined  UGM  is 

UGM  =  I  0.3942  ,  11.0374  ]  (55) 


The  combined  UGM  of  (55)  specifies  that  the  operating  points  on  the  line 
segment  A'AA"  in  the  gain  plane  (Fig.  5)  are  stable,  where 


OA'/OA  =  0.3942  (56) 

^/OA  =  11.0374  (57) 


where  the  upper  bar  denotes  the  length  of  the  line  segment.  Applying 
similar  computations  to  points  B,  C,  and  D  in  Fig.  5  shows  that  the 
operating  points  on  the  line  segments  D'DBB"  and  C'CC"  are  stable  operating 
points,  where 


0D"/0D  =  0.7018  (58) 


OB'VOB  =  3.9397  (59) 


OC'/OC  =  0.7718  (60) 
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Table  2  shows  the  values  of  ot  and  a  at  points  B,  C,  and  D.  Note  that  the 

o  o 

points  B'  and  D"  are  not  shown  in  Fig.  5  as  they  lie  between  the  endpoints 
B"  and  D'. 


On  the  phase  plane,  let  the  system  be  operating  at  point  P  and  assume 
uniform  perturbations.  The  uniform  phase  margins  may  be  found  by  formulas 
(23),  (24),  and  (29),  using 


K(iaj)  =  K  = 
P 


-jl4.147‘ 


jl4.147 


The  graphs  of  the  minimum  magnitude  of  the  eigenvalues  of  I+H(  )G( jcu  )K^ 
and  I+{H( j(i))G( ja))Kp}  ^  are  plotted  versus  frequency  in  Fig.  8.  The  minimum 
values  of  these  curves  are  found  to  be 


a  "  = 
o 


A^[I  +  H(  jaj)G(  jo)Kp]  =  0.7506 


min  min  ^  ^  {H( ja))G( ja))K  } 

CO  1  1  P 


=  0.4550 
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Fig.  8  Miniaum  eigenvalues  when  the  system  is  operating  at  P  in  Fig.  6 


The  uniform  phase  margins  (UPM)  based  on  the  Nyquist  and  inverse  Nyquist 
formulations,  respectively,  are  found  to  be 


UPM  =  [  -2sin"^(a  "/2)  ,  2sin“^(a  ’72)  1  =  [  -44.085°  ,  44.085°  ]  (65) 

o  o 


UPM  =  I  -2sin"^(a  ’72)  ,  2sin"^(a  "/2)  1  =  [  -26.301°  ,  26.301°  ]  (66) 

o  o 


The  region  of  stability  specified  by  (66)  is  contained  inside  the  one 
specified  by  (65).  Hence,  the  uniform  phase  margin  is  given  by  (65).  Thus, 
the  operating  points  on  the  line  segment  P'PP"  in  the  phase  plane  (Figure 
6)  are  stable,  with 


P'P  =  PP"  =  /?  X  44.085^ 


Similar  computations  on  points  Q,  R,  and  S  show  that  operating  points  on 
line  segments  S'SQQ"  and  R'R'R"  are  stable  operating  points,  with 


S'S  =  X  23.570*^ 


QQ"  =  /?  X  48.634° 


R'R  =  RR"  =  /r  X  30.510° 


Table  2  shows  the  values  of  and  a^  at  points  Q,  R,  and  S.  Once  again,  Q' 
and  S"  are  not  shown  in  Fig.  6  as  they  lie  between  Q"  and  S'.  The  regions 
of  stability  in  the  gain  and  phase  planes  are  thus  extended  considerably 
beyond  the  squares  specified  by  the  singular  values  along  selected 
straight-line  segments  with  the  aid  of  uniform  stability  margins. 


Note  that  near  the  actual  boundary  of  stability,  where  the  minimum 
singular  value  is  small,  ill-conditioning  may  be  present  and  eigenvalue 
computations  may  be  inaccurate.  However,  in  that  area,  both  the  minimum 
singular  value  and  the  minimum  eigenvalue  are  near  zero,  and  there  the 
singular  value  is  preferable. 


Conclus ions 


The  concept  of  uniform  stability  margins  is  developed  on  the  basis  of 
uniform  variations  of  multiloop  gains  and  phases.  It  is  proved  that  uniform 
stability  margins  may  be  computed  by  substituting  moduli!  of  eigenvalues 
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for  singular  values  in  the  singular-value-bounded  robust  stability 
criteria.  This  is  the  least  conservative  computation  that  is  possible  when 
a  norm-bound  robust  stability  criterion  is  used. 

Regions  of  stability  in  the  gain  and  phase  spaces  as  specified  by 
uniform  stability  margins  are  line  segments  which  pass  through  the  given 
nominal  operating  points.  The  uniform  stability  margins  may  be  used  to 
extend  the  regions  of  stability  beyond  what  can  be  specified  by  the 
singular  values  of  the  return  difference  matrix  or  the  inverse  return 
difference  matrix  along  selected  straight  lines  in  the  least  conservative 
manner . 
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Table  1  Numerical  data  for  the  system  of  Fig.  2 


A  = 


_ 

—  -i 

- 

0  0 

B  = 

1  0 

c  = 

0.1491  0 

D  = 

0  0 

0  -2 

0  1 

0  -4.116 

0  2.058 

L.  J 

— 

F(s)  = 


0.1491/s  0 


m 

'  .  •  .s 
■■>vS 


vT' 
'0^ 
m 

-r. 


F  = 
o 


-0.0827 

-46.86 

-0.4248 

0 

0 

0 


-0.1423x10 

-2.757 

-0.06224 

1 

0 

0 


-3 


X(F  )  = 
o 


-0.9994  0.0414  0 

0.3896  0  -124.3 

-0.0671  0 

0  0  0 

0  0  -20. 

0  0  0 


-0.03701 
0.1889  ±  jl.051 
-3.25 
-20.0 
-20,0 


0.1862 
128.6 
-8.792  -20.46 

0 
0 

-20. 


spiral  mode 
dutch  roll 
roll  convergence 
eleven  actuator 
rudder  actuator 
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Abstract 


This  paper  extends  the  veil-known  norm-bounded  robust  stability 
criteria  from  strict  inequalities  that  specify  open  sets  to  inequalities 
that  specify  closed  sets.  Both  the  Nyquist  and  inverse  Nyquist  type  of 
norm-bounded  criteria  are  considered.  The  extended  criteria  form  the 
theoretical  basis  in  the  formulation  of  an  iterative  procedure  for 
searching  the  regions  of  stability  for  simultaneous  gain  or  phase 
variations  in  multivariable  feedback  systems.  The  basic  idea  of  the 
iterative  procedure  lies  in  successively  perturbing  the  feedback  system 
from  a  set  of  nominal  gains  or  phases  that  are  on  the  boundary  of  a 
previously  established  region  of  stability.  The  iterative  procedure  is 
illustrated  by  a  numerical  example. 
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In  extending  the  useful  concept  of  single  variable  stability  margins  to 
multiple-input  multiple-output  (MIMO)  feedback  systems,  diversity  and 
ambiguity  inevitably  arise.  The  commonly  used  definitions  of  MIMO 
stability  margins  lead  to  vhat  may  be  called  independent  gain  and  phase 
margins.  They  are  defined  as  limits  within  which  the  gains  of  all  feedback 
loops  may  vary  independently  at  the  same  time  without  destablizing  the 
system,  while  the  phase  angles  remain  at  their  nominal  values  and  vice 
versa  [1-3]. 

The  MIMO  independent  gain  and  phase  margins  may  be  evaluated  via 
norm-bounded  robust  stability  criteria.  The  resulting  stability  margins 
specify  two  cubical  regions  of  stability  in  the  gain  and  phase  spaces  [2, 
3l.  As  the  norm-bounded  robust  stability  criteria  are  sufficient 
conditions,  the  cubical  regions  of  stability  are  often  conservative  (i.e., 
they  yield  only  a  portion  of  the  actual  stability  region).  If  gain  and 
phase  margins  are  used  in  the  specifications  of  a  MIMO  system,  the  actual 
regions  of  stability  in  the  gain  and  phase  spaces  may  be  desired.  However, 
there  is  no  systematic  or  iterative  method  for  computing  the  boundaries  of 
the  actual  regions  of  stability  at  this  time,  to  the  authors'  knowledge. 

In  a  recent  paper  [2]  where  the  desire  to  know  the  actual  stability 
regions  of  a  two-loop  system  arises,  closed-loop  poles  are  computed  for 
many  pairs  of  real  loop  gains.  Fairs  of  real  gains  which  yield  purely 
imaginary  closed-loop  poles  are  points  on  the  boundary  of  the  actual  region 
of  stability  in  the  gain  plane.  To  compute  the  boundary  of  the  stability 
region  in  the  phase  plane,  fictitious  complex  loop  gains  of  unit  magnitude 
and  variable  phase  angles  are  inserted  into  the  loops.  The  complex 
determinant  of  the  return  difference  matrix  as  a  function  of  frequency  is 


plotted  for  many  pairs  of  phase  angles.  Pairs  of  phase  angles  which  yield 
a  zero  determinent  at  soae  frequency  are  points  on  the  boundary  of  the 
actual  region  of  stability  in  the  phase  plane.  It  is  evident  that  this  is 
a  brute  force  method.  There  are  no  guidelines  for  finding  points  on  the 
boundaries.  The  computation  is  formidable  and  is  virtually  impossible  when 
the  system  has  more  than  two  loops. 

This  paper  presents  an  iterative  procedure  for  obtaining  the  actual 
regions  of  stability  in  the  gain  and  phase  spaces.  This  method  is  based 
upon  the  simple  idea  of  perturbing  the  system  further  from  a  set  of  nominal 
gains  that  are  on  the  boundary  of  a  previously  established  region  of 
stability.  Thus  instead  of  finding  points  which  are  on  the  boundaries  of 
the  actual  regions  of  stability,  the  proposed  method  successively  expands 
the  regions  of  stability  from  the  hypercubes  that  are  originally 
established  by  the  norm-bounded  robustness  stability  criteria. 

The  theoretical  basis  of  this  iterative  process  is  the  fact  that  on  the 
boundaries  of  the  open  sets  of  perturbation  matrices  specified  by  the 
norm-bounded  stability  criteria,  the  stability  of  the  perturbed  system  can 
be  conveniently  determined  by  the  invertibility  of  the  return-difference 
matrix,  which  will  then  be  used  in  the  next  iteration.  This  fact  and  its 
conditions  may  be  regarded  as  extensions  of  the  norm-bounded  stability 
criteria.  They  are  formulated  into  three  theorems  and  two  corollaries  in 
the  next  section,  and  the  proofs  are  given  in  the  Appendices. 

II.  Norm-Bounded  Robust  Stability  Criteria 

Consider  the  MIMO  feedback  system  of  Fig  1,  where  GCs)  is  the  nominal 
loop  transfer  function  and  L(s)  is  a  transfer  matrix  representing  the 
perturbation  of  the  loop  transfer  matrix  from  its  nominal  value.  For  the 


problem  of  finding  a  set  of  LCs)  that  does  not  destabilize  the  feedback 
system,  two  robust  stability  criteria  can  be  witten,  i.e.,  for  all  s  on 
the  Nyquist  contour, 

■5-lL(s)  -  II  <  ^[I  ♦  G"^(e)]  (1) 

or 

oIl"^(s)  -  I]  <  a  <  £ll  +  G(8)]  (2) 

where  a<$  1,  (?(  * )  is  the  maximum  singular  value  of  the  matrix  in  the 

argument,  ^(*)  the  minimum  singular  value,  and  I  is  the  identity  matrix. 


These  criteria  are  sufficient  conditions  derived  [1,  5]  on  the  basis 
of  multivariable  Nyquist  theory.  The  following  preliminary  conditions  on 
the  nominal  (  L(8)=I  )  and  perturbed  (  L(s)  I  )  systems  must  hold  [1,  6] 
before  criteria  (1)  and  (2)  can  be  applied: 

(a)  The  open-loop  characteristic  polynomials  (the  common  denominator  of 
the  elements  of  GCs)  or  the  denominator  of  the  determinant  of  the  return 
difference  matrix)  of  the  nominal  system  and  the  perturbed  system  must  have 


the  same  number  of  closed  right-half  plane  roots. 


(b)  All  imaginary  poles  of  the  open-loop  perturbed  system  must  also  be 
poles  of  the  open-loop  nominal  system.  That  is,  L(s}  does  not  introduce 
imaginary  poles  into  G(s)L(s). 

(c)  The  nominal  system  must  be  closed-loop  stable. 

Robustness  criteria  (1)  and  (2)  are  special  cases  of  inequalities 
involving  general  matrix  norms  [6-8],  namely. 


and 


|l(s)  -  I  II  < 


bED„ 


(3) 


||l"^(8)  - 1||  <  a  ^  --i-j - IX' 

"  "  '  (I  ♦  G(8)]  ^ 


s  e  D, 


R 


(4) 


where  is  the  Nyquist  contour,  ci  ^  1,  and  the  vertical  double 

bars  II  <11  denote  general  matrix  norms  which  include  the  maximum  singular 
value  as  a  special  case.  Condition  (3)  follows  from  a  simple 

generalization  of  the  deriviation  given  in  [3],  and  has  been  used  in  other 
papers  [6-8].  Condition  (4)  can  be  derived  in  the  same  fashion  as  the 

derivation  of  condition  (2),  which  is  given  in  [l].  However,  because 

L~^(s)-I  does  not  appear  as  a  linear  term  in  the  convex  combination  of  G(s) 
and  G(8)L(s),  the  generalization  of  the  proof  of  (2)  (as  found  in  Ref  [1]) 
to  the  proof  of  (4)  is  not  trivial.  The  proof  of  (4)  is  given  in  Appendix 


A. 

The  right-hand  sides  of  (1)  -  (4)  are  measures  of  the  nearness  of 
G~^(s)  or  G(s)  to  some  critical  point  of  stability.  In  view  of  their 
similarity  to  the  Nyquist  and  inverse  Nyquist  methods  for  single-input 
single-output  (SISO)  systems,  conditions  (1)  and  (3)  may  be  referred  to  as 
the  inverse  Nyquist  formulation,  and  conditions  (2)  and  (4)  the  Nyquist 


formulation. 


Conditions  (3)  and  (4)  specify  open  sets  £  and  I  where 


1- 


ESH(8)  I  ||l(8)-iII  <  - - -T - ITT-  ;  SED-C  (5) 


jti  ♦  g”^(8)]"^| 


e'^(l(8)  ||l-^(s)  -  l||  <  a  ^  - - - ---"177 

I  "  "  ||ll  +  G(s)]  ^11 


;  bed^. 


■] 


(6) 


If  the  perturbation  matrix  L(s)  of  Fig.  1  belongs  to  E  or  E  ,  then  the 
feedback  system  is  stable.  However,  since  (3)  and  (4)  are  sufficient 
conditions,  E  and  l'  are  only  subsets  of  the  set  of  all  L(s)  that  do  not 
cause  the  feedback  system  to  become  unstable. 

Let  E  and  £  be  boundaries  of  the  sets  £  and  £  ,  respectively.  The 
closed  sets  £U£  and  £U£  are  defined  by 


EUE 


(7) 


TuT'  S  jbCs) 


l"^(8)  -  I  «  a  < 


^  - - y---  ;  se  D  ,a^  1  V  (8) 

ll  +  G(s)]  ^ 


ij 


Note  that  if  for  some  b  £  the  equalities  bold  for  the  norm  relations  in 
the  bracketed  terms  in  (7)  or  (8),  then  LCe)  e  £  or  L(s)  c  £  , 
respectively.  Criterion  (3)  can  be  readily  extended  to  include  points  on 
^  ,  if  l-«-G(s)L(s)  is  nonsingular  at  these  points.  Criterion  (4)  can  also 
be  extended  to  include  points  on  E  if  1*C(.b)L(.8)  is  nonsingular,  provided 
that  spectral  norms  are  used,  or  that  LCs)  is  diagonal.  These  are  formally 
stated  in  the  following  Theorems  and  their  Corollaries. 

Theorem  1.:  Under  the  preliminary  conditions  of  the  norm-bounded  robust 
stability  criteria,  the  feedback  system  of  Fig.  1  is  stable  if  I-*’G(s)L(s) 
is  nonsingular  and 


||l(8)  -  MU 


1 


(9) 


II  [I  ♦  G“^(8)]“^| 


sC  D 


R 


Proof:  See  Appendix  B. 

It  has  been  shovm  in  a  previous  paper  [3]  that  when  complex  loop  gains 
of  the  system  of  Fig.  1  are  uniformly  perturbed  (  LCs)*^  £(s}I  ),  a  matrix 
norm  ||  •  ||^  which  is  subordinate  to  some  vector  norm  may  be  chosen  such 
that 


||£(s)I  -  lU  “  ^ 


(10) 


and 


1 

||li  . 


All  ♦  g'^Cs)] 


(11) 


where  |  • j  signifies  absolute  value  and  A(*)  signifies  the  eigenvalue  that 
has  the  minimum  magnitude.  Therefore,  if  L(s)  is  constrained  to  be 
L(6)  *  -C(s)I,  we  have  the  following  Corollary: 


Corollary  1.1:  Onder  the  preliminary  conditions  of  the  norm-bounded  robust 
stability  criteria,  the  feedback  system  of  Fig.  1  is  stable  if 


(a) 

L(s)  ■ 

(12) 

(b) 

|^(3)  - 

-  1  1  ^  1  Afl  + 

G"'(8)i  1  ; 

BE  Dr 

(13) 

(c) 

X[I  + 

G(s)L(s)]  i  0 

;  .eo. 

(14) 

Proof:  Condition 

(14)  holds  iff  I+G(8)L(s) 

is  nonsingular. 

Substituting 

(12)  into 

(9)  and  using  ||  •  | 

establishes 

(13)  as  a  sufficient  condition 

for  stability.  This  completes  the  proof. 

Theorem  2^:  Under  the  preliminary  conditions  of  the  norm-bounded  robust 
stability  criteria,  the  feedback  system  of  Fig.  1  is  stable  if 
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1 


(15) 


o[L  ‘(s)  -  I]  ^  ot  ^  ♦  G(8)]  ;  seDj^  , 

and 


5  [I  +  G(8)L(fl)]  »<  0  ;  sED^  (16) 

Proof:  See  Appendix  C.  Note  that  (16)  holds  iff  I+G(s)L(8)  is 

nonsingular. 

Theorem  Under  the  preliminary  conditions  of  the  norm-bounded  robust 

stability  criteria,  the  feedback  system  of  Fig.  1  is  stable  if  the 
following  hold: 

(a)  Ks)  is  diagonal, 

(b)  l-t-G(8)L(s)  is  nonsingular  for  all  scD^, 

(c)  The  matrix  norm  is  subordinate  to  some  vector  norm,  and 

(d)  I  l“^(8)  -  a  - - r---  ;  beD.  ,  1  (17) 

'  "  ||[i  +  g(8))'^||  ^ 

Proof:  See  Appendix  D. 

For  the  same  reasons  as  in  the  establishment  of  Corollary  1.1,  ve  also 
have  the  following  corollary: 

Corollary  3.1 :  Under  the  preliminary  conditions  of  the  norm-bounded  robust 
stability  criteria,  the  feedback  system  of  Fig.  1  is  stable  if 

(a)  L(s)  -  l(s)l  (18) 

(b)  |(l/^(8))-l|  «  a  <:  jA[i+G(8)]|  ;  8eDj^,a«^l  (19) 

and 

(c)  i[I+G(8)L(8)]  0  ;  sEDj^  (20) 

Proof:  Analogous  to  the  proof  of  Corollary  1.1. 


Theorems  1,  2  and  3  essentially  argue  that  the  robustness  of  a  system 
that  is  already  perturbed  by  an  L(s)  on  E  or  £  can  be  determined  by 
|j  II+{G(8)L(s)}~M”^  j  or  j  lI+G(s)L(s)l~^  j  j ,  since  the  nonsingularity  of 
I-<-G(s)L(s)  guarantees  the  applicability  of  the  robust  stability  criteria  to 
the  perturbed  system.  This  justifies  the  idea  of  successively  expanding 
the  region  of  stability  by  successively  perturbing  the  system  using  a 
perturbation  matrix  that  is  on  the  boundary  of  a  previously  established 
region  of  stability.  When  the  inverse  Myquist  formulation  is  used  in  this 
successive  perturbation,  L(s)  may  be  non— diagonal  and  any  matrix  norm  can 
be  used,  as  ruled  by  Theorem  1.  For  the  Myquist  formulation,  it  has  only 
been  established  here  that  the  spectral  norm  (maximum  singular  value) 
should  be  used  when  LCs)  is  nondiagonal  (Theorem  2),  but  any  subordinate 
matrix  norm  can  be  used  when  L(s)  is  diagonal.  Fortunately,  this  poses  no 
real  problem  because  in  stability  margin  computations,  L(s)  is  usually 
chosen  to  be  diagonal,  and  to  every  vector  norm  there  is  unique  subordinate 
matrix  norm.  Furthermore,  when  there  is  no  crossfeed  perturbation  (L(8)  is 
diagonal)  and  all  loops  are  uniformly  perturbed  (diagonal  elements  of  L(8) 
are  identical),  the  robustness,  and  therefore  the  stability  margins,  may  be 
measured  using  the  magnitude  of  the  minimum  eigenvalue  of  the 
return-difference  or  the  inverse-retum-dif ference  matrix  (Corollaries  1.1 
and  3.1).  This  enables  the  iterative  expansions  to  make  larger  strides 
than  using  any  norm  measure,  but  restricts  the  expansion  to  certain 
directions.  Further  development  of  this  idea  of  expanding  the  region  of 
stability  by  an  iterative  procedure  is  presented  in  the  next  section,  which 
is  followed  by  a  numerical  example. 


In  this  section,  the  development  will  be  based  on  the  Nyquist 


formulation.  Results  based  on  the  inverse  Nyquist  formulation  can  be 
similarly  stated. 

For  the  system  of  Fig.  1,  let  L(s)  be  diagonal  with  complex  constant 

elements  ,  i.e . , 

1 

j®i 

tAs)  =  =  P^e  i  =  l,2,***,n  (21. 

Where  p.  and  6.  are  real  numbers.  For  notational  convenience,  let 
1  1 

£  =  (  Z^,  -^2’  *  *  *  ’  ^n  ^ 

L  =  diag[  Z  ]  (23) 

The  variable  s  is  dropped  from  L(s)  because  L(s)  is  constant  for  computing 
gain  and  phase  margins. 

The  gain  region  of  stability  is  the  region  in  the  space  of 
(  Pj,  p2»"  ’  ^  which  the  MIMO  system  of  Fig.  1  is  stable  if  0^  =  0 

for  all  i.  The  phase  region  of  stability  is  the  region  in  the  space  of 
(  ®2’  *  '  *  ’  ^n^  which  the  MIMO  system  of  Fig.  1  is  stable 

if  P^  =  1  for  all  i.  This  concept  of  regions  of  stability  in  gain  and 
phase  spaces  of  MIMO  systems  is  a  natural  extension  of  the  stability  margin 
concept  of  SISO  systems,  where  gain  margins  are  computed  when  the  phase 
angle  of  the  loop  is  held  constant  at  the  nominal  value,  and  phase  margins 
are  computed  when  the  loop  gain  is  held  at  the  nominal  value. 


m 


When  L(8)  is  given  by  (23),  a  subset  of  the  region  of  stability  in  the 
gain  or  phase  space  is  easily  established  via  formula  (6).  The  problem  now 
is  to  derive  an  iterative  procedure  to  extend  this  subset  into  the  entire 
region  of  stability.  The  basic  idea  of  this  iterative  procedure  is  to 
alter  the  perturbation  matrix  successively  until  the  boundary  of  the  region 
of  stability  is  reached,  as  illustrated  in  the  block  diagram  of  Fig.  2. 


Fig.  2  A  MIMO  Feedback  System  With  Successive  Gain  Perturbations 


Region  of  Stability  in  the  Gain  Space 
In  the  MIMO  system  of  Fig.  2,  let 


P  . 
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(  P 


il’ 
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i2’ 


f^in 
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log  =  (  log  log  P£2»'  *  '  .  iog  ) 

L.  =  diag[  P.  1 
1  -1 


for  i  <  0 


I 

To  each  set  of  (or  1^)  given  by  (26)  -  (28)  there  corresponds  a  set 

(or  R.)  in  the  space  of  (  P, ,  P«.*  *  *.  P  )  such  that  if  PeR-  (or  R-) 

I  X  1  X  n  X  X 

then  diag[p  ]  belongs  to  the  set  of  (or  L^).  The  converse  is  also  true. 

Let  R  denote  the  set  of  P  (  *  (  p,«  po>  *  *  *>  0  )  )  such  that  L 
1  o  —  1  z  n 

j  (  ■■  diag[  p  ])  satisfies  inequality  (4).  Thus,  if  ^o^^o 

*  diag[  pjjl»  then  the  system  of  Fig.  2  for  i  *  0  is  stable.  It  is 
easily  shown  that  if  spectral  norms  (maximum  singular  values)  are  used  in 
I  (4),  R^  is  an  open  hypercube  (not  including  the  boundary)  in  the  gain  space 

characterized  by  [1,  2,  3] 

1  1 

;  -  <  p.  <  -  (29) 

1  +  a  ^  1  -  a 

o  o 

for  j  ■  1,  2  ,•  ••,  n  ,  where  a  is  either  2[I+G(s)]  or  1,  whichever 

R 

j  is  smaller.  In  logarithmic  units  (29)  may  be  rewritten  as 

-log(  1  +  a  )  <  log  p  .  <  log[l/(  1  -  a  )]  (30) 

o  J  o 

i 

Here  R^  is  a  hypercube  whose  edges  are  parallel  to  the  coordinates  of  the 
gain  space  and  whose  diagonal  extends  from  {  •  log(l  +  a^)  }  to 

{  e.«log[  1/(1  -  a^)  ]  },  for  e  =  (1,  !,•••,  1)  (see  Fig.  3). 

I 

I 
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Fig.  3  Efltablising  the  Region  of  Stability  in  the  Gain  Space 


Let  Rj^  denote  the  boundary  of  the  hypercube  R^»  Let  be  a  point 

arbitrarily  chosen  from  R^,  and  L^  ■  diagi  P^l*  If  I+GCs)!^  is  singular  at 

some  s  £  then  det[I  G(8}L  I  has  a  root  on  D„.  This  means  that  the 
E  OR 

closed-loop  transfer  matrix  G(8)L  (1  -f  G(8)L  )  ^  has  a  pole  on  Dq.  Thus, 
the  system  of  Fig.  2  for  i  ■  0  is  unstable  and  is  a  point  on  the 

boundary  of  the  region  of  stability  in  tbe  gain  space.  On  the  other  hand, 
if  I-t-G(6}L  is  nonsingular  for  all  s  c  D^,  then  in  view  of  Theorem  2,  the 
system  of  Fig.  2  for  i  =  0  ie  stable.  Therefore,  tbe  norm-bounded  robust 
stability  criteria  may  be  applied  to  Fig.  2  for  i  ^  1.  As  a  result,  the 
system  of  Fig.  2  for  i  •=  1  is  stable  if  I+GCs)!^  is  nonsingular  for  all 
s  £  and 


IIl  -l||<  a  4  — - -  ;  BCD  a  4I  (31) 

"  ^  ^  II  ♦  G(8)L  1  M  ^  ^ 


^  ||ll  .  G(s)Lj-'||  ^ 

Let  R^  be  the  set  in  the  gain  space  corresponding  to  the  set  of  Lj^'s 
that  satisfy  (31).  Let  R,  be  the  set  in  tbe  gain  space  corresponding  to 


the  set  of  L^'s  such  that  *  diag[p^]diag[Pj ] ,  with  p^  eRj^  for  a 

given  p^.  Again,  if  spectral  norms  are  used,  is  found  to  be  an  open 
hypercube  in  the  gain  space  (not  shown  in  Fig.  3),  characterized  by 

-log(  1  +  otj  )  <  log  P.  <  log[  l/(  1  -  a  )  ]  (32) 

V 

for  j  «  1,  2,***,  n,  and  a  is  either  ^[I  +  G(s)L  ]  or  1,  whichever 

i  o 

A 

is  smaller.  For  a  given  jP^,  R^  is  readily  seen  to  be  characterized  by 

-logd  +  Qj)  +  log  P^j  <  log  Pj  <  log[  1/(1  -  a^)]  +  log  P^j  (33) 

A  . 

The  set  Rj  is  the  hypercube  (Fig.  3)  whose  main  diagonal  extends  from 
{  log  P  -  ^‘logd  +  a.)  }  to  {  log  p  +  e. ‘log!  1/(1  -  a,)]  }  where 
^  =  (1,  !,•••,  1). 

The  procedure  of  generating  Rj^  from  a  point  on  R^  may  be  iterated  again 
by  arbitrarily  selecting  a  point  on  the  boundary  of  R^U  R^ .  For 

this^Pj,  if  I+G(s)Lj  is  singular  at  some  s  e  then  p^^  is  a  point  on  the 
boundary  of  the  region  of  stability  in  the  gain  space.  Therefore, 

A 

another  should  be  selected  instead.  Otherwise,  R^  is  found  to  be  a 

hypercube  whose  edges  are  parallel  to  the  coordinates  of  the  gain  space  and 
whose  diagonal  extends  from  {  log  p  •  logCl  +  a^)  )  to 

{  log  +  e.-log[l/(l  -  a^)]  }  where  be  chosen  as 

a,  =  min  {  1  ,  “eD  — [  I  +  G(s)L  ]  }  (34) 

^  R  1 

For  the  ith  iteration,  a  point  Pj^  i  arbitrarily  selected  on  the 

i-1  A  A 

boundary  of  u  R.  (where  R  =  R  ).  If  I+G(s)L.  is  singular  for  some 

j_0  j  00  i-i 

8  G  D  ,  then  ^  is  already  a  point  on  the  boundary  of  the  region  of 


should  be  tried.  If 


stability  in  the  gain  space  and  another  p 

A 

I-t-G(s}L.  .  is  nonsingular  for  all  s  e  D-  Chen  £■  is  established  as  a 
hypercube  with  edges  parallel  to  the  coordinates  of  the  gain  space  and  with 
a  diagonal  extending  from  {  log  •  log(l  +  a^)  }  to 

{  log  +  e.*logIl/(l  -  a^)l  )  vhere  may  be  chosen  as 

a.  *=  min  {  1  ,  51  I  +  G(8)L.  ,  ]  }  (35) 

i  A 

If  the  iteration  process  goes  on  until  U  R.  is  so  large  that 

J=0  J  i  ^ 

“^5  5[I  +  G(8)L.]  is  negligible  for  all  p.  on  the  boundary  of  U  R-i 

n  i  ^  J~0  ^ 

then  U  R*  is  approximately  the  region  of  stability  in  the  gain  space. 

J=0  J 

It  has  been  shown  that  [3]  if  the  loop  gains  of  the  systems  of  Fig.  2 

vary  uniformly,  (  that  is,  LCs)  ■  ■^(s)!  for  some  scalar  function  i-is)  ) 

then  the  robust  stability  condition  (4)  is  implied  by 

|(l/£(s))-l|  <  a^  ^  |x(I+G(8)]|  ;  8eD^,a^v<l  (36) 

vhere  A(*)  is  the  eigenvalue  with  the  smallest  absolute  value.  When 
^(s)  B  ps  real  constant,  condition  (36)  requires  that 

-log(  1  +  a^  )  <  log  P  <  log(  1/(1  -  a^)  )  (37) 

where  a^  is  the  smaller  of  jAll  G(8)lj  or  1.  However,  the  region 

of  stability  for  L(s)  as  determined  by  (36)  is  not  a  hypercube,  but  a  line 

segment  between  {  -e_  log(l  +  a^)  )  and  {  e.  logtl/(l  -  a^)!  )>  for 

e  -  (1,  1,  •  •  •,  1). 

Based  upon  inequality  (36)  and  Corollary  3.1  an  iterative  procedure  for 
searching  the  region  of  stability  using  the  minimum  eigenvalue  of  the 
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return  difference  matrix  can  be  formulated.  The  procedure  still  starts  on 

the  boundary  of  the  set  of  Fig.  3  because  the  nominal  system  is  required 

to  be  stable.  First,  chose  L  ■>  diag[  p  ]  for  some  p  e?  .  For  i  **  1  in 

o  — o  — o  o 

the  system  of  Fig.  2,  the  diagonal  elements  of  are  required  to  be 
identical,  i.e.,  P^j  ■=  p  ^2  ••  *  *  *  “  space  of 

(  Pj,  P2,  •  *  *»  Pjj)  )  corresponding  to  ^  characterized  by 

log  P.  “  log  p  .  +  logp  (38) 

J  oj 

-log(  1  +  aj  )  <  logp  <  logf  l/(  1  -  aj  )  ]  (39) 

for  j  =  1,  2,***,  n,  where 

a^  ■  min  {  1  ,  |xl  I  +  G(s)L^  ]j  }  (40) 

In  other  words,  the  set  is  a  line  segment  of  unity  slope  extending  from 

{  log  p  '  e*log(l+a,)  }  to  {  logp  +  e -logE  1/ (1-a, )  ]  }  (point  A  to  point 
— o  1  — O  1 

A 

B  in  Fig.  3).  In  the  next  iteration,  p^  is  chosen  at  point  B  and  R2  is  the 
line  segment  of  unity  slope,  extending  from  {  log  Pj  -  e_*  log (1+32)  } 
(  between  points  A  and  B  on  the  line  segment  AB)  to 
{  log  Pj  +  e.*log[l/(l-a2)  1  }  (at  point  B'),  where 


a„  “  min  {  1  ,  seD  A[  I  +  G(b)L,  ]  } 

2  R  -  ^ 


(41) 


In  this  fashion,  the  iteration  will  eventually  extend  the  line  segment  AB 
in  the  upward  direction  sufficiently  close  to  the  boundary  of  the  region  of 
stability.  Iteration  can  also  be  initiated  at  point  A  and  extend  the  line 
segment  BA  in  the  downward  direction  towards  the  boundary  of  the  region  of 
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stability.  Note  that  since  the  absolute  value  of  an  eigenvalue  is  greater 
than  or  equal  to  the  minimum  singular  value  of  a  given  matrix,  the 
eigenvalue  method  generally  makes  larger  strides  than  the  singular  value 
method  in  claiming  the  region  of  stability.  But  each  iteration  of  the 
singular  value  method  claims  a  region  inside  an  n-dimensional  hypercube, 
whereas  each  iteration  of  the  eigenvalue  method  claims  a  line  segment  along 
the  diagonal  of  the  hypercube  obtained  by  the  singular  value  method. 
The  eigenvalue  method  also  needs  to  be  initiated  from  points  that  are 

aw 

outside  of  the  set  R^U  R^  obtained  by  the  singular  value  criterion  but  are 
still  inside  the  regions  of  stability.  This  can  be  done  with  the  aid  of 
singular  value  iterations.  Thus,  the  combined  use  of  the  two  methods  is 
most  advantageous  in  establishing  the  region  of  stability. 

Region  of  Stability  in  the  Phase  Space 
In  the  MIMO  system  of  Fig.  2,  let 


Si* 

(  6jj.  Sjj,  •  •  ■  . 

6in  > 

(42) 

^Si  . 
e  = 

,  JUil  J9i2  .  . 

V  e  ,  e  , 

.  e  ) 

(43) 

,  *  1  1 
*  diagl  e  J 

(44) 

L.  L.  ,L.  * 

1  1-1  1 

j^i-1 

diag[  e  Jdiagl  ». 

]  for  i  ^  0 

(45) 

For  i  <0,  and  are  again  set  equal  to  I.  Let  denote  the  set 

of  '  ^n  ^  ^  such  that  Li*  diagl  e-^"  )  )  satisfies  (4). 

j§ 

Thus,  if  eS^  and  .  diag[  e  °  ]  ),  then  the  system  of  Fig.  2  for 

i  ~  0  is  stable.  It  has  been  shown  that  if  spectral  norms  are  used  in  (4), 
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S  is  an  open  hypercube  (excluding  the  boundary)  in  the  phase  space  (Fig. 
o 

4),  characterized  by  [1,  2,  3] 

-2sin‘^(  a  /2)  <  6.  <  2sin“^(  a  /2)  (46) 

o  j  o 

for  j  ■  1,  2,*»-,  n,  where  0.  is  either  seD  2tI+G(s)J  or  1,  whichever  is 

o  R 

smaller. 


Fig.  4  Establishing  the  Region  of  Stability  in  the  Phase  Space 

Now,  following  the  same  reasoning  as  in  the  derivation  of  the  iterative 

procedure  used  in  the  gain  space,  select  a  point  6^  (arbitrarily)  from  the 

boundary  of  S^.  An  open  set  S^  which  is  guaranteed  by  the  robust  stability 

criterion  (4)  to  be  within  the  region  of  stability  can  be  constructed 

around  6  .  If  spectral  norms  are  used  in  (4),  then  S,  is  characterized  by 
o  t 

®  .  -  2sin"^(  /2)  <  6.  <  6  .  +  2sin"^(a,/2)  (47) 

oj  1  J  oj  1 


S 


4 


n,  where  is  either 


for  j  -  1,  2,*  • 


0[I+G(8)L  ]  or  1,  whichever 

O 


is  smaller.  For  the  ith  iteration »  a  point  6.  ,  is  arbitratily  selected  on 
i-1 

the  boundary  of  (where  ),  If  l+G(e)L£_j  is  singular  for  some 

8  £0-,  then  6.  .  is  a  point  on  the  boundary  of  the  region  of  stability  in 
Jl  X*X 

.  .  ^ 

the  phase  space.  Another  6^  should  be  tried.  Otherwise ,  is 

established  as  a  hypercube  with  edges  parallel  to  the  coordinates  of  the 
phase  space,  centered  at  length  of  each  edge  equal  to 

4b in  a^/2),  i.e., 


0.,  .  -  28in'^(  a  ./2)  <0.  <6.1  •  +  2sin"^(  a  /2) 

1-1, j  1  j  1 


for  j  “  1,  2,**«,  n,  where  a.  is  computed  by  (35)  with  (42)  -  (44)  used 

A 

for  In  other  words,  is  a  hypercube,  whose  diagonal  has  unity 
slope,  and  extends  from  “  {28in  ^(a£/2)}e  to  +  {28in  ^(a£/2)}e, 
where  e**  (1,  I,***,  1). 

If  the  loop  gains  are  uniformly  perturbed  i.e.,  L(s)  *  Z(b)1  for  some 
scalar  function  ‘^(s)  (Fig.  1),  the  above  procedure  can  also  be  formulated 
with  eigenvalues.  The  procedure  again  starts  on  the  boundary  of  S^, 
because  for  8^  on's^,  the  stability  of  the  system  of  Fig.  2  for  i  “  0  is 
determined  by  the  singularity  of  its  return-difference  matrix,  I+G(8)L^. 
The  iteration  procedure,  warranted  by  Theorem  3  and  Corollary  3.1,  is  the 
same  as  the  one  described  for  singular  values,  except  that  is  replaced 
by  a^,  where 


a.  -  min  {  1  ,  “eo  Al  I  ♦  G(s)L.  ,  ]  } 

1  “  1-1 


and  is  no  longer  a  hypercube,  but  a  line  segment  of  unity  slope  along  a 
diagonal  of  the  hypercube  obtained  by  the  singular-value  method,  extending 
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from  {  -  [28in  (a^/2)]e.  }  to  {  ♦  [2sin~^(a^/2)]^  }  (point  A  to 

point  B  in  Fig.  4,  for  i  *  1),  where  e.  =  (1,  I,***,  1).  In  other  words, 
is  the  set  of  3^  characterized  by 

6 :  “  i  +  ij),-  ;  j  •=  1,  2,*  --.n  (50) 

-2sin“^(a^/2)  <<!>.<  2sin“^(a^/2)  (51) 

In  both  the  gain  space  (in  decibel  units)  and  the  phase  space,  the 
eigenvalue  method  establishes  regions  of  stability  as  line  segments  of 
unity  slope.  Hence  they  give  discrete  representations  of  the  regions  of 
stability.  The  eigenvalue  method  enables  the  iterative  procedure  to  make 
larger  strides  toward  the  boundary.  The  singular-value  method  assures  that 
the  immediate  neighborhood  along  the  line  segment  claimed  by  the  eigenvalue 
method  belongs  to  the  region  of  stability.  Numerically,  singular  value 
computations  are  considered  to  be  more  accurate  than  eigenvalue 
computations.  The  next  section  demonstrates  the  combined  use  of  the  two 
methods  in  establishing  the  regions  of  stability  through  a  lateral  attitude 
control  system  of  a  drone  aircraft  [2,  3]  and  compares  the  results  with 
what  has  been  previously  obtained  via  brute  force  computations. 

The  same  iterative  procedure  based  on  the  inverse  Nyquist  formulation 
can  be  analogously  stated.  Since  both  the  Nyquist  and  inverse  Nyquist 
formulations  of  the  robust  stability  criteria  are  sufficient  conditions, 
the  union  of  the  stability  regions  established  by  both  formulations  in  each 
step  is  again  a  valid  region  of  stability.  Thus,  the  two  formulations 
complement  one  another  and  their  combined  use  facilitates  the  establishment 
of  the  actual  region  of  stability.  The  numerical  example  in  the  next 
section  also  demonstrated  the  combined  use  of  these  two  formulations. 


IV.  Numerical  Example 


Consider  the  8th  order  lateral  attitude  control  system  of  a  drone 
aircraft  used  in  References  [2]  and  [3].  The  block  diagram  of  the  system 
is  given  in  Fig.  5  and  the  numerical  data  of  Fig.  5  are  given  in  Table  1. 
When  computing  the  regions  of  stability  in  gain  and  phase  spaces,  the 
perturbation  matrix  L  is  first  expressed  as 

je  jS 

L  =  diag(  Pj^e  ^ 


G(s) 


Fig.  5  Lateral  Attitude  Control  System  of  a  Drone  Aircraft 


•i  w  • 


Region  of  Stability  in  the  Gain  Space 

Computation  of  the  region  of  stability  in  the  gain  space  is  started  by 
setting  =  02  “  0.  Independent  gain  margins  for  the  perturbed  system  may 
be  calculated  using 


-201og(  1  +  )  <  Pj  (dB)  <  201og[  l/(  1  -a^  )  ]  ;  j  =  1,2  (53) 


and 


-201og(  1  +a^'  )  <  (dB)  <  201ogt  l/(  1  -a^'  )  )  ;  j  =  1,2  (54) 


where 


a  =  2I  I  +  H(ju))G(ju))L  ]  (55) 

o  ^ 

“o"  "  I  +  t  H(j0J)G(jw)L  1"^  }  (56) 


Since  (53)  and  (54)  are  sufficient  conditions  for  stability,  the  union  of 
the  two  inequalities  is  also  a  valid  region  of  stability.  This  property 
will  be  used  throughout  this  example. 


The  union  of  (53)  and  (54)  form  a  square  in  the  gain  space,  which  is  a 
part  of  the  actual  region  of  stability.  The  initial  region  of  stability 
with  L  =  I  is  shown  as  ABCD  in  Fig.  6.  For  the  next  iteration,  chose  L  to 
have  the  loop  gains  of  point  A  in  Fig.  6,  and  calculate  (55)  and  (56)  again 
for  this  L.  If  /  0  or  ^  0,  the  system  perturbed  by  this  L  is  stable 
(otherwise  A  is  already  on  the  boundary  of  the  actual  region  of  stability). 
Point  A  may  now  be  used  as  a  new  nominal  operating  point  and  (53)  -  (54) 
are  computed  again  using  the  new  cx^  and  to  obtain  square  EFGH. 
Successively  using  the  upper-left  corner  of  each  square  as  a  new  nominal 
operating  point,  as  well  as  starting  at  point  C  and  continuing  with  the 
lower-right  corners,  forms  the  progression  of  squares  shown  in  Fig.  7. 
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These  calculations  are  refered  to  as  stage  1.  As  the  squares  approach  the 

actual  boundary  of  the  region  of  stability,  the  right-hand  sides  of  (55) 

and  (56)  become  smaller  and  smaller,  and  so  do  the  squares.  It  is  not 

practical  to  expect  £  to  equal  exactly  zero  (due  to  computational 

difficulties  to  be  mentioned  later),  therefore  the  iterations  are  stopped 

either  when  £.  becomes  extremely  small  or  when  2  starts  to  increase  from 

one  iteration  to  the  next.  The  latter  indicates  that  the  boundary  has  been 

crossed  due  to  numerical  errors  in  computing  and  ct  ' .  This  will  also  be 

o  o 

explained  later  in  this  section. 


Fig.  7  Gain-Plane  Region  of  Stability  —  Stage  1  Calculations  Completed 
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The  union  of  all  the  squares  in  Fig.  7  is  further  expanded  in  the  next 
stage  of  the  gain  space  computations,  vhere  uniform  gain  margins  are  used. 
The  uniform  gain  margin  is  obtained  by  combining  (53)  and  (54),  with 
and  replaced  by  a^  and  respectively,  vhere 


I  AI  1  +  H(j6))G(jw)L  ] 


(57) 


■-1 


|A<  I  +  t  H(j^u)G(j6i)L  > 


(58) 


For  a  system  at  the  nominal  operating  point  B  (Fig.  8),  L  is  chosen  to  have 
the  gains  at  £.  The  upper  limit  of  the  uniform  gain  margin  gives  the  line 
segment  BJ  of  Fig.  8  as  part  of  the  region  of  stability.  In  tbe  next 
iteration,  the  elements  of  L  are  taken  from  point  J  and  the  line  segment  JK 
is  established  as  part  of  the  region  of  stability.  This  procedure  is 
repeated  until  the  boundary  is  reached,  which  is  determined  the  same  way  as 
in  the  singular  value  computations. 
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Fig.  8  Gain-Plane  Region  of  Stability  —  Combined  Stage  1  &  2  Calculations 


Next,  point  D  is  used  as  the  nominal  operating  point,  and  the  lower 
limit  of  the  uniform  gain  margin  is  used  to  produce  line  segment  DM.  The 
upper  limit  of  the  margin  does  not  extend  the  linear  region  beyond  point  J, 
and  therefore  is  unnecessary.  The  same  is  true  for  the  lower  limit  of  the 
margin  at  point  J  (i.e.,  it  does  not  extend  beyond  point  M) .  The  segment 
DM  is  then  successively  extended  to  the  stability  boundary.  This  "up"  and 
"down"  procedure  is  then  used  on  each  of  the  upper-right  and  lower-left 
corners  of  the  remaining  singular  value  squares.  This  completes  stage  two. 

Realize  that  the  union  of  the  squares  and  45  lines  at  the  end  of  stage 
two  is  a  valid  subset  of  the  region  of  stability.  If  this  union  yields  a 


complete  picture  of  the  entire  region,  the  computations  are  complete.  If, 
however,  the  range  of  the  45°  lines  is  too  small  to  yield  a  continuous 
boundary  of  the  region  of  stability,  this  range  may  be  extended  by  choosing 
stable  points  on  the  outermost  lines  and  using  stages  one  and  two  to  probe 
further  into  the  region.  This  is  referred  to  as  stage  three.  Stage  four 
obtains  finer  detail  at  the  boundary  in  a  chosen  area,  if  desired.  Here, 
points  on  the  singular  value  squares  (other  than  the  corners)  may  be  used 
to  generate  more  45°  lines,  and  stage  two  used  to  find  the  boundary  points 
along  these  lines. 

All  of  the  points  on  the  boundary  found  through  stage  two  calculations 
(including  those  in  stages  three  and  four)  may  then  be  connected  to  form  a 
smooth  curve.  This  curve  should  be  dra%m  conservatively,  that  is,  do  not 
allow  the  curve  to  exceed  any  of  the  boundary  points.  This  curve  then 
represents  the  actual  region  of  stability,  and  is  shown  in  Fig.  9  for  this 
example.  The  squares  and  line  segments  are  omitted  from  the  figure  for 
clarity . 
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Fig.  9  Gain-Plane  Region  of  Stability  —  Completed 

Region  of  Stability  in  the  Phase  Space 

Calculation  of  the  actual  region  of  stability  in  the  phase  space  is 
carried  out  through  the  same  four-stage  procedure  as  in  the  gain 
space.  There  are,  however,  some  subtle  differences  which  will  be  elaborated 
upon.  The  perturbation  matrix  L  is  characterized  first  by  equation  (52), 
except  that  here  P  ^  “  ^2  *  ^  ^1  ^2  '  Equations  (53)  and  (54) 

are  replaced  by 

-2sin  ^(0^/2)  <  0j  (deg)  <  28in"^UQ/2)  ;  j  “  1 ,2  (59) 
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;  j  -  1.2 


(60) 


-28in  ‘(a'/2)  <  0.  (deg)  <  28in"^(a  ' H) 

o  j  o 


where  and  are  still  given  by  (55)  and  (56),  and  L  *=  I  when  the 
nominal  operating  point  is  at  the  origin  of  the  phase  plane.  The  union  of 
these  inequalities  is  again  used,  but  since  the  margins  are  symmetrical, 
one  will  be  completely  contained  within  the  other.  Also,  due  to  the 
symmetry,  the  squares  produced  by  singular  values  will  be  centered  about 
the  chosen  nominal  operating  point.  In  Stage  2  calculations,  cx^  and  a^'  in 
(59)  and  (60)  are  replaced  by  a^  and  respectively,  which  are  scill 
given  by  (57)  and  (58).  Fig.  10  shows  the  squares  and  45°  lines  produced  by 
stages  one  and  two.  Fig.  11  shows  the  completed  region.  Note  that  points 
were  added  through  stage  three  and  stage  four  calculations.  The  boundary 
here  is  more  "uncertain”  than  in  the  gain  space  calculations  due  to  the 


lack  of  a  back-up  test  —  this  will  be  explained  in  the  next  subsection. 


Fig.  11  Phase-Plane  Region  of  Stability  —  Completed 


Computat ional  Comments 

There  are  several  computational  aspects  of  the  iterative  procedure  that 
require  further  discussion.  First,  finding  the  precise  location  of  the 
boundaries  is  over-ambitious.  Practically  speaking,  only  a  good 
approximation  would  ever  be  desired.  Computationally  speaking,  finding  the 
exact  minimum  of  the  singular  value  or  eigenvalue  is  nearly  impossible  due 
to  the  fact  that  the  minimum  is  found  by  evaluating  the  return  and  inverse 
return  difference  matrices  at  a  finite  number  of  frequencies.  Therefore, 
it  is  probable  that  the  calculated  minimum  will  only  be  close  to  the 
actual.  Dnfortunately,  this  error  will  yield  a  value  slightly  larger  than 


the  true  minimum,  yielding  a  larger  than  true  margin.  This  is  critical 
near  the  boundary,  since  once  the  boundary  is  crossed,  the  minimum  will 
begin  to  increase  and  move  the  following  iterations  further  into  the 
unstable  region. 

This  is  not  a  disasterous  result,  however.  If  enough  frequency  samples 
are  taken  (fifty  points-per-decade  seems  to  work  well),  the  calculated 
minimum  will  be  very  close  to  the  actual.  Also,  there  are  ways  to 
determine  when  the  boundary  has  been  crossed.  In  the  phase  space,  if  the 
minimum  singular  value  becomes  smaller  and  smaller  in  progressive 
iterations,  then  begins  to  increase,  the  first-increase  results  and  the  one 
previous  to  it  should  be  discarded  to  insure  stability.  In  the  gain  space, 
there  is  an  even  better  solution,  although  the  previous  one  will  also 
work.  This  solution  is  simply  to  check  the  closed-loop  eigenvalues  (to  see 
if  they  are  all  in  the  open  left-half  plane)  at  the  loop  gains  in 
question.  This  will  not  work  in  the  phase  space,  since  the  transfer 
function  of  Che  perturbation  matrix  in  the  s-domain  is  not  known,  and 
therefore  closed-loop  eigenvalues  cannot  be  computed. 

The  fact  that  closed-loop  eigenvalues  may  be  checked  allows  higher 
accuracy  in  determining  the  actual  region  of  stability  in  the  gain 
space.  The  "kink"  in  the  phase  space  region  (Fig.  11)  may  actually  be  a 
"tube"  as  found  in  the  gain  space  (Fig.  9).  This  is  of  little  consequence 
from  a  practical  point  of  view,  however,  since  the  knowledge  of  the  region 
to  that  precision  would  not  alter  the  analyst's  conclusions  as  to  the 
merits  or  deficiencies  of  the  designed  system. 

It  stay  be  worth  noting  that  singular  values  alone  may  be  used  to 
determine  the  entire  region,  while  eigenvalues  alone  are 
insufficient.  Singular  values  could  be  used  in  the  stage  two  (and  four) 
computations,  but  in  many  cases  this  would  require  a  great  many  more 
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iterations  to  reach  the  boundary.  This  is  due  to  the  fact  that  the 
singular  value  computations  are  sure  conservative  than  eigenvalues,  as 
shotm  in  [3].  Eigenvalues  cannot  be  need  in  stage  one  (or  three),  however, 
as  they  produce  only  lines  with  a  positive  unity  slope.  They  do  not  allow 
movement  along  lines  with  negative  slope,  and  therefore  eigenvalue 
computations  alone  would  only  yield  Che  boundary  points  along  a  line  of 
unity  elope  passing  through  the  origin  (nominal  system  operating  point). 

V.  Conclusions 


The  extension  of  the  norm-bounded  robust  stability  criteria  from  strict 
inequalities  specifying  open  sets  to  inequalities  specifying  closed  sets 
forms  the  theoretical  basis  of  an  iterative  procedure  for  searching  the 
regions  of  stability  for  simultaneous  gain  or  phase  variations  in 
multivariable  feedback  systems.  The  iterative  procedure  is  initiated  in 
the  interior  of  the  region  of  stability  and  terminates  when  the  boundary  is 
reached.  Algorithms  can  be  written  so  that  complete  regions  of  stability 
in  the  gain  and  phase  spaces  of  a  multi-input  multi-output  feedback  system 
can  be  determined.  These  algorithms  are  useful  where  information  about  the 
boundaries  of  the  regions  of  stability  in  the  gain  and  phase  spaces  is 


desired. 


Proof  of  (4)  as  sl  sufficient  condition  for  stability 
of  the  system  of  Fie.  1_ 

This  proof  is  facilitated  by  the  following  lemma: 

Lemmfl  1 .  Let  L(s)  be  a  square  matrix,  and 

Pg(a)  -  (  1  -  fi  )I  +  6l(8)  (A-1) 


If 


||l“^(s)  -  I  II  <  1  (A-2) 

then,  for  all  6e[0,  1], 

-‘11'^  -  Ml 

Proof:  (For  notational  brevity,  the  variable  s  will  be  suppressed  from 

here  on).  Let  E  be  defined  as 

E  -  l"^  -  I  (A-4) 


It  is  seen  from  (A-1)  and  (A-4)  that 

P^  l“^  -  l"^p  ^  -  I  ♦  (  1  -  6  )E 

Since  j|E||<  1*  ||(1-<5)e||<  1.  Therefore  [I  ♦  (1-6  )E] 
linear  operator  and  [9] 


(A-5) 


I 


exists  as  a  bounded 


/-*  ’V  ^  j"  .V 


l  I  ♦  (  1  -  6  )E  ]"^  -  Z  (6-  1)“e°  (A-6; 

n=0 

where  the  series  on  the  right  is  convergent  in  the  norm.  Bence,  by  virtue 
of  (A-5),  for  all  6e(0,  1], 


-  III  I*  (  1  -4  )E  I-‘||  <!  1  (1  -4  )"||l||° 

n=o 

I  1  ^  (A  7) 

1  -  (  1  -  6  )||e|[  ^  1  -  (  1  -  6  )  '  6 


where  it  is  assumed  that  the  matrix  norm  is  subordinate  to  some  vector  norm 
so  that  Ijlll”  !•  Now  I  by  virtue  of  (A-l), 


1+6(L-I)1-1 


(A-8) 


Hence 


-  1  -  <5Pg"^(  I  -  L  )  -  6Pg"^LE  (A-9) 

Therefore,  by  virtue  of  (A-7)  and  (A-9), 

ll'i''  -  Ml  « llv'*' IlilMI  -f  IIMI 

The  fact  that  (A-3)  holds  for  <5  ■  0  is  obvious.  This  completes  the  proof  of 
Lemma  1 . 

Proof  of  (4)  as  &  sufficient  condition  for  stability : 

It  has  been  shown  in  [11  that  under  the  preliminary  conditions  stated  for 
(4),  the  system  of  Fig.  1  is  stable  if 


det(  I  +  GPr  )  ^  0  ;  8eD„  ,  6e  lO,  1]  (A-11) 


where  is  defined  in  (A-1).  Now,  for  square  matrices  G  and  L, 


I  +  GPjt  •=  [  (P/^  -  I)(I  +  G)“^  +  I  ](I  ♦  G)P,  (A-12) 

6  0  6 


In  view  of  Lemma  1,  if  condition  (4)  holds  for  ct  then,  for 

all  5e[0,  1]  and  se 


||(P^-‘  -  I)(I  .  0-1)1  .<  ||Pj-l  -  l||-||(I  ,  G)-* 


||l"^  -  I  ||*||(I  +  G)“^  I  <  1  (A-13) 


Since  (I  G)  and  L  are  already  assumed  to  be  nonsingular,  (A-13) 
guarantees  (A-11).  This  proves  condition  (4). 


Appendix  B 


Proof  of  Theorem  1 : 


For  square  matrices  G  and  L, 


I  +  GP.  «  I  +  (1  -  6 )G  +  6  GL  =  (I  +  G)[  I  +  5 (I  +  g"^)  ^(L  -  I)  ]  (B-1) 

0 


The  invertibility  of  i+GP^  for  all  6et0,  1]  and  s  e  is  guaranteed  by 


(  I  +  g"^  )~^  HIl  -  ill  <  1  ;  BCD, 
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(B-2) 


This  proves  (3)  as  a  sufficient  condition  for  robust  stability.  This  proof 
is  a  trivial  generalization  of  the  proof  of  (1)  (see  [S]).  Now  for  6e[0, 


1)  and  s  cDq,  the  invert ibility  of  I+GP.  is  guaranteed  by 

K.  6 

||(  I  +  -  l||  1  ;  seDj^  (B-3) 

due  to  the  6  in  the  right-hand  side  of  (B-1).  At  6  “  1, 

(I  +  GPg  )  =  (I  +  GL)  ,  whose  invertibility  is  given  in  the  assumption.  This 
proves  Theorem  1 . 


Appendix  C 


Proof  of  Theorem  li 

Theorem  2  can  be  proved  by  modifying  a  proof  shown  in  Lehtomaki,  et  al 
[ll.  First,  it  can  be  shown  by  using  the  norm  definition  that 
■^(Pj  ^  -  I)  <  a  if  and  only  if 

a^P^^Pg  -  (  P^  -  1  )^(  P^  -  1  )  >  0  (C-1) 

where  the  superscript  H  denotes  Uermitian  transpose,  ">  0"  denotes  positive 
definiteness,  and  P^  is  given  in  (A-1).  The  variable  s  has  been  suppressed 
again  for  brevity.  Expanding  the  left-hand  side  of  (C-1)  gives 

^  P  6  ■  ^  Pd  "  ^  ^ 

-6^[  a  Vl  -  (L  -  I)“(L  -  I)  1  +a^(l  -6  )[  (1  -6  )I  +  6  (L  +  l”)  ]  (C-2) 


Now,  a(L  -  I)  Cl  ^  1  is  equivalent  to 


l“  +  L  ^  i  +  (i-a2  (C-3) 

The  right-hand  side  of  (C-3)  is  positive  definite,  therefore  (L^  +  L)  is 
positive  definite,  which  makes  the  second  term  on  the  right-hand  side  of 
(C-2)  positive  definite  for  all  6  e  [0,  1).  Therefore, 

o(L  ^-I)  ^  a  guarantees  that  a(Pg“^  -  I)  <  a  for  all  6e[0,  1).  This 
fact  and  condition  (10)  lead  to 

-1  1  “ 
a((P  ^  -  I)(I  +  G)'^]  4  - — -  <  -  1  (c-4) 

5(1  +  G)  5(1  +  G) 

(A-12)  and  (C-4)  guarantee  that 

det(  I  +  GP^  )  5^  0  ;  a  e  ,  6e[0,  1)  (C-5) 

Note  that  (C-5)  is  different  from  (A-11)  in  the  interval  of  6  .  However, 
for  5*  1,  Pg  =  L(s).  The  nonsingularity  of  I+G(s)P^(s)  is  guaranteed  by 
(l6).  This  proves  Theorem  2. 


Appendix  D 


Proof  of  Theorem 

We  shall  show  that  if  the  matrix  norm  is  subordinate  to  some  vector 
norm,  then  for  L  =  diag[  ,  •  *  * ,  ], 


There  is  no  loss  of  generality  in  assuming  that  ^ 

i  ■  1,  2  ,  •  •  •  ,n-l .  Let  x«  (1,  0,  O,***,  0).  Then 


11‘ill  -  |Ns  ■  |^iH|s||  < 


(D-2) 


Therefore 


IIMI 


(D-3) 


Since  the  matrix  norm  is  subordinate  to  some  vector  norm  there  exists  a 
vector  y  satisfying 


(D-4) 


||‘•z|l  *  ||‘  Vi"  Vz-'  •  •’  V.  >11 


■  lull'll*  ’l'  >11  *°"’> 


Let  K  signify  a  convex  body  that  is  symmetrical  vith  respect  to  all  axes 

and  centered  at  the  origin  of  the  complex  space  C°.  Since  \t.lt.  |  4  1  for 

I  1  I 

i  *  2,  3,*  *  n,  if  such  a  convex  body  K  contains  y,  it  must  also  contain 

(  yj,  ’  *  *’ 


|y||  ^  ||(  yi.  12^21^1*  •  •  •  .  ^ 


(D-6) 
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In  view  of  (D-4),  (D-5)  and  (D-6)  we  see 


L  ^  U 


(D-7) 


Combining  (D-3)  and  (D-7)  establishes  (D-1).  Now  let  E  be  defined  by 
(A-4),  and  by  (A-1).  Since  L(s)  is  diagonal,  E(s)  is  also  diagonal.  Let 
the  iith  element  of  E(s)  be  e^Cs).  Invoking  (A-5) ,  (A— 9)  and  (D-1)  gives, 
for  5  £(0 ,  1 ) 


-  lj[  =  Ilfip^'^LEl  =  |6  [  I  +  (1  -  6  )E  ]  ^E 


max 

i 


1  +  (1  -  6 )e^ 


max 


e . 
1 


B+  (  3-  l)e. 


(D-8) 


where  3=  1/5  .  However,  since  I  e^  j  *=  j{l/£^(s)}-l  ^  land  l/tAs)  f  0  for 


all  i,  we  have  e^(s)ii‘-l,  and  therefore 


3+  (  3-  >  1 


(D-9) 


for  all  i.  Therefore,  for  all  6e(0»  D 


^6"'  -  ^ 


<  max  le^|  =||E||^  1 


(D-10) 


It  is  obvious  that  (D-10)  holds  for  ^  =  0.  Therefore, 


«  *  Pr“^  -  I 


(I  +  G) 


-1| 


-1  • 

L  -  I  I  • 


(I  +  G) 


-1 


^  1  (D-11) 


for  ^£[0,  1).  Note  that  the  last  two  inequalities  in  (D-11)  are  different 
from  those  of  (A-13},  and  the  intervals  of  6  are  also  different.  Nov 
(D-11)  again  guarantees  (C-5).  Since  at  6"  1,  (I  ♦  ■  (I  ♦  GL),  whose 
nonsingularity  is  given  in  the  assumption,  the  system  of  Fig.  1  is  stable. 
This  proves  Theorem  3. 
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Abstract 

In  this  paper,  the  aspect  of  'Stability  Robustness'  of  linear  systems 
is  analyzed  in  the  time  domain.  A  bound  on  the  perturbation  of  an  asymptotically 
stable  linear  system  is  obtained  to  maintain  stability  using  Liapunov  matrix 
equation  solution.  The  resulting  bound  is  shown  to  be  an  improved  upper 
bound  over  the  ones  recently  reported  in  the  literature.  The  proposed 
methodology  is  then  extended  to  Linear  Quadratic  (LQ)  and  Linear  Quadratic 
Gaussian  (LQG)  Regulators.  Examples  given  include  comparison  with  an  aircraft 
control  problem  previously  analyzed. 
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Nomenclature 


Real  vector  space  of  dimension  a 
Dirac  delta 
Belongs  to 

Spectral  radius  of  the  matrix  [  ]  = 

The  largest  of  the  modulus  of  the  eigenvalues  of  [  ] 
Singular  values  of  the  matrix  [  ] 

Eigenvalues  of  the  matrix  [  ] 

S>Tiunetric  part  of  a  matrix  [  ] 

Modulus  matrix  =  Matrix  with  modulus  entries 
For  all  i 

Euclidean  norm  of  a  matrix  [*] 

Spectral  norm  of  a  matrix  [•]  = 


Introduction 


In  the  present  day  applications  of  control  systems  theory  and  practice, 
one  of  the  fundamental  challenges  a  control  designer  is  faced  with  is  to  account 
for  and  accommodate  the  inaccuracies  in  the  mathematical  models  of  physical 
systems  used  for  control  design.  It  is  the  inevitable  presence  of  these  errors 
in  the  model  used  for  design  that  eventually  limits  the  attainable  performance 
of  the  control  system  designs  produced  by  either  classical  (frequency  domain) 
or  modem  (time  domain)  control  theory.  Thus,  it  is  clear  that  'robustness 
is  an  extremely  desirable  (sometimes,  necessary)  feature  of  any  proposed 
feedback  control  de.;ign,  especially  for  large  scale  linear  regulators. 

For  our  present  purposes,  a  'robust'  control  design  is  that  design 
which  behaves  in  an  'acceptable'  fashion  (i.e.  satisfactoril)’  meets  the  s>'stem 
specifications)  even  in  the  presence  of  modeling  errors.  Since  the  system 
specifications  could  be  either  in  terms  of  stability  and/or  performance 
(regulation,  time  response,  etc.),  we  can  conceive  two  t>'pes  of  robustness, 
namely  'Stability  Robustness'  and  'Performance  Robustness'.  Limiting  our 
attention  in  this  research  to  'parameter  errors'  as  the  tvq^e  of  modeling  errors 
that  may  cause  instability  or  performance  degradation  in  the  system,  we  formally 
define  'stability  robustness'  and  'performance  robustness'  as  follows: 

'Stability  Robustness':  Maintaining  closed-loop  system  stability  in  the 
presence  of  modeling  errors,  mainly  parameter  variations. 

'Performance  Robustness':  Maintaining  a  satisfactory  level  of  performance 
in  the  presence  of  modeling  errors,  mainly  parameter  variations. 

This  paper  addresses  the  aspect  of  'Stability-Robustness'  in  multivariable 
LQG  regulators.  Even  though  the  aspect  of  'Performance  Robustness'  (or 
'regulation  robustness',  to  be  more  precise  for  the  case  of  regulators)  is 
equally  important,  it  is  known  that  'Performance  Robustness'  studies  assume 
or  require  stability  to  start  with.  This  paper,  therefore,  concentrates  on 
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the  stability  robustness  aspect.  The  recent  published  literature  on  this 
'Stability  Robustness’  analysis  can  be  viewed  from  two  perspectives,  namely 
i)  frequency  domain  analysis  and  ii)  time  domain  analysis.  The  analysis 
in  frequency  domain  is  carried  out  using  the  singular  value  decomposition 
[1-4],  where  the  nonsingularity  of  a  matrix  is  the  criterion  in  developing 
the  robustness  conditions.  Barrett  [4]  presents  a  useful  summary  and 
compariosn  of  the  different  robustness  tests  are  available  with  respect 
to  their  conservatism.  Bounds  are  obtained  by  Kantor  and  Andres  [5]  in 
frequency  domain  using  eigenvalue  and  M  matrix  analysis.  On  the  other 
hand,  the  time  domain  stability  robustness  analysis  is  presented  using 
Liapunov  Stability  Analysis  starting  from  Barnett  and  Storey  [6],  Bellman 
[7],  Desoer  et  al .  [8]  Davison  [9],  Ackermann  [10],  Franklin  ^  Ackermann 
[11],  Barmish  et  al  [12],  Eslami  et  al .  [13]  (in  the  context  of  robust 
controller  design).  Despite  the  availability  of  considerable  anaylsys 
in  the  time  domain  stability  conditions  in  the  above  references,  explicit 
bounds  on  the  perturbation  of  a  linear  system  to  maintain  stability  have 
been  reported  only  recently  by  Patel,  Toda,  Sridhar  [14]  Patel  and  Toda 
[15]  and  Lee  [16].  In  [15],  bounds  are  given  for  'highly  structured 
perturbations'  as  well  as  for  'weakly  structured  perturbations'  (according 
to  the  classification  given  by  Barrett  [4]),  while  Lee's  condition  [15] 
treats  'weakly  structured  perturbations'.  Highly  structured  perturbations 
are  those  for  which  only  a  magnitude  bound  on  individual  elements  of  the 
perturbation  matrix  is  known  for  given  model  structure.  Weakly  structured 
perturbations  are  those  for  which  only  a  spectral  norm  bound  for  the  error 
is  known. 

In  this  paper,  the  analysis  is  carried  out  in  the  time  domain  (  in  the 
lines  of  Patel  5  Toda  [15]).  A  new  mathematical  result  is  presented  [17] 
for  the  case  of  highly  structured  perturbations  provides  an  improved  upper 
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bour.d  over  [15],  An  aircraft  control  example  is  presented  which  illustrates 
the  ’optimism'  of  the  proposed  bound  compared  with  the  one  provided  by  [15] 
The  analysis  is  then  extended  to  the  case  of  LQ  [Linear  Quadratic)  and  LQG 
(Linear  Quadratic  Gaussian)  Regulators.  The  usefulness  of  the  proposed 
analysis  in  designing  'robust'  controllers  is  discussed. 

Stability  Robustness  Measures  in  Time  Domain 


for  Linear  State  Space  Models 


In  this  section,  we  first  present  the  recently  available  robustness 


measures  of  Patel  et  al .  [15].  Then  a  new  robustness  measures  is  presented 
for  structured  perturbation  and  this  measure  is  shown  to  be  an  improved 
measure  in  the  sense  that  it  is  less  conservative  than  the  result  of  [15 


Robustness  Measures  Due  to  Patel  and  Toda: 

In  ref.  [15],  Patel  and  Toda  consider  the  following  state  space 
description  of  a  dynamic  system, 

x(t)  =  A  xCt)  +  E  x(t)  =  (A  +  E)  x(t)  (1) 

where  x  is  the  n  dimensional  state  vector  (R*')  ,  A  is  an  nxn  time  invariant 
asymptotically  stable  matrix  and  E  is  an  nxn  'error'  matrix.  However,  in  a 
practical  situation,  one  doesn't  exactly  know  the  matrix  E.  One  may  only 
have  knowledge  of  the  magnitude  of  the  maximum  deviation  that  can  be  expected 
in  the  entries  of  A,  In  this  case  (highly  structured  perturbation),  the 


entries  of  E  are  such  that 


E.  .  <  G 

'  ij  '  - 


where  c  is  the  magnitude  of  the  maximum  deviation. 
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For  this  situation,  it  is  shown  in  [15],  that  the  system  of  (1)  is 
stable  if 


t  < 


-  1 
=— 


n  o  [FT 
max  ‘  ■' 


(5a) 


or 


<  V, 


1 


max  [  P ] 


where  P  is  the  solution  of  the  Lyapunov  matrix  equation 


(5b) 


A  P  +  PA  +  21^  =  0  (I^  is  an  nxn  identity  matrix).  (4) 

Now,  in  what  follows,  we  present  the  main  mathematical  result  (as  a  new 
theorem  [17])  which  forms  the  basis  for  developing  a  condition  for  the  stability 
of  a  perturbed  matrix. 

Main  Result:  Let  F  and  E  be  two  real  matrices. 


Lemma  1 :  If  F  is  negative  definite,  then  the  matrix  F  +  E  is  negative  definite  if 

(5) 

r\  ^  ^ 

Proof:  Gi\en  in  Appendix  A. 

he  now  apply  the  above  result  to  get  an  upperbound  for  the  perturbation 
matrix  E  of  svstem  (1),  assuming  highly  structured  perturbation. 

Thee rem  I :  [he  system  matrix  A  +  E  of  (1)  is  stable  if 

C6a) 


a)  ,E  =  e  < 

1  1  max 


1 


0  ^iTPTu  ]  * 

mn  V  ^  ‘  '  fi  ■*  « 


max  '  'ns 


wliere  U  is  an  nxn  matrix  whose  entries  are  unity  i.e'.,  U  .. 

n  ’  nij 

j=l,...n  and  P  satisfies  the  Liapunov  equation  given  by  (4). 


1  for  all  i. 


Proaf :  Cnen  in  Appendix  B. 


3-149 


Exanple  1:  We  consider  the  same  example  as  the  one  considered  in  Ref  [15], 
The  nominal  stable  matrix  is 


mi  - 


Applying  the  analysis  of  [ISJ,  and  this  paper,  the  following  bounds 


are  obtained 


Patel  5  Toda 


Yedavalli 


C.  I'll 


0.  Z3L 


Thus,  the  proposed  robustness  measure  gives  an  improved  upper  bound. 

For  many  other  examples  considered,  it  was  seen  that  in  general 

In  fact,  the  following  theorem  guarantees  the  same  for  a  class  of  systems 


Theorem  2:  The  bound  ^ 


if  Ipl  :r  p 


Proof:  It  can  be  seen  that,  for  |P|  =  P 

o  ,  (1p|u  )  <  o  (PU  )  <  o  (P)  o  (U  )  <  0  CF)  n  (10) 
max  ''ns—  max  n  —  max  ^  max  n  —  max 


Thus,  0^  ^  (jPlU  )  -  0  (P)n 

max  '  'ns  max 


A'--.--', 
-  -‘!v' 


a l(IP|U  )  J  ±  a  [P] 
max^^'  '  n's^  max^  ■* 


Incidentally,  in  example  1,  it  happens  that  jpj  =  P.  From  the  experience 
with  many  other  examples,  it  is  conjectured  that  is  always  greater  than 

or  equal  to with  no  restrictions,  on  P,  and  efforts  are  underway  to 


investigate  the  same. 
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Extension  to  Linear  Regulators 


Let  the  above  system  be  evaluated  for  any  control  u  by  the  quadratic 


performance  index 


J  =  lim  -J-  E  j»  [(y^(T)  Q  y  (t)+u^(t)p^R^  u 


(T)]  dT 


(i:) 


t-K®  0 

Where  scalar  >  0  and  Q,  are  (kxk)  and  (mxm)  symmetric,  positive 
definitive  matrices,  respectively. 


For  the  case  of  a  deterministic  system,  the  following  modifications 
in  the  system  description  are  in  order: 
i)  Dw  =  0,  V  =  0 

T 

ii)  the  initial  condition,  x(0)  =  x  ,x  x  =  X 

o  o  o  o 

and  the  index  J  of  (20)  reads 
00 

J  =  {  [y'^(t)  Q  y  (t)  +  u"^  (t)  p^  R^  u(t)]dt  (IS) 

If  the  state  x(t)  of  the  stochastic  system  is  estimated  as  a  function 
of  the  measurements  we  assume  the  state  estimator  to  be  of  the  following 
structure 

^  /S  /N 

x(t)  =  A  X  (t)  +  G  z  (t)  (19) 

where 

z(t)  =  z(t)  -  M  x(t) 

is  called  the  'measurement  residual'.  For  a  'manimum  variance'  requirement 
the  estimator  of  (19)  is  the  standard  Kalman  filter  [18].  We  refer  to  the 
system  presented  in  this  section  as  the  'Basic  System'. 

Also, the  following  assumptions  are  made  with  respect  to  the  model 


described  by  equations  (13). 


Assviniption  1:  The  matrix  pairs  [A  ,  B]  and  [A,  D]  are  completely 
controllable  and  the  pairs  [A  ,  C]  and  [A  ,  M]  are  completely  observable. 


Case  1:  LQ  Regulators: 

For  this  case,  the  nominal  closed  loop  system  matrix  is  given  by 
Agj^  =  A  +  BG  (20a) 

where  G  ='^  R  "^B  (20b) 


and  KA  +A^K  -  KB  +  C^QC  =  0 

Pc 


(20c) 


Let  AA,  AB  be  the  maximum  modulus  perturbations  in  the  system  matrices  A^B 
respectively.  Then  the  perturbed  system  matrix  is 

Aclp  =  CA^A.A)  +  (B+AB)G  (21) 

Design  Observation  1:  The  perturbed  LQ  Regulator  system  is  stable  for  all 
perturbations  in  A5B  (in  the  sense  of  (2))  if 

£  =  (  ABISI  +  ]  (22a) 

max  I  n-'cJ  '•  •' 


n  s^ 


where  P  satisfies 
T 


A_,  P  +  P  A„,  =  -2  I 

CL  CL  n 


(22b) 


Note  that  |  Ie]  |  and  functions  of  the  control  gain  G. 

Case  2:  LQG  Regulators; 


For  this  case  the  optimal  control  for  nominal  values  of  the  parameters 
is  given  by 


1  -It'' 

U  =  G  X  =  -  -5—  R  b'  K  X 


X  =  A  X  +  B  u  +  G(z  -  M  x) ,  x(0)  =  0 


(23b) 

(23c) 


(A  +  BG-GM)  x  +  Gz 


-  T  - 1 
P  M  V  ^ 
o 


(23d) 


and  P  and  K  satisfy  the  algebraic  matrix  Riccati  equations 

R’^ 

KA  +  A^K  -  KB  — -  B  +  C^QC  =  0  (23e) 

-1 

V 

?A^+  AP  -  PM^  — -  mP  +  DWD^  =  0  (25f) 


The  nominal  closed  loop  system  is  given  by 


(24a) 


0 


X 


G 


X 


(24b) 


where  A  =  A  +  BG 
c 


G  M  and  the  closed  -  loop  system  is  asymptotically 


Stable. 

We  are  now  interested  in  examining  the  stability  robustness  of  the 


closed-loop  system  in  the  presence  of  parameter  variations  alone. 

Let  L\,  AB,  AC,  AM  and  AD  be  the  maximum  modulus  perturbations  in  the 
system  matrices.  A,  B,  C,  M  and  D  respectively.  Then  the  perturbed  system 


matrix  can  be  written  as 


'CLP 


(25) 


A+M  (B+AB)  (G+AG)  I 
(G+AG) (M+AM)  A^+AA^ 

Design  Observation  2:  The  perturbed  IXJG  regulator  system  is  stable  for  all 
'  ^ 

perturbations  in  A.B.C.M.  D.G^G  (in  the  sense  of  (2)) if 

1  _ _ 


max 


I(|PlU„)eI 


(26) 


where 


^CL  ^ 


BG 


£  = 


GM 

AA 


cj 


ABlG|+  |B+AB)llAGj 


|G|AM+  1M+AM)11AG|  aa^ 


(27) 


and  P  satisfies  equation  (22b) 


HL  I»n  ^  "^orCK*^  -Vtirr+icr,.. 


Discussion  of  the  Design  Observations 


Some  discussion  about  the  implications  of  these  design  observations  is 
now  in  order.  First,  it  may  be  noted  that  the  proposed  stability  conditions 
are  similar,  conceptually,  to  the  frequency  domain  results  reported  in  Ref. 

[1  ].  However,  there  are  also  some  interesting  differences  between  these 

two  (frequency  domain  and  time  domain)  versions.  Some  preliminary  observations 
are  presented  in  the  following  sections.  Secondly,  these  design  observations 
are  useful  in  many  ways  in  both  the  analysis  and  synthesis  of  robust  controllers 
These  are  discussed  in  later  sections. 


a)  Comparison  and  Contrast  Between  Frequency  Domain  Analysis  and  The 


Time  Domain  Analysis 

The  main  differences  between  the  frequency  domain  treatment  and  the 

time  domain  treatment  are  as  follows: 

i)  In  the  frequency  domain  treatment  the  stability  robustness  condition 

involves  the  calculation  of  singular  values  of  a  complex  matrix  at  various 

frequencies.  In  the  stability  conditions  of  time  domain,  no  time  dependence 

Singular 

is  present.  Only  the  '  values  of  a  real  5>Tmnetric  matrix  are  to  be  computed 


ii)  In  the  case  of  frequency  domain  results,  the  perturbations  are 
mainly  viewed  in  terms  of  'gain'  and  'phase'  changes  [  19]-  In  the 
proposed  time  domain  analysis  the  perturbations  are  viewed  as  'system 
parameter  variations'  with  constant,  fixed  gains.  It  may  be  noted  that  in 
the  time  domain  treatment  the  nominally  stable  closed- loop  matrix  and  the 
perturbed  closed- loop  matrix  are  both  functions  of  the  constant  controller 


iii)  In  the  frequency  domain  treatment,  considering  an  uncertainity , 
for  example,  as  an  additive  perturbation  .several  stability  robustness 
conditions  can  be  written  which  do  not  imply  each  other  for  practical 
systems  [20],  In  the  present  time  domain  approach  such  difficulty  is 
not  present  as  the  perturbations  are  modelled  as  additive  perturbations 
and  yield  only  one  robustness  test. 

These  are  some  of  the  preliminary  observations  made  with  respect  to 
the  frequency  domain  and  time  domain  approaches  for  'stability  robustness'. 
Evidently  further  in-roads  have  to  be  made  in  the  investigation  of  this 
relationship  and  this  is  suggested  as  a  future- research  topic.  In  the 
following  section,  the  usefulness  of  the  proposed  design  observations  is 
briefly  discussed. 

b)  Usefulness  of  the  Design  Observations 

The  proposed  design  observations  are  helpful  in  many  ways. 

•  Given  the  perturbations  M,  AS,  and  AM  one  may  determine  the  controller 
gains  to  achieve  stability  robustness. 

.  This  type  of  Perturbation  Bound  Analysis'  can  be  used  to 
compare  different  models  and  control  design  schemes  from  a  stability  robustness 
point  of  view,  as  well  as  in  'Robust  Controller  Design'. 

•Finally  these  tests  ran  find  applications  in  spillover  reduction 
paoblems  and  sensor/actuator  location  problems. 


Application  to  an  Aircraft  Control  Problem 
he  now  consider  two  same  application  example  as  the  one  considered  by 


Patel  ,  Toda  5  Sridhar  in  ll4l.  For  completeness  sake,  we  briefly  reproduce 
here  the  mathematical  model  of  [14]. 


In  [14],  the  system  chosen  is  the  flare  control  of  the  Augmentor  Wing 
Jet  STOL  Research  Aircraft  (AWJSR.A) .  The  purpose  of  the  flare  control  is 
to  make  a  smooth  transition  from  an  initial  steep  flight  path  angle  of  -7.5 
on  the  glide  slope  at  an  altitude  of  approximately  65  ft  to  a  final  smaller 
flight  path  angle  (-1°)  more  appropriate  for  touchdown. 

The  equations  for  the  longitudinal  dynamics  of  the  AKJSRA  at  an 
airspeed  of  110  ft/s  and  flight  path  angle  of  -1“  are  given  by 

X  =  A  X  +  B  u 

where 

X  =  [6v  6y  60  (Sq 
T 

u  =  [6e  6n] 

6v  =  change  in  airspeed,  ft/s 

6y  =  change  in  flight  path  angle,  deg 

69  =  change  in  pitch  angle,  deg 

6q  =  change  in  pitch  rate,  deg/s 

6h  =  deviation  from  nominal  altitude,  ft 

6e  =  change  in  elevator  deflection,  deg 

6n  =  change  in  nozzle  angle,  deg 


-0.0547 

-0.298 

-0.2639 

-0.0031 

0.0 

0.16 

-0.4712 

0.4661 

0.0437 

0.0 

A  = 

0.0 

0.0 

0.0 

1.0 

0.0 

0.1752 

0.1236 

-0.1236 

-1.3 

0.0 

-0.0174 

1.92 

0.0 

0.0 

0.0 

- 

— 

-0.00315 

-0.0943 

0.0408 

0.0224 

B  = 

0.0 

0.0 

-1.1200 

-0.08 

0.0 

0.0 

- 

• 

The  open  loop  poles 

of  the 

system  are  at 

0.0,  -0.0105  ± 

jO. 2757, 

-0.6757  and  -1.129. 


Tne  Performance  index  considered  is 


J 


J 


T 

x'q 


X  4  u  Ru)  dt 


(29a) 


with  R=  Diag  [16,  0.5]  and  Q  =  ql^.  (29b) 

Applying  the  analysis  of  [15]  and  this  papei;  the  bounds  Uy  and  Pp 

and  their  variation  with  q  are  summarized  in  Table  1  and  Fig.  1.  Here 

and 


Clearly  it  is  seen  that  Uy  is  greater  than  pp  for  the  values  of  q 
considered  and  the  'optimism'  of  py  over  ^  increases  as  q  is  increased. 

Conclusions 

In  this  paper,  stability  robustness  analysis  is  carried  out  in  the  time 
domain,  which  promises  to  be  a  viable  supplement  and/or  alternative  to  the 
frequency  domain  approach,  particularly  for  Linear  State  Space  models. 

An  improved  upper  bound  on  the  perturbation  of  an  asymptotically  stable 
linear  system  is  obtained  which  is  easy  to  determine  numerically.  Extension 
to  LQG  regulators  is  discussed  which  offers  extensive  scope  for  further 
research.  Some  advantages  of  this  time  domain  approach  are  i)  tractability 
of  problem  formulation  ii)  explicit  consideration  of  model  error  information 
and  iii)  computational  simplicity,  among  others.  Further  research  is  being 
carried  out  on  obtaining  similar  improved  robustness  measures  for  'weakly 
structured  perturbations'  and  for  different  t>’pes  of  modeling  errors  such 
as  'truncated  modes'  and  'nonlinearities'as  well  as  the  application  of  this 
kind  oT' perturbation  Bound  Analysis"  in  designing  'robust'  control  systems. 
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Table  1 

Variation  of  I'p  ‘'ith  q 


q 

Fig.  1 

Plot  of  u  vs  q 
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Proof  of  Lemma  1: 

Let  p[(E^(F^)’^) J  <  1 

max 

-<■  |X.  (E  (F  )'^)  I  <  1 

'  1  s  s  s' 

-  1  +  X.{[E  (F  r^]  }  >  0 

1  s  s  s 

*  '-id  ♦  CE^CF^)-')^)  >  0 

-  *  E3(F3)-*]3)  >  0 

-*  [I  +  is  positive  definite 

-*■  [I  +  ^s^^s^  positive,  real  eigenvalues  because  1)  if 

A^and  are  positive  definite,  AB^has  positive 
real  eigenvalues.  (Ref.  [21,  6]) 
and 


2)  If  Aj is  negative  definite,  -A^is  positive 
definite  and  hence  -F^  is  positive  definite 
(Ref.  [6]). 

^  ^  ^s^  positive,  real  eigenvalues 

[because  [I  +  E^(F^)"^]  [-Fj  =  -(F^  +  E^  )] 

+  *  ^s^  positive  definite  (because  -  (F^  +  E^)  is  symmetric  too) 

+  (F^  +  E^)  is  negative  definite 

>  (F+E)  •  j  r-  • 

s  IS  negative  definite  •  . 

♦  (F+F.)  is  negative  definite 


(F+E)  has  negative  real  part  eigenvalues 
(F+E)  is  stable. 
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4.  I'FTNC  SINGULAR  VALUES  TO  PESIGN  A  GOOD  MULTIVARIABLE  CONTROL  LOOP 


Now  rhat  we  have  seen  some  of  the  tools  available  to  analyze  a 
multivariable  control  system.  It  Is  time  to  turn  our  attention  to 
synthesis.  Before  we  can  attempt  to  design  a  good  controller,  we  must 
define  what  constitutes  a  good  multivariable  control  loop.  First,  since 


It  should  be  more  comfortable,  we  will  discuss  the  SISP  control  loop. 

Most  of  this  section  Is  taken  directly  from  Reference  [4-11.  Then,  with  /  . 

the  help  of  singular  values  and  matrix  theory,  we  will  extend  these  lll^. 


ideas  to  the  multivariable  case. 


Fig  4.1  A  Generic  SISO  Control  System 


where 


r(i.)  -  Input  command  reference  signal 


el's)  -  error  signal 

u(s)  -  control  input  signal 

d(s)  -  (outputl  disturbance  signal 

yfs)  -  output  signal 

nfs)  -  sensor  noise  signal 
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V  /  .*  <> 


gCs)  -  plant  transfer  function  (given) 

k(s)  -  compensator  transfer  function  (to  be  designed) 

Now  we  can  derive  some  relationships  between  the  different  varieHes 
v(s)  =  dfs)  +  g(s)k(s)e(s)  ^4.1) 

efs)  =  r(s)  -  fnfs)  +  v(a)l  (4.2) 

Plugging  (4.2)  into  (4.1)  and  rearranging  yields 
y(s)  »  d(s)  +  g(s)k(s) fr (s)  -  n(s)  -  y(s)] 

“  d(s)  +  g(s)k(s)r(s)  -  g(s)k(s)n(s)  -  g(s)k(s)y(s)  (4.3) 
or 

fl  +  g(s)k(s)]  y(s)  =  g(s)k(s)r(s)  +  d(s)  -  g(s)KR)n(s)  (4.4) 

Dividing  both  sides  of  (4.4)  by  f 1  +  g(s)k(s)l  yields 

g(s)k(s)  1 

y(R)  =  -  fr(s)  -  n(s)l  +  -  d(s)  (4.5) 

1  +  g(s)k(s)  1  +  g(R)k(s) 

Equation  (4.5)  relates  how  the  commands,  disturbances,  and  sensor  noise 

each  affect  the  output.  To  provide  more  common  terminology, 

g(s)k(s)  -  open-loop  (loop)  transfer  function 

1  +  g(F)k(s)  -  return  difference  transfer  function 

g(s)k(s) 

-  -  closed-loop  transfer  f»<nctlon 

1  +  g(s)k(s) 

1 

-  -  sensitivity  transfer  function 

1  +  g(8)k(s) 

We  will  now  procede  to  give  a  qualitative  description  of  what  consti¬ 
tutes  a  "good"  loop  transfer  function. 


4.1.1  Closed-Loop  Stability 


First,  the  closed-loop  transfer  function  must  be  stahlr  -  tha 


is,  the  roots  of  1  +  g(s)k(s)  =  0  must  all  lie  in  the  left-hall  s-plane 
Without  closed-loop  stability,  a  discussion  of  performance  is 


[  W,*ii 


meaningless.  It  Is  critically  Important  to  realize  that  the  compensator 
k*fs')  Is  actually  designed  to  stabilize  a  nominal  open-loop  plant, 
g*^s).  Thus,  the  nominal  closed-loop  transfer  function  Is 


g*(s)k*(s) 

1  +  g*(s)k*(8) 


(4.6) 


This  is  what  we  design  to  be  stable,  and  will  learn  techniques  to  do  so 
later.  Unfortunately,  the  true  plant  Is  different  from  the  nominal 
plant  duo  to  unavoidable  modelling  errors,  denoted  by  6g(s).  Thus,  the 


true  plant  may  be  represented  by 
g(s)  =  g*<'s)  +  6g(a) 

and  the  true  closed-loop  transfer  function  Is 


gpj(s)  = 


fg*(s>  4  5g(s)]k*(s) 

1  +  [p*(s)  +  6g(s)1k*(s) 


(4.7) 


(4.P) 


This  transfer  function  must  also  be  stable,  and  knowledge  of  6g(6) 
should  Influence  the  design  of  k*(s).  In  the  following  discussion,  we 
will  assume  the  actual  closed-loop  system  of  (4.f!)  is  stable. 

/■.I, 7.  Command  Following  Performance 

Tvplrally,  we  desire  the  output  y(t)  to  follow  the  reference  input 


•*.  •f.  ■f, 

■> 


3 


r(t)  closely.  This  mav  be  represented  in  the  frequency  domain  by 


y  fs)  r(s) 


for  se  S 


(4.9) 


where  5^  denotes  the  set  of  frequencies  where  r(s)  has  most  of  Its 
1 reauencv  content.  For  common  Inputs,  such  as  steps,  ramps,  and 


•sinusoids,  most  of  thelf  energy  lies  in  the  low  frequencv  region. 

look  at  command  following  performance,  we  let  n(s)  =  d(s)  =  0. 
Then,  equation  (4.6)  becomes 
g/s)k (s) 

vfr'  -  ■'  . . .  r(s)  (4.10) 

1  +  pff-)k(s) 


vV.'-,* 


>*•  *.  *•  *.  *.  . 

"  V-  ! 


4-3 


It  Is  obvious  that  If  we  require 


1  +  g(s)k(s)  "large"  for  se  S^.  (4.11) 

which  in  turn  implies 


g(s)k(s)  "large"  for  se  '^4.1?) 

then  (4.9)  will  be  satisfied.  Thus,  for  good  command  following,  the 
return  difference  and  hence  the  loop  transfer  function  should  be  large 
for  the  range  of  reference  input  signal  frequencies. 

4.1.3  Disturbance  Rejection 

It  is  typically  desired  to  have  the  closed-loop  system  re-’ect 
disturbances.  To  see  what  is  required  for  this,  it  is  easier  we 
examine  the  error  signal,  e(s).  To  simplify  the  algebra,  let  nfsl  =  P, 
and  examine 

e(s)  =  r(s)  -  y(s)  i'4.]3'' 

Substituting  (4.1)  into  (4.13)  yields 

e(s)  »  r(s)  -  {d(s)  +  g(s)k(s)e(s) ] 

=  r(s)  -  d(s)  -  g(s)k(s)e(s)  (4.14) 

or 

[1  +  g(s)k(s) le(s)  =  r(s)  -  d(s)  (4.15) 

Now,  assuming  that  the  reference,  command  signal  rls)  =  0  so  that  the 
desired  output  y(s)  also  equals  zero,  dividing  both  sides  of  (4.15)  by 
1  +  g(s)k(s)  yields 

1 

e(s)  =  -  —————  d(s)  <4.16) 

1  +  g(s)k(s) 

It  is  Immedlatelv  obvious  from  the  above  that  disturbance  relectlcm  Is 
accomplished  if 

1  +  p(s)kfs)  "large"  for  se  S.  '4.17) 

which  Impllef 
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f;(s)k('s)  "larpe”  for  '’e  (4.18) 

Therefore,  for  pco^  disturbance  rejection,  the  loop  transfer  function 

must  he  large  at  the  frequencies  (denoted  bv  S  .)  where  the  disturbances 

o 

have  their  major  energy  content. 

4.1.4  Sensitivity  of  Command  Following  to  Modelling  Errors 
First,  let's  look  at  how  modelling  errors  affect  open-loop  command 
following.  Let  g*(s)  denote  the  nominal  plant,  and  y*(s)  the  nominal 
output.  Then 

y*(s)  =  g*(s)r(s)  (4.19) 

Now,  suppose  the  actual  plant  is  related  to  the  nominal  by 

n(s)  «=  ^*(s)  +  6g(s)  (4.20) 

Then  the  actual  output  Is 
v(s)  =  g(s)r(s) 

=  fg*(s)  +  6g(a)lr(s) 

=  g*{s)r(s)  +  6g(s)r(8) 

=  y*(s)  +  5g(s)r(s)  (4.21) 

If  we  define  6y(s),  the  deviation  of  the  actual  output  from  the  nominal 
due  to  modelling  errors,  by 

6y(s)  =6g(s)r(s)  (4.22) 

and  .^ivlde  (4.22)  by  (4.19)  we  get 
6v(s)  6g(s) 

-  =  -  (4.23) 

y*(s)  g*(s) 

Fouation  (4.23)  shows  that  In  open-loop  command  following  the  deviation 
6y(s>  of  the  output  is  proportional  to  the  modelling  error  6g(s).  This 
nav  be  unacceptable  if  the  modelling  error  is  appreciable. 

I’ovT  let's  examine  closed-loop  sensitivity.  Using  the  previous 
notat ion 
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R*(s)k(s) 

y*(s)  *  -  r^s) 

1  +  g*('8)k(s) 


(4.24) 


Note  that  the  asterisk  Is  dropped  from  k(s)  since  the  designed  is  the 
actual.  Using  (4.20)  -  (4.22), 


y(s)  ••  y*(s)  +  6y(s) 


rg*(s)  +  6g(s)lk(s) 

1  +  [g*(s)  +  6g(s)]k(s) 


(4.25) 


We  now  wish  to  find  the  ratio  to  compare  with  (4.23).  Fron 

Appendix  4A,  this  Is  given  by 

6y(s)  1  6g(s) 


6g(s) 


y*(s)  1  +  g(s)k(s)  g*(s) 


(4.26) 


It  Is  clear  to  see  that  if  the  loop  transfer  function,  and  hence  the 
return  difference.  Is  large,  then  a  significant  percentage  error  in 
modelling  the  plant  would  result  In  a  small  percentage  error  In  the 
output.  Thus,  in  any  frequency  region  where  loop  gains  are  high, 
command  following  Is  insensitive  to  modelling  errors  under  feedback. 

All  of  the  above  properties  of  feedback  systems  have  shown  that 
high  loop  gains  are  desirable.  First,  since  physical  systems  must  have 
more  poles  than  zeros,  g(s)  eventually  approaches  zero  and  thus  high 
loop  gains  are  not  achievable  at  high  frequencies  (unless  k(s)  is  very 
large  there).  More  Importantly,  there  are  limitations  on  performance 
from  several  factors  which  make  high  loop  gains  at  high  frequencies 
undesirable.  These  factors  will  now  be  discussed. 

4.1.5  Stability  P.obustness  with  Unmodelled  Dynamics 


In  almost  all  real  systems,  dynamics  at  high  frequencies  are  not 
well  known.  Furthermore,  to  limit  the  size  of  the  plant  to  a  tractable 
level,  many  times  these  dynamics  are  purposely  Ignored.  Unfortunately, 
Injecting  high  amounts  of  control  energy  Into  these  frequencies  may 


drive  the  poorly  tncdelled  or  neglected  dynamics  unstable.  Therefore, 
high  1ocp  gains  at  high  frequencies  may  destroy  the  stability  assumption 
we  made  In  our  prevleup  development,  and  thus  the  loop  transfer  function 
and  return  difference  must  he  "small"  at  high  frequencies. 

4.1.6  Sensor  Noise  Response 

let's  looV  at  our  equation  for  the  output  again. 

glslkCs)  1 

y(s)  =  -  fr(s)  -  n(s)l  +  -  dCsl  (4.5) 

1  +  gfslkfsl  1  +  g(s)k(s) 

lie  have  already  concluded  that  g(s)k(s)  should  he  large  at  frequencies 

where  r(s)  has  Its  energy,  typically  low  frequencies.  If  n(s)  also  has 

significant  energy  content  at  low  frequencies.  It  Is  obvious  that  these 

noises  will  be  passed  to  the  output,  thus  creating  a  serious  conflict  In 

obiectlves.  Fortunately,  sensor  noise  Is  typically  a  high  frequency 

phenomenon,  and  thus  it  is  desirable  to  make  g(s)k(s)  small  (see 

equation  (4.5)  above)  to  attenuate  its  affect.  Thus,  the  sensor  noise 

re-)ccrlon  requirement  Is 

g(s)k(s)  "small"  for  se  (4.?7) 

where-  denotes  the  frequencies  where  the  noise  has  its  malor  energy 
cor  tent . 

4.1.7  Bode  Diagram  Interpretation 

All  of  the  above  requirements  may  be  represented  graphically 
through  the  use  of  a  bode  magnitude  diagram.  Here  we  assume  that 
command  following  and  disturbance  rejection  are  to  be  accomplished  at 
low  f reouencles  while  sensor  noise  and  unmodelled  dynamics  dominate  at 
high  frequencies.  These  requirements  Impose  restrictions  on  the  size  of 
g(s)i'(s),  and  are  shown  as  "barriers"  on  Fig  4.2.  The  design  problem 


then  becomes: 


Given  a  plant  transfer  function  gfs),  find  a  compensator  k(s)  which 
yields  a  stable  closed-loop  system  and  whose  loop  transfer  function  has 
the  properties  shown  In  Fig  4.2. 


g(jw)k(jw) 


Frequencies  where  sensor  noise 
and  unmodelled  high  frequency 
dynamics  are  significant 


U) (rad/sec) 


Frequencies  for  good  command 
following,  disturbance  rejection, 
and  sensitivity  reduction 

Fig  4.2  Bode  Magnitude  Plot  of  a  "Good"  Loop  Transfer  Function 
4.2  Multivariable  Control  Loops 

Now  we  need  to  extend  the  SISO  Ideas  just  presented  to  multivari¬ 
able  systems,  and  try  to  quantify  them  as  well.  Once  again,  let's  look 
at  a  generic  multivariable  feedback  system,  as  shown  in  Fig  4.3. 


Fig  4.3  A  Generic  MIMO  Control  Systen 


All  of  the  variables  have  the  same  definitions  as  before,  except  here  the 
signals  are  vectors  of  signals  and  the  transfer  functions  are  transfer 
function  matrices.  Henceforth,  the  underbars  will  be  dropped.  The  input 
and  output  vectors  mav  not  be  the  same  dimension,  in  which  case  K(s)  and 
G(s''  are  not  square  matrices.  We  will  define  their  sip.es  more  specifically 
later. 

Again,  we  derive  some  of  the  relationships  between  the  variables 

e(s)  =  r(s)  -  n(s)  -  y(s)  (4.?8) 

y(s)  =  dfs)  +  Gfs)K(s)e(s)  (4.?9) 

T)  Output  equation:  Substituting  f4.28)  Into  (4.29)  we  get 

v(s)  =  d(s)  +  r(s)K(s)r(s)  -  G(s)K(s)n(s)  -  0(s)K(s)y(s)  (4.30) 

or 

fl  +  C(s)K(s) ly (f )  =  d(s)  +  G(s)K(s) {r(&)  -  n(s)l  (4.31) 

Premultiplying  both  sides  of  (4.31)  by  fl  +  G(s)K(s)]  ^  we  get  an  expression 
for  the  output,  giver  by 

v('F^  -  [1  4  G(s)K(s)rV,(s)K(s)fr(sl  -  nis)]  +  fT  +  C(s)K(s)  l~’d(s)  (4.3?) 

IT)  I'rror  equation:  To  examine  the  effect  of  noise  on  the  error  signal,  we 
neec  to  eliminate  n(s)  from  (4.?8).  Wliat  we  want  to  do  is  to  mlnimlpe  the 
effect  of  n(s)  upon  the  difference 

e^(s)  =  r(s)  -  vIr)  (4.33) 
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Representing  r(s)  in  (4.33)  bv  fl  *  G'p)K(s)1  11  +  r: (s)^^ (s)  1  r (r )  and 

substituting  (4.32)  into  (4.33),  we  get  (suppressing  the  functional 
dependence  on  s  in  the  intermediate  steps] 

e^fs)  =  [I  +  CkT'  (T  +  GKlr  -  (T  +  CKr’cKr  +  [T  +  CK.r'cKn  -  [t  +  rKl'^d 
=  [I  +  GKl'^r  +  (T  +  GKr^GKr  -  fl  +  GKl“’GKr 

+  (I  +  GK]”’GKn  -  (I  +  GKr’d 

=  fl  +  G(s)K(s)l“^rr(s)  -  d(s)]  +  (I  +  G(s)K(s) l“^Gfs)K(s)n(s)  (4.34 
III)  Sensitivity  equation:  In  order  to  examine  the  effects  of  open-loop 
plant  variations  on  the  closed-loop  output,  we  need  to  derive  an  equation 
for  closed-loop  sensitivity.  First  we  let  dfsl  =  n(s)  =  0,  and  let  C*fs) 
denote  the  nominal  plant  and  y*(s)  denote  the  nominal  output  to  a  command 
r(s).  Then 


y*(s)  =  fl  +  G*(s)K(s)r^G*(s)K(R)r(s'' 


f4.35 


Suppose  the  actual  plant  is  given  by 


G(s)  =  G*(s)  +  6G(s) 


f4.36 


which  results  in  a  change  of  the  output 
yfs)  =  y*<'s)  +  6y(s) 


(I  +  {G*(s)  +  6G(s)}K(s)1  {G*(r)  +  Gfs)} K fs) rfs) 


(4.37 


After  some  fancy  linear  algebra,  similar  to  that  in  Appendix  4A,  we  get  the 


following  result 


6y(s)  =  (I  +  G(R)K(a)l  ^6G(s)  [G*(s)  r^*(s) 


(4.3P 


Finally,  defining  some  terminology 
G(s)K(s)  -  loop  transfer  matrix 
I  +  G(s)K(s)  -  return  difference  matrix 
fl  +  G(s)K(s)l  ^  -  Inverse  return  difference  matrix 


fl  +  G(s)K(s)]  G(s)K(s)  -  closed-loop  transfer  matrix 


4.2.1  Singular  Values  as  a  Measure  of  Size  of  a  Matrix 


Krxt  we  will  use  the  relationships  derived  above  tr  exanine  what  Is 
required  of  the  loop  transfer  matrix  In  order  to  meet  our  performance 
Tcqulrements.  To  quantify  these  requirements,  we  first  need  a  measure  of 
the  "sine"  of  a  matrix.  Tn  the  STSO  case,  this  is  rot  a  problem  -  size  is 
simply  the  magnitude  o''  the  complex  number  you're  interested  In.  For  a 
matrix,  there  is  no  such  clear-cut  measure  of  size.  Flgenvalues  can  be 
shown  to  be  poor  m.easures  cf  size.  A  much  better  measure  of  size  is  the 
spect'-al  norm,  also  known  as  a  singular  value.  These  are  defined  In  detail 
In  Chapter  ?,  and  are  given  by 

o^^A)  =  (4.391 

A*A  Is  positive  semideflnltc  and  Hermltlan,  and  therefore  its  eigenvalues 
are  real  and  non-negative.  Therefore,  singular  values  are  all  real  and 
non-negative.  The  smallest  singular  value,  called  the  minimum  singular 
value,  Is  denoted  by  2(*).  The  largest,  called  the  maximum  singular  value, 
Is  denoted  by  o(*^.  2(A)  gives  a  measure  of  how  much  attenuation  the 

function  A  produces  on  a  given  signal;  a  (A)  a  measure  of  how  much 
amplification.  If  2(A)  =  0,  the  matrix  1s  singular  (does  not  have  full 
rank).  Therefore,  if  2(A)  Is  "large",  then  the  matrix  is  said  to  be  large. 
Conver.sc  Iv ,  If  ofA)  is  "small",  then  A  is  said  to  be  small.  Of  course, 
"small"  and  "large"  are  relative  terms  (the  same  problem  exists  In  the 
scalar  case  also) . 

feal''z£'  that  A  above  is  not  necessarily  a  constant  matrix.  For  our 
appl  1  ca '  ons ,  A  1  .s  a  transfei  function  matrix  of  some  t'vpe,  which  Is  a 
function  of  frequency.  Thl.s  should  not  be  confusing  -  In  the  SISO  case, 
niagnitude  Is  also  a  function  of  frequenrv.  The  singular  values  may  be 
plotten  against  frecuency,  thus  creating,  the  multivariable  extension  of  a 
Rode  plot.  These  will  be  called  singular  value  plots. 


4.2.2  Multivariable  Performance  Properties 

Now  we  will  use  sirpular  values  to  extend  the  perforr'ance  requi  rer'ents 
In  Section  4.1  to  the  multivariable  case.  Tr  order  to  quantify  the 
relationshlps,  we  will  replace  s  by  iw  so  that  we  are  workinp  In  the 
frequency  domain,  explicitly. 

For  good  command  following  flet  dfqw)  =  n(iw)  -  f') «  we  want 

y(jw)  =  rfiw)  V  w  <  w^.,  14. 

where  w^^  Is  the  active  frequencv  range  of  the  systei".  From  ecnatlor  ^4.'j;''i, 
this  means  we  want 

fT  +  G  (■1w)K  1  iw)  1  V'';iw)K(’iw)  =1  ¥  w  <  w^  14.4; 

looking  at  (4.33),  we  also  need 

Cjf-jw)  ah  ¥  w  <  w^  <'4.4'’i 

so  that,  from  (4,34’), 

(1  +  G(jw)F(;*w)l  ^  =  0  ¥  v  <  (4,43  ’ 

The  above  equation  says  that  we  want  the  Inverse  return  til  inference  tc  Ir 
small,  which  may  he  stated  as 

a  f{  1  +  C.(,iw)K(iw)}'^1  "small"  ¥  w  <  (4.44i 

Using  the  singular  value  Identity 

a(A)  =  1  /  £  (A~h  ''4.4.3'' 

this  may  be  rewritten  as 

0(1+  C(iw)K(jw)l  "large"  ¥  w  <  w^^  l'4.^ih') 

Rather  than  use  "large",  let's  define  p(w')  as  a  large,  pronJtlve  finc'^en  of 
frequencv,  so  that  (4.46)  becomes 

arT+C(iwlK(|w)l^p(wl  V  w<w  i'4.4”') 

Using  the  singular  value  inecualltv 

o  fG  ( jw)  K  ( iw)  1  -  1  ^  ofT  G(iw)K(iw)l  <  o  1 U  ( iw)K  (iwl  1  +  1  !4.4p'i 


we  may  conclude  that  (4.471  is  satisfied  If 


2fG^Tw)K(.1w)  ]  "large"  V  w  <  (4. 49) 

and  therefore  £.fG  f  jw)K(lw)  ]  approximates  £_fl  +  G(jw)Ffiw)].  This  last 
fact  also  guarantees  that  f4.41)  is  satisfied.  This  all  becomes  a 
1 est.^tement  of  the  fact  that  high  loop  gains  yield  good  command  following. 

’rrora  (4.12)  or  (4.34)  we  can  see  that  for  good  disturbance  rejection, 

(1  +  G(Jw)K(iw)  1  ^  =  0  ■¥  w  <Wp  (4.50) 

which  again  leads  to  equation  (4.47).  hooking  at  (4.38),  it  Is  clear  that 
large  loop  gains  will  also  reduce  sensitivity  to  low  frequency  modelling, 
error  s.  There:  .)re,  high  loop  gains  also  reject  disturbances  and  minimize 
sensiti vi ty . 

I'lgh  loop  gain  at  all  frequencies  Is  not  a  good  design  objective, 
however  (good  thing  -  for  real  systems,  it's  Impossible  anyway).  Assuming 
no  disttirhances  and  a  zero  reference  command,  (4.34)  gives  the  system  error 
response  as 

e,(iw)  =  fl  +  Gfjw)K(jw)r^G(jw)K(jw)n(jw)  (4.51) 

If  G(jw)K(jw)  Is  large,  by  (4.48)  It  roughly  equals  fl  +  C(jw)K(jw)l,  and 
(4.‘i])  becomes 

e^(jw)=:  riln(jw)  (4.52) 

Thus,  if  G(jw)K(iw)  is  large  where  the  noise  has  most  of  its  energy,  the 
r.olse  will  pass  through  into  the  error  and  thus  into  the  output.  Therefore, 
to  minimize  the  effect  o^  sensor  noise,  fl  +  G()w)K(jw)l  ^G(jw)Kfjw)  should 
be  .small  at  the  noise  frequencies,  or 

dKl  +  G(iw)K(jw)}  'G(iw)K(jw)]  «  1  (4.53) 

I'sirg  the  singular  value  inequality 

o"l  AB 1  ,<  o  f  Al  o' ( 1' ^  (4.54) 


^4.‘^3i  will  bo  satls^'ied  if 


U.55'> 


afd  +  G(1w)K(iw)}”M  a  rG(iw)Kr.1w^]  «  ’ 

and  by  (4.45),  this  may  be  rewritten 

5"  rr(iw)K(iw)  1 

- - - : -  «  1 


C4.56^ 


ofT  +  G(lw)K(iw)T 

This  Inequality  will  be  satisfied  If  o fG(jw)K(lw) ]  <<1,  so  that  snail  loop 
gain  will  tend  to  minimize  the  effects  of  sensor  noise. 

Another  argument  against  high  loop  gains  at  high  frequency  mnv  he  made  hv 
examining  the  expression  for  control  activity, 

u(jw)  =  K(1w)e(jw)  (4.57) 

where  e(Jw)  may  be  found  from  (4.28)  and  (4.29)  to  he. 
e(iw)  =  r(jw)  -  n(iw)  -  y(1w) 

=  r(iw)  -  n(1w)  -  d(jw)  -  G(jw)K(jw)e ( jw)  (4.5R) 


or 

fl  +  G(jw)K(jw)  le  (Iw)  =  r(iw)  -  n(jw)  -  d(iw)  (4.'i9) 

so  that 

e(jw)  =  fl  +  G(1w)K(lw)]  ^frdw)  -  n(1w)  -  ddwll  (4.60'' 

Substituting  (4.60)  Into  (4.57)  yields 

u(iw)  =  K(jw)ri  +  G(jw)K(jw)l  ^fr(1w)  -  n(iw)  -  d(iw)^  f4.6]) 

For  G(jw)K(jw)  large,  I  +  G(1w)K(iw)  is  approximately  eqi;al  to  G ( j w)  1, ( jw)  ,  and 
(4.61)  becomes 

u(jw)  “  K(jw) fG (iw)K(jw) 1  ^fr(iw)  -  n(1w)  -  d(iw)l 
=  K(iw)K  Vjw)G  *(jw)fr(iw)  -  n(iw)  -  d(iw)] 

=  G  ^(Iw)rr(jw)  -  n(jw)  -  d(jw)l  ^4.62) 

where  we  have  assumed  G(iw)  and  K(jw)  to  be  square  and  invertible  for  conve¬ 
nience.  Beyond  the  bandwidth  of  Gflw)  (where  it  rolls  off),  G  ^  (iw''  grows 


large  and  therefore  the  control  activity  u(iw)  does  also.  This  Is 


iiraf ceptshlp,  and  provides?  another  reason  why  high  loop  gains  at  high  frequency 
must  be  avoided. 

Tie  trade-offs  discussed  above,  high  loop  gain  at  low  frequencv  but  not  at 
high  fttqiiency,  are  not  difficult  by  themselves.  What  compounds  the  problem 
is : 

’)  designing  the  transition  between  the  regions 

21  accounting  for  the  destabilizing  effects  of  (high-frequency)  uncer¬ 
tainties. 

These  will  be  discussed  next. 

4.2.3  Modelling  Uncertainty 

The  models  we.  use  for  designing  control  systems  are  just  that  -  models  of 
reality.  Inherent  in  all  models  are  errors  due  to  our  Inability  to  accurately 
represent  the  real  world,  such  as  nonlinearities,  truncated  modes,  neglected 
dynamics,  parameter  variations,  etc.  The  best  we  can  do  is  try  to  estimate 
these  errors  and  design  systems  that  will  remain  stable  in  spite  of  them.  One 
possible  representation  of  the  modelling  error  is  called  additive  unstructured 
uncertainty,  given  by 

G' (jw)  r(iw)  +  AT(jw)  (4.63) 

where 

of  AG(/iw)l  <  5'^(w)  ¥  w>.n  (4.64) 

Perc,  C'fjw)  is  the  true  plant,  C(jw)  the  model  of  the  plant,  AG(iw)  the  error, 

a.nd  S.  (w)  is  a  positive  scalar  function.  The  error  1*^  called  unstructured 
a 

because  a’l  we  claim  re  know  about  it  is  that  it  is  bounded  by  the  function 
2,  (w)  .  '■’berefore,  this  representation  confines  G'(jw)  to  a  neighborhood  of 

Q 

t'(jv'>  with  magnitude  *•_  (w) . 

/■rr  ther  representatlc'n  frr  uncertainty  is  called  (output)  multiplicative 
unstructured  uncertainty,  given  bv 
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G'(jw)  =  fT  +  Lrjw)]G(iw) 


(A. 65) 


where 

ofl.fjw)]  <  X,^(w)  ¥  w»0  (4.66) 

Here,  L(1w)  Is  the  uncertalrty  and  (w)  Is  a  positive  scalar  function  that 

rt 

bounds  the  naxlnium  singular  value  of  L(iw).  This  representation  confines 

G' (jw)  to  a  nonDalized  neighborhood  of  G(iw),  and  has  an  advantage  o\ er  the 

additive  form  in  that  it  applies  to  G(iw)K(jw)  as  well  as  G(;lw).  Tor  this 

reason,  we  will  look  primarily  at  the  multiplicative  form. 

The  better  we  represent  uncertainty,  the  better  our  overall  design  will 

be.  Therefore,  it  is  Important  to  use  the  best  model  available  for  diffeient 

types  of  uncertainty.  Usually,  low  frequency  errors  (such  as  parameter 

variations)  are  best  modelled  by  highly  structured  forms  of  uncertainty.  There 

are  always  high  frequency  errors  remaining,  however,  which  cannot  be  covered 

this  way.  These  are  typically  the  critical  destabilizing  errors,  and  the 

unstructured  uncertainties  model  these  well.  Tlierefore,  we  will  focus  our 

attention  on  uncertainties  represented  by  (A. 65)  and  (A. 66). 

One  further  assumption  we  will  make  Is  that  the  number  of  unstable  modes 

of  G'(jw)  Is  the  same  as  in  G(jw).  These  modes  need  rot  be  identical,  which 

does  allow  I.(.1w)  to  be  an  unstable  operator.  Also,  we  assume  G' (-iwl  remains  a 

strictly  proper,  finite-dimensional  linear  time-invariant  transfer  function. 

These  requirements  make  the  development  easier  -  in  Feferences  fA.?!  and  (4.31 

more  general  perturbations  are  covered,  but  will  not  be  disciissed  here. 

Given  all  of  these  assumptions,  the  bounding  functions  ?,  (w)  cnmmonlv  are  small 

m 

at  low  frequencies  and  grow  to  unity  and  above  at  high  frequencies.  This  is 
shown  in  Fig  4.4. 
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Fig  4.4  Typical  Behavior  of  Multiplicative  Perturbations 
It  Is  Important  to  note  that  constructing  these  uncertainty  bounds  is  not 
trivial.  At  present,  It  is  an  ad  hoc  procedure  based  on  reasonable  estimates. 
The  bo\:m'  assumes  a  worst  case  uncertainty  magnitude  applicable  to  all 
channels.  If  more  Is  known  about  the  levels  In  various  channels,  it  mav  be 
necessary  to  scale  the  input— output  variables  or  apply  frequency— dependent 
transformations  to  Gflw)  so  that  becomes  more  uniformly  tight.  More  on 

this  n.av  be  found  In  Ref  ^4-31  and  Chapter  5.  Here,  these  scale  factors  and/or 
transformations  are  assumed  to  be  part  of  the  nominal  model  G(iw). 

4.:. 4  Design  In  the  Face  of  Uncertainties 

Novr  we  need  to  put  our  stability  and  performance  rooulrements  together  and 
make  sure  wo  satisfy  them  in  the  face  of  the  uncertainties  we  have  assumed. 
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Once  we  have  a  design  mode]  G(1w)  and  accept  uncertainties  in  the  form  of 
f4.65)  and  (4.66),  we  must  find  a  compensator  K(jw)  such  that 

..  1 

1)  The  nominal  feedback  system,  C(1w)K(iw)fT  +  Gfiw)K(iw)l  ,  is 
stable  (note  that  fl  -t-  GKl”*GK  =  GKlT  +  OkT’ 

2)  The  perturbed  system,  G' (iw)K(jw)  f  I  +  G' (iw)K. ( Iw)  1  is  stable 
for  all  G'(jw)  given  by  (4.65)  and  (4.66) 

3)  Performance  objectives  for  all  G'(iw)  are  satisfied 
Requirement  1)  Is  just  the  standard  closed-loop  stability  requirement, 

which  Is  completely  solved  by  using  the  Nyquist  stability  criteria,  or  in  the 

MTMO  case.  Its  multivariable  generalization  fenclrclement  count  oi  i.I\e  map 

detfl  +  G(jw)K(1w)l,  evaluated  on  the  Nyquist  T)-contour,  be  equal  to  the 

negative  number  of  unstable  open-loop  modes  of  G(jw)K(jw)l.  More  derails  or. 

this  criteria  may  be  found  in  Chapter  2  of  these  notes. 

Requirement  2)  is  a  hit  more  complicated.  Tt  may  be  satisfied  bv  a 

similar  requirement  on  fl  +  G' (jw)K(jw) 1 .  Since  we  assumed  G'(jw)  has  the 

same  number  of  unstable  modes  as  G(1w),  the  Nyquist  criteria  requires  that  tbe> 

number  of  encirclements  of  detfl  +  G'(1w)K(jw11  remains  unchanged  for  all 

G'(jw).  Checking  this  would  be  ridiculous,  as  there  are  an  infinite  number  of 

G'(jw),  and  we  therefore  need  a  better  way.  The  above  requirement  is  assured 

if  detfl  +  G'(jw)Kfiw)l  remains  nonzero  as  G(jw)  is  warped  continuously  toward 

G'(jw).  Requiring  the  minimum  singular  value  of  a  function  to  be  greater  than 

zero  assures  a  nonzero  determinant,  so  that  this  requirement  translates  into 

0<£{l  +  fI+eh(iw)lG(jw)K(jw)}  ¥  O^e^l,  w^O  (4.67) 

and  for  all  T.(jw)  satisfying  (4.66).  Thee  varying  from  zero  to  one  gives  us 

the  warping  from  Gfjw)  to  C'(jw).  Expanding  (4.67)  gives 

0<  ofl  +  G(<w)K(iw)  +  e  1  (jw)G(jw)K(1w)l  /  0  <  e  «  1  (*.68) 

V  ^  0)  >  0 

LC".) 
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Mow,  factoring  Cfiw)K^jw)  out  to  the  right  yields 
0  <  0  f  {  T  +  fn (  ;w)  1  *  +  eL(iw)}r('jw)Knw)  1 


/  0  <  C  <  1  (4,69) 

V  <  u)  >  0 
(  L(ja)) 


wb^rp  wp  ^ssi'me  [(.- (jw)  V  ( ■  w)  1  ^  existp.  Uslnp  thp  relation  o^fABl^  o^lAl^FB), 
f4.69)  ip  FPtlsfled  If 

0  <  a  ri  +  +  el,(lw)1  o  rG(^w)Kfjw)l  /  0<e<l  (A. 70) 


(0  <  e  <  1  (A. 70) 

0)  >  0 
L(ja>) 


is  satisfied.  Since  rG(iw)K(iw)]  ^  exists,  2  [n(1w)K(_lw)  ]  0,  and  we  divide  if 

out  of  (A. 70)  to  get 

f'<  £  { T  4  {r (iw)K(iw) }  *  +  eT<(jw))  /  0  <  e  <  1  (A. 71) 


(  0  <  e  <  1 
0)  >  0 
I  LCjoj) 


Using  the  fact  that 

afA)>  a'(E)  »-=>  £.  (A  El  >  0 

fron  Chapter  7  of  these  iirres,  and  letting  A  =  1  +  [G(jw)Kfiw)]  ^  and 
F  =GT,f^w),  we  can  see  that 

£  (  T  4  {  {;(iw)K(iw)}  >  0  IcLCjw)!  {  0<e«l 


fA.72) 


(  0  <  e  «  1 

yj  0)  >  0 

I  LCjo)) 


(A. 73) 


Implies  what  we  want.  That  is,  if  we  satisfy  (4.73),  we  are  guaranteed  to 
satlsfv  (A. 71),  which  Is  guaianteed  to  satisfy  (4.67).  This  form  Is  still 
incorvonient .  First,  realize  that  ofehfjw)]  =  E5FL(iw)l.  because  e  Is  a 
constant  positive*  scalar.  Next,  recall  that  2fA]  =  1/  ofA  ^l.  Therefore, 
f4.7'i'  becomes 


a{'l  4  fc (jw)K('iw’>}  ^1  £[L  Vjw)  ]  Y 


Using  the  Identity 


0  <  E  <  1  (4.74) 

01  >  0 
L(ju) 


FT  4  (GK)"^r’  ^  f{T  4  GK}(GK)~'i"’  =  GKfl  4  Gfi"’ 


(4.75) 


(4.74)  rav  be  rewrlttrt!  ns  fafter  cross-mul t ipl \  i rp ) 


4  o[L  ^Cjw)1  >  a  fG(jw)Kf jw)  {T  +  C(jw)K(jw)} 


Mow,  If  we  rewrite  (4.66)  as 


- Ti - 

5  fL  (jw)1  “ 


V  w  >  0 


(  0  <  e  <  1  (^-76^ 

V  <  u  >  0 

i  L(ja)) 


^i.77) 


<  ofL  '  (1w) 1 


■¥  w  >  0 


(4.78' 


we  can  easily  see  that  by  satisfying 

’  ’  -1  / 

-  - -  >  ar6(jw)K(1w){T  +  G(jw)K(jw)}  1  u  (  0  <  e  ^  1  (''.79) 

e  «,  (w)  (  u)  >  0 

we  will  satisfy  (4.76).  Fxamlnlng  (4.79),  we  see  that  e  =  1  woulH  a  worst 
case,  since  that  value  makes  the  left-hand  side  smallest.  Therefore,  if  we 
satisfy 


arG(jw)K(.1w){I  +  G(jw)K(1w)}~M  < 


V  w>  0 


(4.80) 


l(w) 

m 


will  always  satisfy  (4.79).  This  Is  the  most  convenient  ^orm  cf  ^4.67)  to 


Remember  that  (4.80)  Is  the  condition  for  satiffying  Requirement  .?).  Tf 
Is  not  a  conservative  requirement  if  all  uncertainties  given  by  (4 . tis)- (4. 66) 
are  to  be  guarded  against.  Tt  does,  however.  Impose  hard  limits  on  the 
permissible  loop  gains.  Also,  upon  examination,  we  can  see  that  (4.80)  is  a 
generalization  of  one  of  our  familiar  SIRO  requirements.  For  large 

uncertainties,  i  (w)  »],  (4.80)  becomes 

m 


0 [G(jw)K(iw) ]  < 


rn 


V  w  ^0,  I  (w)  »  1 
m 


(4.81) 


which  says  that  small  loop  gains  are  required  whenever  unstructured 
uncertainties  are  large. 


■-  %.■ 
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FinaJly,  Requirement  3),  the  performance  requirement,  may  be  stated 

matbemntically  by  rewriting  (4.A7)  using  G' (jw)  Instead  of  C(jw),  so  that 

p(w)«  a  [I  4  {I  +  I,(’1w)}G(jw)K(jw)]  -V  w>  0,  L(iw)  (4.82) 

By  the  proof  In  Appendix  4P,  this  condition  Is  satisfied  if 

p(w)  ^ 

- ^  £  rG(iw)K(1w)l  4i(w)<l  (4.83) 

’  "  oIG(jw)K(jw)  ]>>1 

In  words,  this  says  that  performance  objectives  can  be  met  in  the  face  of 

unstruc ttired  uncertainties  if  the  nominal  loop  gains  are  made  sufficiently 
large  to  compensate  for  model  variations.  Note  that  if  i.  (w)  Is  near  unity, 

TD 

indicating  a  fairly  high  level  of  uncertainty,  to  meet  strict  performance 

lequirements  the  loop  gains  would  need  to  he  very  large.  Therefore, 

uncerteintv  limits  performance,  and  In  order  to  meet  stahllltv  robustness 

conditions  high  performance  Is  not  achievable  at  high  frequencies  where  (w) 

m 

grows  ■’arge. 

Cite  i^lnal  function  of  interest  comes  from  inverting  (4.80)  to  get 

1 

I  Cw)  < - y- 

*"  a  r(;(jw)K(1w)  {T  4  G(jw)K(.iw)}~' ] 

-  £IT  4  {Gf1w)K(.1w)}~*l  CA.PA) 

This  says  very  direct!'’  that  stability  Is  guaranteed  for  all  perturbations 
hflw)  whose  maximum  slr.pular  value  falls  below  the  right-hand  side  of  (4.84). 
Tn  effect,  £[I  4  {f;l'lw)K  (1w)  ]  Is  a  multivariable  gct^eral  Ixatlon  of  SIFO 
stability  margin  concepts.  Ihls  was  shown  In  detail  In  Chapter  3  of  these 
notes.  A  nator  difference  from  the  8TSO  case  Is  that  ♦  ^C(lw)K(1wl} 

measures  stability  robustn<'>s  at  the  plant  outputs  only,  ""n  reflect 
nncertainf'-  .at  the  Inputs.,  ^[T  4  { K(  iw)(' ( jw)}  woulc*  have  to  he  used, 

relationships  betweeii  the  two  will  he  discussed  In  the  m-xt  chapter. 


''bvlouf^ly,  a  phase  plot  is  not  included  here.  While  singular  values  are 
an  excellent  measure  of  magnitude,  they  contain  no  measure  of  direction  (le, 
phascl .  This  Informatio!!  ^  contained  in  the  singular  vectors,  but  not  as 
straight  <'orward]\  as  STSO  phase.  Some  work  has  been  done  interpreting  singulsr 
vectors  iRef  4-41,  but  it  is  not  at  a  useful  stage  yet.  This  Is  not  too  severe 
of  a  limitation,  however.  UTien  we  defined  SISO  loop  shapes,  we  didn't  use 
phase.  Phase  Information  Is  usually  Important  for  evaluating  stability 
(margins)  and  crossover  properties.  The  phase  of  a  rational  function  is 
complcrely  determined  by  its  gain  and  position  of  right-half  plane  poles  and 
zeros,  as  will  he  discussed  further  in  the  next  chapter.  Ihus,  the  lack  of 
phase  l'’.fonnatlon  for  a  multivariable  system  is  not  critical  In  most  cases. 

The  hardwidth  and  roll-off  near  crossover  are  critical  In  a  multivariable 
design.  'Ihe  bandwidth  of  (l(jw)K('jw)  cannot  extend  much  beyond  the  crossover  of 
the  P^ot.  The  severity  this  constraint  depends  upon  the  slope  at 

crossover  of  (1w)K ( jw)  1  and  ofr('1w)K(jw)  ] ;  the  steeper  the  better. 

I’owevei ,  steepness  comes  at  the  expense  of  small  stability  margins.  This  will 
be  further  discussed  iti  the  next  chapter. 


Appendix  4A 


From  (A. 25) 


y*(s)  4  6y(s)  = 


rg*(s)  +  6g(s)lk(6) 

1  +  fp*(s)  +  6g(s)lk(s) 


("AA.l' 


Dividing  both  sides  by  y*(s)  yields 


6y(s) 


rg*fs)  +  6g(s)1k(s)  r(s) 


y*(s)  1  +  [g*(s)  +  6g(s)lk(s)  y*(s) 


lA./?! 


Using  (A. 24),  y*(s)  on  the  right-hand  side  of  CAA.?)  may  be  ellmlnattc, 
yielding 

6y(s)  rg*(s)  +  5g(s)]k(s)  1  J  +  g*(s)kCs) 

y*{s)  1  +  rg*(s)  +  sg(s)lk(s)  rfs)  g*(s)k(s) 


fg*(s)  +  iSg(s)l  1  +  g*('s)k(s) 


f^A,.!) 


8*(s) 


1  +  g(s)k(s) 


where  rg*(s)  +  figfs)!  was  replaced  by  g(s)  In  the  denominator.  Subtracting  I 
from  both  sides  of  (AA.3)  yields 

6y(s)  rg*(s)  +  6g(s)l  1  +  g*fs)k(s)  g^fs)!!  +  g(s)kfF)'' 


y*(s) 


g*(s) 


1  +  g(s)k(s)  g*(s)ri  +  g(E)k(s)l 


g*(s)r]  +  p*(s)k(s')l  +  6gfs)ri  +  g*fs)k(s)l  -  g*(’s)ri  +  pfs)kfs)1 


6y  fs) 
y*(s) 


6gCs)ri  +  g*(s)k(8)]  -  g*(s)6g(s)k(s) 
f +  g(s)k(s)  1 

6g(s)  +  6g(s)g*(s)k(8)  -  g*(s)6g(s)kCf.) 
g*(s)  [  1  +  g<’8)kfs)  1 
1  6g(E) 

1  +  gfs^kfs)  g*(s) 


This  the  deslied  result. 
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Appendix  4P 


From  (4.82)  [dropping  funcrional  dependence  for  hrevityl 

p  <  a  [I  +  (I  +  L)GK1  =  g  [I  +  GK  +  I.GKl  (4F,  1) 

Factoring  I  +  GK  from  the  right  yields 

P'$2r{I  +  LGK(T  +  GK)"^}(T  +  GK)  ]  f4B.2) 

Using  o[AB]  >-2rAl£[Bl,  we  can  see  that 

£[{r  +  LGK(I  +  GK)“^}(I  +  GK)1»  a[  I  +  LGK(7  +  CK)"’]  gfl  +  GK)  CAB. 3) 

Using  (4B.3),  we  can  see  that  (4B.2)  is  satisfied  if 

p  -$£[1  +  LGKd  +  GK)“M  ad  +  GKl  (4B,4) 

Now,  if  we  assume  £[GK]  >> 1 ,  (4B,4)  becomes 

p  <£[1  +  LGK(GK)“^]  gfGK]  =  o[T  +  T,1  ofGKl  (4B.5) 

Using  the  relation  afA  +  Bl^aTA]  -a[Bl,  (4P.5)  is  satisfied  if 

p  ${£[1]  -afL]}£fGKl  =  (1  -0[Ll}0fGKl  (4B.6) 

Since  o[L]  <i  ,  (4B.6)  Is  satisfied  if 
m 

p  <  (1  -  i  )  a [GKl  (4B.7) 

m  ““ 

Assuming  I  <  1  so  that  (1  ~  SL  )  is  non-negative,  (4B.7)  mav  be  rewritten 
m  m 


1  -  Z 


£[GK] 


(AB.P) 


This  Is  the  desired  result. 
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5.  PERFORMANCE  LIMITATIONS  FOR  MULTIVARIABLE  SYSTEMS 


The  previous  chapter  developed  equations  that  define  a  "good" 
ptiil tl variable  loop  shape.  Unfortunately,  there  are  fundamental 
limitations  on  the  achievable  performance  of  multivariable  systems  which 
make  the  shaping  process  nontrivial.  Most  of  these  limitations  are  also 
present  in  SISO  design,  such  as: 

1)  the  algebraic  tradeoff  between  performance  and  robustness 
"1  the  functional  tradeoff  Imposed  by  the  Bode  gain/phase 
relations,  and 

3)  limitations  due  to  non-minimum  phase  zeros. 

Another  limitation,  that  of 

/i)  directionality  in  multiloop  systems, 
is  uniquely  multivariable  and  has  no  STSO  analog.  Ue  will  now  look  at 
all  four  limitations. 

5.1  Trade-Offs  Between  Performance  and  Robustness 


Again,  consider  the  feedback  configuration  shown  In  Fig  5.1.  We 
assure  that  the  nominal  system  Is  stable. 


Fig  5.1  Multivariable  Feedback  System 


Let's  'lOrV  at  the  error  equation  we  derived  iii  the  last  chapter.  Froni 


ej(jw)  =  fl  +  G(jw)K(jw)]  rr(jw)  -  d(jw)l 

+  [I  +  G(jw)K(jw)]*^G{jw)K(jw)nfiw)  (5.1) 

For  command  following  and  disturbance  rejection  at  any  given  frequency, 
the  above  tells  us  we  must  have 

a{[I  +  G(1w)K(1w)r*>  «  1  (5.2) 

or  equivalently 

afl  +  G(jw)K(jw)l  »  1  (5.3) 

at  that  frequency.  This  requires 

a fG(jw)K(jw)l  »  1  (5.4) 

at  that  frequency.  However,  from  (5.1)  we  can  also  see  that  for  sensor 
noise  reduction  we  require 

aCri  +  G(jw)K(1w)]‘^G(jw)K(jw)}  =a{  fl  +  {C(iw)K(iw)}"M"^  «  1  (5.5) 

or  equivalently 

1(1  +  {G(jw)K(jw)}"^]  >>  1  (5.6) 

at  frequencies  where  noise  Is  large.  Also,  for  good  robustness 
properties,  equation  (4.84)  shows  that 

£^(w)  <  0(1  +  {G(jw)K(jw)}”h  (5.7) 

Since  invariably  grows  large  at  high  frequency,  this  becomes  the 

same  as  the  requirement  In  (5.6).  To  satisfy  (5.6) 

1  ({G(jw)K(jw)}“^]  »1  (5.8) 

or 

0  (G(jw)K(jw)]  «  I  (5.9) 

Obviously,  this  Is  the  reverse  of  the  requirement  in  (5.4).  This 
Indicates  a  trade-off  —  at  any  given  frequency.  It  is  possible  to  have 
1  (G(jw)K(Jw) 1  >>  1  for  command  following  or  disturbance  rejection  or  to 
have  cT (G(jw)K(jw) ]  <<  1  for  reduction  of  sensor  noise  effects  and  good 
stability  margins,  but  not  both. 


Another  way  to  see  this  is  by  looking  at  the  relationship  between 
fT  +  r(jw)K(1w)]  ^  anti  fT  +  G(jw)K(.1w)]  ^G(jw)K(jw).  Introducing 
terminology  from  Chapter  2 

Sfjw)  =  sensitivity  matrix 

=  ri  +  G(jw)K(jw)r^  (5.10) 

T(jw)  =  complimentary  sensitivity  matrix 

=  n  +  G(jw)K(jw)r^G(.1w)K(,iw)  (5.11) 

If  we  add  these  functions,  we  see  that 

S  +  T  =  FT  +  CKl'^  +  FT  +  GKr^GK  =  Fl  +  GKl’^FI  +  GK)  =  I  (5.12) 
Remember  that  we  need  loop  gains  to  be  large  for  command  following  and 
disturbance  rejection.  If  G(jw)K(jw)  is  large,  so  Is  Fl  +  G(jw)K(jw)l, 
and  therefore  S(jw)  is  small.  From  15.12)  this  Implies  T(jw)  Is  near 
unltv,  and  looking  at  (5.5)  tells  us  that  noise  reduction  and  margins 
are  poor  here.  The  same  argument  holds  true  In  reverse  if  loop  gains 
are  small.  Thus,  command  following/disturbance  rejection  may  only  be 
achieved  where  sensor  rolse/marglns  are  not  critical,  and  vice  versa. 

The  above  conclusion  Is  a  limitation  of  feedback  systems,  but  Is 
not  devastating  for  "typical"  systems.  Since  commands  and  disturbances 
usually  have  most  of  their  energy  at  low  frequency  while  sensor  noise 
and  the  need  for  robustness  Is  large  at  high  frequency,  the  conflict  Is 
minor.  However,  transition  from  one  region  to  the  other  Is  critical. 
Here,  poor  performance  and  poor  stability  robustness  must  be  avoided. 
This  will  be  discussed  next. 

5.2  Functional  Limitations  on  Transfer  Functions 

Let's  take  a  look  at  what  the  "best"  loop  transfer  function  would 
look  like,  from  a  command  followlng/dlsturbance  rejection  and  noise 
attenuation/robustness  to  uncertainties  point  of  view.  For  ease,  let's 


of  small  |l  +  {p(jw)kfjw)}  and  |l  +  g(,iw)k(jw)|  values  when 
|g(jw)kf1w)|  =1.  Therefore,  both  performance  and  robustness  are  poor 
near  crossover  If  the  slope  of  the  loop  gain  Is  large. 

Tf  the  system  Is  non-mlnlmum  phase,  the  right-half  plane  zeros  will 
reduce  total  phase  at  crossover,  thus  making  the  problem  worse.  All  of 
these  results  have  been  extended  to  MIMO  systems  (Ref  \5-7])  (using 
eigenvalues  since  singular  values  are  not  analytic)  and  the  same 
properties  hold.  Therefore,  this  imposes  another  limit  on  achievable 
performance  -  loop  gains  must  be  reduced  gradually  before  crossover, 
thus  reducing  performance  near  crossover.  Also,  If  Increases 

rapidly  after  crossover,  the  loop  gain  may  have  to  be  further  reduced  at 
lower  frequencies. 

5.?  Pehavlor  of  Non-Mlnlmum  Phase  Systems 

Multivariable  non-mlnlmum  phase  systems  are  defined  by  right-half 
plane  transmission  zeros.  Transmission  zeros  are  defined  In  Chapter  2 
of  these  notes.  They  are  alwavs  undesirable  from  a  feedback  point  of 
view.  We  have  already  stated  in  the  last  section  that  they  reduce  the 
phase  angle  near  crossover  and  thus  reduce  stability  margins.  They 
cannot  be  removed  from  a  system  through  Inverse  compensation  (pole-zero 
cancel latlon)  since  they  (as  well  as  any  other  poles  and  zeros)  are 
never  l<nown  exactly.  The  compensation  to  remove  them  would  be  unstable, 
and  if  there  was  any  error  in  the  zero  location,  the  zero  would  not  be 
cancelled  and  the  compensator  would  introduce  an  instability.  Thinking 
of  the  STPO  root  locus,  the  open-loop  poles  move  towards  the  zeros,  and 
thus  a  non-mlnlmum  phase  system  goes  unstable  at  some  value  of  gain. 

TMs  also  happens  In  a  multivariable  system,  and  In  the  frequency 
dom.iin,  loop  gains  must  be  small  In  the  frequency  range  "near"  the  zero 
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(Ref  [5-3]).  We  will  discuss  more  ramifications  of  non-mlnlmum  phase 
zeros  In  Chapter  13. 

5.4  Directionality  in  MIMO  Systems 


The  concept  of  direction  in  a  feedback  system  is  unique  to 
multivariable  systems.  Multivariable  system  signals  have  a  "spatial"  as 
well  as  a  frequency  distribution.  For  example,  some  sensors  may  be 
noisier  than  others,  actuators  may  have  different  saturation  levels, 
disturbances  may  enter  only  some  channels,  etc.  This  leads  to  the 
concept  of  different  bandwldths  in  various  loops.  Also,  this  concept  of 
varying  direction  translates  into  the  perturbation  matrix  L(jw)  as  well. 
The  stability  tests  are  tight  if  all  that  is  known  about  L(jw)  Is  Its 
maximum  singular  value.  If  we  know  more  about  the  uncertainty  -  such  as 
large  in  one  direction  and  small  in  another  -  then  the  stabilitv  tests 
may  be  sharpened  through  introducing  frequency-dependent  weighting 
matrices,  such  as 

arQ(jw)L(jw)R“^(jw)]  <  2.rR(,1w){T  +  G(jw)K(1w)}"^Q‘’ (,1w) ]  (5.13) 

where  R(.iw)  and  0(jw)  reflect  the  known  characteristics  of  the 
perturbations.  We  won't  go  Into  any  more  detail  on  this  here,  and  the 
reader  is  referred  to  [5-41  for  more  details. 

This  Idea  of  directionality  extends  one  step  further.  Tr  RTSO 
systems,  inserting  uncertainties  at  the  Input  or  at  the  output  of  the 
plant  yields  identical  results  (le,  margins).  This  Is  because 
g(jw)k(jw)  =  k(jw)g(jw)  when  g(jw)  and  k(jw)  are  scalar  functions.  This 
Is  not  true  In  the  multivariable  case.  For  MIMO  systems,  properties  of 
the  system  depend  upon  where  the  loops  are  broken.  For  loop  properties 
at  the  output,  we  use  G(jw)K(jw)  In  all  formulas;  at  the  input  we  use 
K(jw)G(Jw).  Note  that  In  the  development  in  Chapters  7  and  R  we  will 


concentrate  on  using  K(jw)G(jw)  as  the  loop  transfer  function,  because 
we  will  be  locking  at  Input  properties.  In  Chapter  9,  we  will  look  at 
both.  Focusing  on  stability  margins,  good  margins  at  one  point  do  not 
necessarily  imply  good  margins  at  another.  It  1^  possible  to  devise  a 
scheme  to  fix  the  margins  at  one  point,  then  optimize  the  margins  at  the 
other;  more  on  this  may  be  found  in  Ref  f5-2].  Actually,  it  may  be  most 
desirable  to  optimize  both  margins  simultaneously.  This  requires  a 
special  tool  known  as  the  structured  singular  value  (Ref  f5-5l),  which 
was  briefly  Introduced  In  Chapter  3. 

All  of  these  Ideas  Imply  a  limitation  on  achievable  performance  In 
a  multivariable  system.  For  tight  robustness  bounds,  all  loops  should 
be  close  together  or  some  transformation  will  have  to  be  made. 

Otherwise,  the  robustness  tests  may  be  quite  conservative.  If  there  Is 
wide  separation  In  the  loops,  the  Input  and  output  properties  will 
differ  (possibly  radically),  and  a  compromise  may  have  to  be  made. 

Summarizing  the  entire  chapter,  feedback  design  Involves  tradeoffs. 
Analysis  and  design  techniques  must  make  these  tradeoffs  clear  to  the 
control  engineer.  As  we  have  already  discussed  analysis  techniques  in 
Chapter  3,  we'll  turn  our  attention  toward  synthesis.  We  want  a 
synthesis  method  that  stabilizes  the  nominal  system  and  guarantees  both 
stability  and  performance  of  the  perturbed  system.  Also,  we  require  the 
fradcotfs  to  be  transparent  throughout.  In  order  to  build  up  to  the 
synthesis  method  we  will  develop,  we  need  to  start  at  Its  most  basic 
level  and  modify  It  accordingly.  Thus,  the  next  chapter  reviews  the 
optimal  control  problem,  which  forma  the  basis  of  our  method. 
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6.  A  REVIEW  OF  OPTIMAL  CONTROL  THEORY 


In  Chapters  4  and  5,  we  defined  a  "pood"  loop  shape  and  some  of  the 
limitations  we  must  face  in  achlevinp  that  shape.  Tn  those  chapters,  ve 
assumed  that  the  nominal  closed-loop  system  was  stable.  This  chapter 
will  give  an  introduction  to  optimal  control  theory,  which  gives  us  a 
synthesis  procedure  that  insures  nominal  closed-loop  sfahility.  In  the 
following  chapters,  we  will  examine  and  modify  the  procedure  so  that  the 
goals  in  Chapter  4  nay  be  achieved.  This  chapter  is  by  no  means  a 
comprehensive  study  of  optimal  control  —  rather.  It  is  meant  to  serve 
as  a  summary.  There  are  numerous  references  on  optimal  control,  ranging 
in  difficulty  from  very  basic  to  highly  mathematical  and  in  scope  from 
appHcatlons-orlented  to  theoretically  pure.  This  chapter  contains  no 
applications,  hut  does  not  contain  the  background  theory  either. 

Rather,  it  attempts  to  give  a  generic  user-oriented  coverage  of  the 
required  equations,  as  well  as  define  nomenclature  for  the  remaining 
chapters.  There  Is  a  reference  list  at  the  end  of  the  chapter 
containing  many  of  the  texts  on  the  subiect,  where  both  the  theory  and 
manv  applications  may  be  found. 


The  Linear  Quadratic  Regulator 


Suppose  that  we  have  the  state-space  system 

x(t)  =  Ax(t)  +  Bu(t)  (6.1) 

where,  for  now,  we  make  no  assumptions  on  open-loop  stability, 

controllability,  etc.  Ve  will  only  consider  the  time-invariant  case 

here.  Wo  wish  to  minimi ze  the  performance  index 

I  =  /  fx^(t)0  y(t)  +  u^R  u(t)l  dt  (6..’) 

0  c  c 

Tills  performance  index,  commonly  called  the  quadratic  performance  Index, 
savs  that  we  wish  to  find  a  control  law  u(t)  such  that  the 


Integral-squared-error  of  the  deviations  of  the  state  trajectories  from 
their  nominal  are  kept  small  without  using  a  great  dea''  of  control 
energy.  and  E^,  which  are  symmetric,  real  matrices,  are  chosen  by 

the  designer  to  dictate  the  relative  "importance"  of  the  states  and 
controls. 

Obviously,  to  ralniml?e  J  we  need  to  insure  that  J  is  indeed  finite, 
J  will  become  Infinite  If  uncontrollable,  unstable  state  traiectories 
are  reflected  In  the  performance  Index.  Therefoie,  if  [A,  Bl  is 
completely  controllable,  the  Index  J  will  remain  finite.  This  is 
actually  only  a  sufficient  condition.  The  necessarv  and  sufficient 
condition  Is  that  [A,  B]  he  stabllizable,  which  is  what  we  Implied  by 
restricting  uncontrollable,  unstable  modes.  I'nder  this  assumption,  I'nlv 
the  controllable  modes  will  be  moved  under  feedback  (this  Is  obvious 
from  the  definition  of  uncontrollable  modes). 

Under  the  assumption  of  stablll?.abllity ,  we  can  always  find  some 
feedback  law 

u(t)  =  -K  xft)  (6.3) 

c 

that  makes  the  closed-loop  system 

i(t)  =  Axft)  +  Bf-K  x(t)l 
c 

=  (A  -  EK  ]x(t)  (f>,h) 

c 

asymptotically  stable  and  thus  results  in  a  finite  value  of  the 
performance  index.  Without  going  into  the  optimization  theory  reciulred 
to  prove  what  the  solution  is,  we  will  claim  that  the  matrix  in  (6.3) 
which  minimizes  (6.2)  is  given  by 

K  =  R  "^b'^P  (6.3) 

c  c 

where  P  Is  the  solution  to  the  algebraic  Riccati  equation 


The  Above  equation;?  require  to  be  positive  definite.  Also,  it  may  be 

shov'P  that  the  r.inlmum  value  of  the  performance  index  is  given  by 

.1  ,  =  x^(0)Px(0)  (b.7) 

mi  n 

Unfortunately,  there  Is  more  than  one  solution  to  (6.6).  In  the 

theoretical  development  of  the  problem  (which  we  omitted),  the  P  which 

produces  the  mlnimuir  value  of  J  given  In  (6.7)  is  required  to  be 

positive  definite  (note  that  all  solutions  are  symmetric,  which  may  he 

sc-er,  by  transposing  (6.6)).  TTiere  Is  only  one  unique  positive  definite 

solution,  so  tills  is  the  one  we  want.  Note  that  most  control  software 

finds  only  this  one,  not  all  possible  solutions. 

Peroember  that  so  far  we  have  only  said  that  there-  exists  a  K  which 

c 

stabl]l?es  the  system.  We  need  to  add  one  more  requirement  in  order  to 

gtifiantee  that  the  development  above  will  find  one.  If  there  are 

unstable  state  trajectories  which  are  not  "observed"  by  the  performance 

index,  the  optimal  control  law  will  not  attempt  to  chcange  them  and  the 

re.sultlng  closed-loop  system  will  not  be  stable.  Alternatively,  if  all 

T 

the  t  rajectc>rlc'S  do  shovi  up  in  the  x  Q^x  term,  closed-loop  stability  Is 

ensuted,  since  otherwise  the  index  J  would  be  infinite.  All  the 

T 

t  ra  iectories  v’i  11  appear  in  x  O^x  If  is  positive  definite,  and  thus 
!  ^  is  a  sufficient  condition  for  asymptotic  stability.  Actually,  we 
can  relax  the  positive  definite  requirement  to  positive  semldeflnite  as 
u-'o’,  as  the  pair  [A,  HI  Is  observable,  where  H  Is  any  matrix  such  that 
h'p  =  (another  way  of  saving  this  is  that  U  is  a  square  root  of  Q) . 
Ti,‘;  is  easily  seer  by  checking  Lyapunov  stabllit\  criteria,  but  we  will 
not  include  the  preof  here.  Usually,  we  define  a  svstem  response 
eouat ion  as 

?(t)  =  Hx(t)  (6.8) 
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to  give  a  physical  meaning  to  H.  This  also  provides  an  excel 
rationale  for  choosing  Q  —  notice  that 

J  =  /  fx'^0  X  +  n'^P  u]dt 

0  c  c 

,oo  T  T  T 

=  fx  Fi  Hx  +  u  R^uldt 

=  /g  [z'^z  +  u'^R^u]dt  (6.‘J) 

T 

so  that  by  choosing  =  H  H  we  are  actually  reriiiring  regulatioi^  cf  a 
set  of  system  responses  given  by  f6.8). 

Therefore,  the  requirement  of  observability  of  the  pair  FA,  in  is 
also  a  sufficient  condition  for  asymptotic  stability  of  the  closed-loop 
system.  This  may  be  tightened  to  a  necessary  and  sufficient  condition 
by  requiring  detectability  of  the  pair  [A,  H] ,  since  onlv  the  unstable 
modes  must  be  mtived.  Under  a  detectablli  tv  rcqii i  renent ,  the  reouirement 
that  P  be  positive  definite  Is  relaxed  to  positive  semidefinite. 

Now  we  will  summarize  the  results: 

Given  the  stabillzable  linear  time-invariant  plant 

x(t)  =  Ax(t)  +  Buft)  fh,!) 


with  the  performance  index 

d  =  /g  rx'^ft)Q^x(t)  +  u'^(t)R^u(t)ldt  (A. 2) 

T  T 

where  (positive  semidefinite)  and  ^  ^  (positive 

definite),  a  unique  optimal  control  law  that  minimises  J  exists  and  is 

given  by 


with 


u(t)  =  -K  x(t) 
c 


(f.S) 


K  =  P  “'r'^P  fh.Sl 

c  c 

where  P  is  a  constant,  symmetric  positive  semidefinite  matrix  vjhich  is 

the  solution  to  the  algebraic  Rlccatl  equation 

+  pa  -  PBR  ~'b'^P  +  Q  =  0  (h.f'i 

c  c 
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The  closed-loop  regulator 

x(t)  ■-  [A  -  PK  Ixft)  =  [A  -  BR  If). A) 

c  c 

i:  .-oo'titptot  1  re  1  j  y  stable  i ‘‘  the  system  Riven  by  the  state  equations 
(6,!)  and  response  equations 

?(t)  =  Hyft)  (6.8) 

Is  detectable.  The  minimum  value  of  the  performance  Index  Is 

.1  ,  =  y'^fOPxfO)  (6.7) 

min 

6.?  The  Kalman  Filter 

Tt\  order  to  Implement  the  regulator  described  in  the  previous 
section,  we  would  have  to  be  able  to  measure  all  the  states  In  our 
system.  This  is  obviously  an  unrealistic  assumption.  VJhat  we  can 
measure  are  outputs,  through  the  sensors  In  our  system.  All  sensors  have 
noise  associated  with,  them,  which  means  that  our  measurements  are  not 
perfect.  Addltlor,al ly,  real  systems  will  always  have  some  type  of 
noiits  or  biases  a'ffecting  them,  which  will  corrupt  the  state  equations. 
THerefore,  we  neeo  a  way  to  reconstruct  our  state  equations  and  produce 
i>r  estimate  of  rbem,  using  our  noisy  measurements  and  accounting  for  the 
process  noise  entering  our  plant. 

Ue  v/ill  not  yo  into  any  probability  theory  in  these  notes  — 
rather,  we  will  assume  the  reader  has  a  basic  level  of  understanding. 

Ve  will  consider  a  stochastic  linear  system  of  the  form 

x(t)=Ax(t)+Pu(t)+rf;ft)  (6.10) 

y(t)=Cxft''+I!^t)  (6.11) 

where  C(t)  and  nftl  are  vector  random  processes  called  process  noise  arc' 
measurement  noise,  respectively,  h'ote  Chat  iormally  the  differential 
iniiatlon  in  (6.10)  is  not  well  defined  because  o'  the  noise  Input,  b\it 
Uf  will  use  this  ' orm  ff)r  convenience.  The  discrete-time  case  has  no 


ip: 


K 


br. 
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such  problem.  The  processes  ^(t)  and  n(t)  are  assumed  to  be  zero-moan, 
uncorrelated ,  Gaussian  white  noises,  so  that 


E[c(t)1  =  Ern(t)1  =  0 


('6.1  •>) 


E[C(t)^  (t)1  =  Q  6(t-T) 
o 

E[n(t)n^(T)]  =  R^6(t-T) 

Er^(t)n'^rT)]  =  0 


V  t,T 


f6.13) 


(6.14) 


<"6. 15) 


with  0  (t)  and  R_(t)  symmetric,  positlt'e  semldeflnlte  and  positive 

O  I 

definite  matrices,  respectively,  and  6  is  the  delta  function. 

What  we  now  wish  to  do  Is  to  produce  an  estimate,  x(T),  of  the 


state,  x(T),  at  times  T  >  t^,  using  only  the  noisy  measurement  data 
{y(t):  t^<  t<  T}.  We  will  do  this  by  forming  the  state  error  vector 


e (t)  =  x(t)  -  x(t) 


(■6.16) 


and  minimizing  the  mean-square  error 

e(T)  =  E[||x(t)  -  $(t)|pl 


E[e"(t)e(t)l 


('6.17) 


We  will  now  skip  over  the  theoretical  details  and  lump  to  our  result. 
For  the  time-invariant  case,  we  must  assume  that  ^(t)  and  n(t)  "ro 


wlde-sense  stationary;  the  matrices  0^  and  then  become  corstant 
matrices.  Also,  we  must  assume  that  the  observation  of  the  outnut 


begins  at  t^  =  -  ”  .  As  long  as  the  observation  tlr'C  is  long  r'^r-pared  to 
the  dominant  time  constants  of  the  system,  this  assumption  Is  teasonab’y 
valid . 

We  will  assume  that  our  estimator  takes  the  form  of  an  observer, 
given  by 

xfl)  =  Axft)  +  Pi.'ft)  +  K^lyft;  -  C^(t)(  (f.lP) 

The  Kalman  filter  gain  matrix,  K^,  which  minimizes  equation  (6.17)  Is 
given  by 
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T  -1 

=Z  C 

\;'iere  Z  is  the  variance  of  the  error  (which,  under  our  assumptions.  Is 
rcii‘,l;ivt  since  c(f)  is  also  stationary),  and  is  found  by  solving  the 


algebraic  variance  Riccatl  equation 

n  =  AE+2:A’^  +  Q^-E  T. 


0,  =  rc  r 

f  o 


(6.70) 


((>.?)) 


Notice  that  if  F  =  T  fthat  Is,  each  state  has  its  own  distinct  process 

noire),  then  . 

f  o 

the  algebraic  variance  (filter)  Riccatl  eauatlon  shown  In  (6.20) 

}-.pc  reveral  solutions  —  the  "correct"  solution  Is  unique  and  positive 

definite.  A  sufficlcrt  condition  for  Z  to  exist  as  t  — *•  -  "  is  that  the 

o 

pair  fA,  C]  be  completely  observable.  This  condition  may  be  relaxed  to 
detectability,  In  which  case  it  is  necessary  and  sufficient  and  2  may  be 
positive  semidefinite.  Given  Chat  E  exists,  the  error  dynamics  of  the 
filter  are 

eft)  =  x(t)  -  x{t) 

=  fAxfr)  +  Pti(t)  +rc(t)]  -  lAx(t)  +  Bu(t)  +  Kj.{y(t)  -  G$(t)}] 

=  Ax  ft)  Fuft)  +  r^(t)  -  Ax(t)  -  Bu(t) 

-  K^[t:x(r)  +  n(t)]  -  R^Cx(r) 

=  [A  -  K^Clyft)  -  fA  -  Kj,C]x(t)  +  Ftft)  -  K^n(t) 

=  [A  -  KjCjlxft)  -  5^(t)}  +  r?(t)  -  Kj.r-'t) 


[A  -  K^Cleft)  +  [r  -K^l 


(6.22) 


Therefore,  the  poles  of  [A  -  K^C]  are  the  poles  of  the  filter. 
Olnlnusly,  these  poles  must  be  stable  or  the  filter  will  fail  to 
estimate  the  states  (we  must  have  the  error  going  to  n  small  value,  not 


1»~-  «- 

,1 


.W 


w:  V  >  V  ' 


Infinity).  A  sufficient  condition  for  the  filter  to  be  asymptotically 
stable  Is  that  the  pair  [A, T  ]  he  completely  controllable.  This  may  be 
relaxed  to  stabillzablllty ,  In  which  case  It  Is  a  necessary  and 
sufficient  condition  for  stability. 

Again,  we  will  summarize  our  results: 


Given  the  detectable  linear  time-invariant  plant 
x(t)  =  Ax(t)  +  Bu(t)  +  rgft) 
yft)  =  Cx(t)  +  nft) 


(6.10) 

(6.11) 


with  ?(t)  and  n(t)  being  zero-mean,  wlde-sense  stationary,  uncorrelated. 


Gaussian  white  noises  with  intensities 


K[C(t)CVT)]  =  Q^6(t-T) 


Ern(t)n  (t)]  =  R^6(t-T> 


(6.13) 


(6.14) 


where  Is  positive  semldeflnite  and  is  positive  definite  ^1  oth  are 


symmetric).  A  unique  Kalman  filter  gain  matrix  v;Mch  minimizes 


where 


E(e"(t)e(t)l 


e(t)  =  x(t)  -  x(t) 


and  x(t)  Is  defined  by 


x(t)  =  f^(t)  +  Bu(t)  +  K^[y(t)  -  ry(t)l 


is  given  by 


T  -1 

Kj:  =  EC  Rj 


(6,17) 


(6.16) 


(f. 18) 


(6.19) 


where  E  Is  the  constant,  symmetric,  positive  semldeflnite  matrix  which 


Is  the  solution  to  the  algebraic  filter  Flccati  emiatiop 


where 


0  =  AE+Ea'^  +  Qj,-  Er'’''Rj,~’c  E 


Of  =  TQJ 


(6.20) 


(6.21) 


The  filter  poles  are  given  by  the  poles  of  the  error  dynamics 
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t:- 


e(t)  =  FA  -  K^n]e(t)  +  fr  -K^] 


^(r) 

n(t) 


(f>.??) 


whici’  are  asymptotically  stable  Iff  the  pair  FA,  r  ]  is  stablllzable. 

6.3  The  Linear  Quadratic  Gaussian  Compensator 

Now  that  we  have  derived  the  LQ  Regulator,  which  has  the 
deficiency  of  assuming  all  states  are  available  for  measurement,  and  we 
a ’so  have  the  development  of  the  Kalman  filter,  which  produces  an 
"optimal"  estimate  of  the  states,  we  need  to  put  them  together.  In  this 
section,  we  will  simply  state  the  problem  and  its  solution, 
iven 

y(t)  -  Ay  ft)  +  Buft)  +  FCft)  (6.?3) 

yft)  *  Cxft)  +  n(t)  (6.24) 

zft)  =  l'x(t)  (6.25) 

whore  C  (t)  and  n(t)  are  Gaussian  white  noise  processes  with  zero  means 
and  intensities 


Ef?(t)CVT)1  =  Q  (S(t-T) 
o 


F[n(c)n  (t)1  =  Rj-dft-x) 


(6.26) 

f6.77) 


witli  >  0  and  P^>0  (both  are  symmetric).  We  wish  to  find  a  control 


(6.28) 


law  of  the  form 

u(t)  =  t(  y(T)  ,  T«t) 
to  minimize  the  criterion 

(6.29) 

i'f'  imst  have  FA,  Bl  and  FA,  F]  stabilizable  as  well  as  fA,  C]  and  [A,  Pi 
dercctahle.  Also,  R  must  be  symmetric  positive  definite.  The  control 


.7  =  /Q[z'^(t)z(t)  +  u^(t)F^u(t)ldt} 


lavj  which  minimizes  (6.29)  is  given  by 


uft)  =  -K  ?(t) 
c 


(6.30) 


whf.Tc  7'  is  the  regulator  gain  matrix  given  by 
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0  =  A  P  +  PA  +  0  -  PBR  B  P 

c  c 

T 

Q  =  H  H 
c 


(6.32) 


(6.33) 


and  x(t)  is  the  current  estimate  of  the  state  xft)  based  on  nep.piireitients 
of  y(T),  T  ^t.  This  estimate  is  defined  hy  the  Kalman  filter 

x(t)  =  A§(t)  +  Bu(t)  +  Kjfy(t)  -  Cx(t)l  (6.34) 

with  the  Kalman  filter  gain  matrix  given  bv 

(6.35) 

P  =  A2  +  Ea’’’  +  0^  -  Ec'^R^~^CE  (6.36) 

Q,  =  rq  r’’’  (6.37) 

f  o 

Under  these  conditions,  the  regulator  poles,  given  by 

detfsl  -  A  +  BK  1  =  0  (6.38) 

c 

and  the  filter  poles,  given  by 

detfsl  -  A  +  KjC]  =  0  (6.39) 

are  guaranteed  to  be  stable.  We  will  now  look  at  the  expression  for  the 
LOG  compensator,  that  is,  the  dynamic  output  feedback  compensator  made 
up  of  the  regulator  and  filter  equations.  Substituting  (6.3P)  Into 
(6.34)  we  get 

x(t)  =  Ax(t)  -  BK^x(t)  +  Kj,y(t)  -  K^Cx(t) 

-  (A  -  BK  -  K^Clx(t)  +  K,y(t)  (6.40) 

c  1  f 

Taking  Laplace  transforms  and  rearranging  yields 

x(s)  =  fsT  -  A  +  BK^  -f  K^r]“*K^y(s)  (6.41) 

Substituting  (6.41)  into  the  Laplace  transform  of  (6.30)  yields 

u(s)  =  -K  (si  -  A  +  BK  +  K,C)"^K^y(s)  (6.42) 

c  err 

This  is  the  expression  for  the  L()G  compensator.  We  can  write  the  plant 


transfer  function  as  (omitting  the  noises  for  a  moment) 
y(s)  =  C(sT  -  A)  *Bu(s) 


(6.43) 


Fig  6.1  Block  Diagram  of  the  LOC  System 


It  is  easy  to  show  that  the  poles  of  the  compensator,  given  by 

detfsl  -  A  +  BK^  +  K^C]  =  0  (6.44) 

are  not  always  stable.  See  the  second  example  In  Chapter  8  of  these 
notes  for  more  discussion  on  this.  We  can,  however,  show  that  the 
closed-loop  system  Indeed  guaranteed  to  be  stable,  which  Is  the. 
crucial  requirement. 

To  fjhcw  closed-loop  stability,  we  need  to  look  at  the  eigenvalues 

of  the  closed-loop  system.  We  have  two  sets  of  n  equations  each, 

defined  by  the  combination  of  (6.23)  and  (6.30),  which  Is 

x(t)  =  Ax(t)  -  BK  $(t)  +  rf;ft)  (6.45) 

c. 

and  the  combination  of  (6.40)  and  (6.24),  which  is 

^(t)  =  (A  -  BK^  -  Kj,Cl$(t)  +  F.^Cx(t)  +  K^n(t)  (6.46) 

Writing  these  In  state-space  form  gives 


>:(t) 

[a 

-PK 

c  1 

1 

5(t) 

K^C 

A  -  BK^  -  K^Cj[< 

0 


66.471 


i 

rSj 


The  closed-loop  LQG  poles  are  therefore  plven  hv 
ffil  -  A  BK  I 


-K^C  si  -  A  +  BK  +  K,C 
f  c  f 


(■6.48) 


Unfortunately,  stability  of  the  poles  is  not  obvious  from  (6.48).  There 
is  a  trick  we  can  do  to  solve  the  problem,  b.owever.  Remember  In  the 
last  section  we  defined  the  estimator  error  by 

e(t)  =  x(t)  -  x(t)  (6.16) 


so  that 


e(t)  =  x(t)  -  x(t) 


(A  -  K^deft)  +  [  r 


e  (t): 

n(t)| 


We  can  substitute 

x(t)  =  x(t)  -  e(t) 

into  (6.45)  to  obtain 

x(t)  =  Ax(t)  -  BK  fx(t)  -  e(t)l  +  TC  (t) 
c 

=  (A  -  BK  ]x(t)  +  BK  e(t)  +  (t) 

c  c 

Now  we  can  write  (6.22)  and  (6.50)  in  state-space  form  as 


(6.2?) 


(6.49) 


i(t)' 

Fa  -  BK 

BK 

=  !  c 

c 

e(t) 

1  ^ 

A  -  K  C 
* 

(t)]  [~r  o*'re(t)" 

I 

(t)  r  -Kj.l[n(t) 


(6.50) 


(6.51) 


The  eigenvalues  of  (6.51)  must  be  the  same  as  tlie  eigenvalues  o*' 
because  their  state  vectors  are  related  by  a  nonsingular  linear 
transformation.  Therefore,  the  closed-loop  T.OC  poles  are  given  Vy 


si  -  A  +  BK  -BK 

c  c 


(6. 52) 


^  0  si  -  A  +  K,(;  I 

Using  Schur's  formula  from  Chapter  2,  (6.52)  ma\  he  v/rftter  r.y. 

detfsl  -  A  +  BK  I'detfsl  -  A  +  K^Cl  =  n  (6.52) 

c  *■ 


*.■  •(.■ 
•v'-S'-V 
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Tht'refore,  the  closed-loop  poles  of  the  overall  LOG  system  are  simply 
the  poles  of  the  regulator  and  the  poles  of  the  filter,  which  we  have 
already  shown  are  guaranteed  to  be  stable.  Therefore,  LQG  compensators 
alvjays  produce  stable  closed-loop  systems. 

lie  have  now  discussed  four  sets  of  poles,  which  can  become 
confusing  if  we  are  not  careful.  Therefore,  we  summarize  them  here, 
along  with  the  name  we  will  be  giving  each  set  from  here  on: 


Regulator  poles -  (always  stable) 

Filter  poles  -  -  K^Cl  (always  stable) 

Compensator  poles  -  ^^fA  -  BK^  -  K^Cl  (not  always  stable) 

Closed-loop  poles  -  ^^fA  -  BK^],  ^^^[A  -  K^C]  (alwavs  stable) 


Asymptotic  Properties  of  the  Regulator  and  Filter 

Ve  will  close  this  chapter  by  examining  properties  of  the  regulator 
and  filter  as  the  control  weighting  (R^  or  R^)  gets  very  small  or  very 
large.  This  is  exactly  the  same  as  letting  the  state  weighting  get  verv 
large  or  very  small,  respectively  (shown  in  Appendix  8A) .  VJe  will  not 
show  the  full  proof  here,  which  is  p.lven  in  Ref  fh-l],  pp  281-289  and  pp 
3()8-170.  Rather,  we  will  only  state  the  results. 

6. A. I  Asymptotic  Regulator  Properties 

Consider  the  system  given  by  (6.23)  -  (6.25).  Let  the  control 
v'oighting  be 

1.  =PN  (6.54) 

c 

whcrt-  P  >0,  1-y  >  0.  Let 

Gj (s)  =  H(sT  -  A)"^B  (6.55) 

T’^cn 

a''  as  P — >0,  p  rf  the  regulator  poles  approach  the  values  , 

1  '■  1 ,p  ,  wltere 
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if  Pe(z^)  <  0 
-z^  if  Re(z^)  >  0 


(6.56) 


and  Zj  are  the  transmission  zeros  of  G^(s).  The  remainlnp  n-j..  voles  po 
to  Infinity  and  group  Into  several  Butterworth  patterns  of  different 
orders  and  different  radii. 

b)  as  p— the  n  regulator  poles  approach  the  values 
1  =  1 ,2, . . . ,m  ,  where 


If  Re(ir^)  0 
If  ReCn^)  >  0 


(6.57) 


and  TT^  are  the  poles  of  Gj^(s). 

It  Is  interesting  to  note  that  when  control  usage  is  heavily 
penalized  (  P — *“),  the  optimal  regulator  will  simply  move  unstable 
poles  to  their  left-half  plane  mirror  images,  and  leave  stable  poles 
virtually  unaffected. 

6.4.2  Asymptotic  Filter  Properties 

Again  consider  the  system  given  by  (6.?3)-(6.25) .  T.et  the 


measurement  noise  be  represented  by 


Rj,  =  PN 


('6.5P) 


where  P  >0,  N  ^0.  Let 


G2(s)  =  C(sT  -  A)  r 


(6.5'0 


a)  as  P — »0,  p  of  the  filter  poles  approach  the  values  v^, 
1  =  1 ,2, . . . ,n  ,  where 


v^  If  Re(v^)  0 

-v ,  If  Re ( V  )  >0 


(f .60) 


nrc  are  the  transmission  zeros  of  G^Cs).  The  remaining  n-p  poles  go 
to  infinity  anH  group  Into  several  Butterworth  patterns  of  different 
ordors  and  different  radii. 

bl  as  p -•«> ,  the  n  filter  poles  approach  the  values 


i  =••  I,?.. 

. .  ,ti  ,  where 

II 

f  "1 

if 

P,e(ir^)  < 

0 

if 

Pe(Tr^)  > 

0 

flow  that  we  have  looked  at  some  general  properties  of  optimal 
regii’ators  and  filters,  we  will  concentrate  on  specifics.  The  first 
aspect  we  will  erairlne  is  robustness  properties  of  the  regulator,  which 


we  take  up  in  the  next  chapter. 
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7.  GUARANTEED  MARGINS  OF  LINEAR  QUADRATIC  REGULATORS 


/  wfll  knowv  property  of  Linear  Quadratic  Regulators  Is  that  they 
exhibit  guaranteed  stability  margins.  The  chapter  contains  a  proof  of 
what  these  margins  are.  To  do  this,  we  start  by  using  several  matrix 
manipulations  on  the  regulator  equations  we  derived  In  the  last  chapter. 
7.1  Derivation  of  the  Kalman  Inequality 

We  start  by  looking  at  the  algebraic  Rlccatl  equation  for  the 
regulator  [  note  that  we  will  drop  the  subscript  c  on  0,  R,  and  K  In 
this  chapter  since  there  are  no  filter  equations  ] 

PA  +  -  PBR“’b'^P  +  0  =  0  (7,1) 

Pslng  the.  state  equation  and  feedback  law 

K  -  Ax  +  Bu  (7.2) 

u  =  -Pv  (7.3) 

we  Vrov'  irora  the  previous  chapter  that  the  regulator  gain  matrix  K  Is 
given  h''’ 

¥  =  (7.4) 

Transposing  this  yields 

I'  =  PBR~’  (7.5) 

since  P  and  R  are  symmetric.  Using  (7.4)  and  (7.5),  the  following 
relation  Is  obvious 

K  RV  =  (PBrr^)R(R~^B’^P)  =  PBR“^R^P  f7.6) 

Vow  we  can  substitute  this  Into  (7.1)  to  yield 

?'.•  •*  a"^]'  -  fJrk  +  0  =  n  (7.7) 

Addiei.  and  subtracting  sP  ("=  Ps)  from  both  sides  yields 

'•A  -  Ps  +  si  +  A*’'  -  k'^RK  +  0  =  (1  (7.R) 

I't.l  t  ip'v  irg  by  f-ll  anr!  rearranging  gives 


P(sl  -  A)  +  r-sl  -  A  )P  +  K  RK  =  Q 


(■7.9 


Now,  for  completely  unobvlous  reasons,  multlplv  botb  sides  of  ^^7.9)  on 
the  left  by  R  ■b'^(-sI  -  a"^)  ^  and  on  the  right  by  (si  -  A)  ^BR  ,  to 
yield 

R“*^B’’(-sr  -  a'^)“^P(sI  -  A)  (si  -  A)“^BP~‘'^ 

+  r“‘'®b'^(-sI  -  a'^)“^(-st  -  a'^)p(sI  -  a)“’pr"'- 
+  r‘\'^(-sI  -  a'^)“^k'^RK(sI  -  A)“Vr"^ 

=  B“S?’^(-sI  -  a'^)“'q(sT  -  A)“’bR~^ 
or 

R"^b'’'(-sI  -  a'^)PBR"^  +  R“^b'^P(sI  -  A)~^BP~*'^' 

+  R“^B^(-sT  -  a'^)“'k^rk(sT  -  a)''^br"*^ 

=  R’V(-sI  -  a'^)“^Q(sT  -  A)"'br"^  (7.10) 

Notice  from  (7.4)  and  (7.5)  that 
—U  T  Ic 

R  "^B  P  =  R-^K  f7.11) 

and 

-U  T  U 

PBR  ^  =  K  R  O.l?) 

Substituting  these  into  (7.10)  yields 

R“^b'^(-sI  -  A^)"^K^P^  +  r''^K(sT  -  A)~’pr“^ 

+  R“^b'^(-sT  -  a'^)'^k'^rk(sI  -  A)"*BR"'"^ 

=  r“^b'^(-sI  -  a'^)“’o(sT  -  A)”*BR"‘"  (■'.]?) 

By  divine  inspiration  (seems  that  way,  anvwav),  notice  that 
n  +  R^K(-sI  -  A)~^BR”‘'^l'’’rT  +  r‘'^K(sT  -  A)"’pp"‘'^l 

=  ri  +  r“^b^(-si  -  a’^^-’k'^r^i fl  +  r\(s1  -  a)"’br~’'^i 

=  I  +  R~^b'^(-sT  -  A*)"^k'^R^  +  r\(sT  -  A)"^ER“'‘’ 

+  R"**b’^(-sI  -  a’^)“'k'^RK(s1  -  A)"^BR"’^  (7.14) 

so  that  by  adding  I  to  each  side  of  (7.13)  the  resulting  equation  aud 
(7.14)  are  equal.  Therefore, 
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(7.15) 


fT  +  R^K(-sI  -  A)"’be"^1^[T  +  R*'^K(sI  -  A)"^BR  ^"1 

— ^  T  T  —  1  —  1  — !< 

=  T  +  R  'B  (-si  -  A  )  Q(sT  -  A)  BR  ^ 


PubstiturinR  s  =  1w,  (7.15)  becomes 

[I  +  R'^Kf-iwl  -  A)''BR“^]^fI  +  R*^K(.iwI  -  A)"^BP“^h 
=  I  +  R“S^(-iwI  -  A'^)"^Q(jwT  -  A)“^BR"^ 


(7.16) 


Tt  ’s  easy  to  verify  that  the  left-hand  side  of  (7.16)  is  Hermitlan,  and 

* 

the  right-hand  side  Is  of  the  form  I  +  X  (iw)QX(jw).  Both  of  these 


facts  are  shown  explicitly  In  Appendix  7A. 


We  will  adopt  the  notation  for  arbitrary  Hermitlan  matrices 

to  indicate  that  Cj  -  Is  nonnegative.  Since  Q^O  from  the  definition 

*  , 

of  the  state  weighting  matrix,  X  (lw)0X(1w)  ^  0.  Rewriting  (7.161  as 
IT  +  R*'^K(-iwT  -  A:r’ER"^l'^ri  +  R^fjwT  -  A)"^BR“^1  -  I 


=  X  (.iw)OX(jw)  ^  0 


if  is  obvious  that 


fl  +  R\(-iwT  -  A)"^BR"^l'^rT  +  R\(jwT  -  A)"^BR"*^]  ^  I 


(7.17) 


(7.18) 


The  relation  In  (7.18)  is  known  as  the  Kalman  Inequality. 
7 . Guaranteed  Margins  for  the  SISO  Case 


First,  let's  look  at  the  SISO  case.  The  Kalman  Inequality  becomes 


fl  r  k(-jwl  -  A)  ^br  ^I'^fl  +  r^kfjwl  -  A)  ^br  ']  ^  1 


(7.19) 


where  the  underbar  denotes  vector  auantltles.  The  left-hand  side  can  be 


simplified  as  follows 


ll  +  r^f-jwT  -  A)"’br~**l'^ri  +  r\(,iwl  -  A)“*br"’^] 
=  M  +  k(-1wT  -  A)~'bl'^[l  +  kfiwi  -  A)“’bl 

-  n  +  k(iwT  -  A)"'bl*11  +  k(iwl  -  A)"'bl 
I ,  .  .  / .  |7 


1  -t  kfiwi  -  A)  b 


Therefore 


(7.20) 


1  +  k(jwT  -  A)"’h  ^  >  1 


(7.211 
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f7.?2) 


I  1  +  k(jwl  -  A)  b  I  >  1 
Now  let's  look  ar  a  block  diagram  of  the  state  equations  (7.?)  and  (7.3) 
for  the  SISO  case,  as  shown  In  Fig  7.1. 


Fig  7.1  SISO  Block  Diagram  for  the  1,0  Regulator 

* 

From  Fig  7.1,  we  can  see  that  1  +  k(iwT  -  A)  ^  is  the  return  difference 
function  for  the  regulator.  Therefore,  (7.22)  says  that  the  magnitude 
of  the  return  difference  for  a  SISO  Linear  Ouadratlc  Regulator  Is  always 
greater  than  or  equal  to  one.  I,ooklng  at  a  polar  plot  of  k(jwT-A) 
this  says  that  the  plot  must  never  enter  a  unit  disk  centered  at  the 
-1  +  jO  point.  Some  typical  polar  plots  are  shown  In  Fig  7.2. 


*•■-10 


r-fp  1.7  Tvpical  polar  plots  of  optimal  systems,  with  disks  centered  at 


-1  +  iO.  Note  that  (c)  has  two  open-loop  unstable  poles 


Fron  these  plots.  It  Is  easy  to  verify  that  the  iplnlm\im  gain  margin  (GV) 
and  phase  margin  (PfO  of  a  I. inear  Ouadratlc  Regulator  are  given  by 

!;  <  GN  <  00  (7.23) 

-fiO"  <  PN  <  60"  (7.24) 

Plot  <c)  illustrates  these  limits  the  best.  Obviously,  in  any  of  these 
plots,  the  gain  may  he  increased  to  Infinity.  If  point  A  in  plot  (c) 
were  at  the  edge  of  the  unit  disk  (-2+10  point),  which  is  a  worst  case. 


thee  the  gain  could  be  halved  before  instability.  This  yields  the 


'■"A  <  '  ■  :r  yj/’L  VJ.v.  •’■  .■-•f  VAV.* ' 


guaranteed  (mlnlmuin)  margin  In  (7.?3).  Point  B  on  plot  (c)  indicates 
where  the  polar  plot  has  unit  magnitude.  Again  as  a  worst  case,  if  B 


were  on  the  edge  of  the  disk,  the  angle  between  B  and  the  negative  real 

axis  would  he  60°,  thus  they  guaranteed  60°  phase  margin.  The  -60' 

limit  is  lust  the  margin  at  the  crossing  point  above  the  real  ay  is  ftliat 
* 

is,  point  B  ). 

7.3  Guaranteed  Margins  for  the  MTMO  Case 

Now  that  we  have  shown  the  guaranteed  margins  for  STSO  regulators, 
let's  extend  this  to  the  MTMO  case.  First  we  consider  the  case  where 

R  *=  pT  i7.?5) 

and  p  is  a  positive  scalar.  This  choice  of  R  is  very  common  and  will  be 
used  extensively  later  in  these  notes.  For  this  choice  of  P,  f7.1Pl 
becomes 


[1  +  (PI)''Y(PI)"^]*ri  +  (pI)S(pI)'*'’l  >  I 

.-1 


(1.7b) 


where  Y  =  K(JwI  -  A)  B,  and  since  the  p7  terms  may  be  moved  to  either 


side  of  Y,  (7,2b)  is  obviously 
[I  +  Y]*fl  +  Y]  >  T 


f7..'>7> 


or 


fl  +  K(jwT  -  A)“’b]*[I  +  KfiwI  -  A)~’b1  >  7 


f7.?P) 

which  is  true  iff 

0(1  +  Kf-iwT  -  A)"^B1  »  1  f7.?9) 

This  is  proved  In  Appendix  7B.  Notice  that  the  term  on  the  left-hand 
side  of  (7.79)  is  the  minimum  singular  value  of  the  return  difference 
matrix,  since  K(jwl  -  A)  ^B  is  again  the  loop  transfer  matrix,  ^('oking 
back  to  Chapter  3,  we  see  that  this  equation  has  the  Inrm  of  so 

that  we  can  define  =  1  and  plug  this  value  into  (7.40  and  (3.4'’!  to 


obtain  the  gain  and  phase  margins 


i  <  CM  < 


-?sln“^ra^/?)  <  PM  <  2sln“^faj/?) 


-60'  <  PM  <  6C‘ 


(7.30) 


(3.42) 


(7.31) 


This  Is  obvlrtuplv  the  same  as  the  STSO  result,  which  is  what  we 
eypectcd . 

Technically,  we  still  have  two  more  steps  before  we  reach  the  end. 
First,  ve  would  need  to  show  the  marftlns  for  anv  general  diagonal  P,  and 
thtr  'or  any  general  R,  The  first  was  shown  by  Safonov  and  Athans 
17-^1,  ,ind  due  to  its  complexity  will  not  be  shown  here.  Again  the 
guaranteed  margins  are  as  In  (7.30)  and  (7.31).  Finally,  since  any 
gener,;l  selection  for  R  can  always  be  equivalently  replaced  by  some 
dtafonal  choice  f7-5],  we  have  the  final  result.  Thus,  (7.30)  and 
(7.311  are  the  guaranteed  minimum  gain  and  phase  margins  for  any  Linear 
Ouadratlc  Regulator. 

Unfortunately,  these  results  are  true  in  theory  only.  From  an 

irttjjtive  viewpoint,  wc  should  know  that  gain  cannot  he  increased 

infinitelv  for  a  real  system.  Let's  take  a  look  at  why  the  theory  tells 

iis  it  can,  and  what  the  implications  of  the  practical  limitations  are. 

Arv  full-state  feedback  design  alwavs  results  in  a  loop  transfer 

function  with  one  more  pole  than  zero.  For  a  SISO  system,  this  can  be 

seen  bv  rearranging  rhe  hlock  diagram  so  that  the  compensator  has  the 

forn,  u  =  I-  y,  as  done  in  Ref  f7-6].  Tt  is  clear  that  k  will  have 
eq  eq 

(n-;l  ?prop,  re  n  Is  the  number  of  poles  of  g,  thus  giving  o 


W 


A 


-.-  i 

N'  ".**•.’* 


'.%V- 
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one-pole  excess  (the  zeros  of  g  are  the  poles  of  •  This  car  also  he 

extended  to  the  MIMO  case.  Remember  that  the  LO  Regulator  Is  a 
full-state  feedback  design,  so  It  must  have  this  property.  This  means 


that  the  regulator  will  have  high  frequency  attenuation  of  the  form 


g(s)k  (s)  =  k(sl  -  A)  'b  — »  kb/s  as  s-*<» 
eq  —  —  — 


(7.32) 


The  above  condition  Is  a  violation  of  the  Bode-Horowltz  condition 
(Ref  [7-71),  which  says  that  for  real  systems,  the  following  relation 


must  hold 


/  1  +  g(iw)k  (iw)  dw  =  0 

0  '  eq 


(■^.33) 


For  this  to  be  true,  g(.1w)k^^ (jw)  must  have  at  least  two  more  poles  than 

zeros.  Therefore,  LO  Regulators  violate  this  condition.  Does  that  mean 

they  should  be  ignored?  No,  It  doesn’t.  Any  real  system  will  alwavs 

have  dvnamlcs  we  c.annot  model,  and  these  dynamics  will  give  us  the 

additional  roll-off  (7.33)  requires.  These  dynamics  will  cause  the  plot 

of  g()w) ’k^^ ( jw)  to  enter  the  unit  circle  centered  at  -1  +  jO,  where 

g'(jw)  Is  the  real  system.  This  destroys  our  guaranteed  margins.  Tr. 

order  to  minimize  the  reduction  In  stability  margins  this  causes,  the 

bandwidth  of  g(jw)k  (jw)  must  be  below  the  frequency  where  the 
eq 

unmodelled  dynamics  become  significant.  The  above  arguments  nan  also  he 
extended  to  the  MIMO  case.  We  have  already  concliuied  that  this  is  tme 
of  the  requirements  our  system  must  meet,  so  this  is  no  surprise.  The 
purpose  of  the  discussion  was  simply  to  show  that  the  guaranteed  margins 
are  for  the  model  of  the  system,  not  the  real  system. 


7-8 


Appendix  7B 


Proposition:  A  A  »  I  Iff  2(A)  >  1 


<7B.l) 


ml 


Proof:  If  B  Is  Hermltlan  (B  B  ),  then  there  exists  a  unitary  matrix  P 
(P  P  ®  I)  such  that  P  BP  Is  diagonal  (see  Ref  f7-2]).  Now  let  B  =  A  A. 


Then 


*  * 

P  A  AP  =  A 


OB.?) 


Premultlplylng  (7B.2)  by  (P  )  ^  and  postmultlplvlng  by  P  ^  yields 

A*A  -  (P*)"*AP~^  =  PAP*  I  (7B.3) 


Remember  that  A  can  be  represented  by 
A  “  dlag[X|>  ...f 

There  Is  no  loss  of  generality  to  assume  that  Xj  »  X^  > 


f7B.4) 


X^  »  0, 


since  Hermltlan  matrices  have  only  positive  eigenvalues.  Premul tlplvlng 


by  X  and  postmultlplylng  by  x  yields 

n 


*  *  * 

X  PAP  X  >  X  X 


X  e  C 


OB.  5) 


Now,  let’s  choose 


(7B.6) 


Then 


*  * 

X  PAP  X 


ro  n 


n  A 


A  (P*A*AP)  =  A  (A*A) 
n  r. 


=  2  (A)  »  [0  0  ...  n 


OB.  7) 


Therefore 


2(A)  >  1 


(7B.8) 


This  proves  that 

A*A  >  I  a(A)  »  1  (7B.9) 

Now,  to  conclude  the  Iff  proof,  we  must  show  that 

£  (A)  >  1  A*A  >1  r7B.  10) 

Instead,  we  will  prove  the  contrapositive 

A*A  <  T=^a(A)<  1  OB,  11) 

which  Is  logically  equivalent  (see  Ref  (7-3)  for  a  review  of  logical 
proofs).  This  proof  Is  trivial  —  replace  with  "<"  in  (7B. 3)-(7B. 9) 
and  we  have  the  desired  result.  This  completes  the  proof. 
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USING  OBSERVERS  TO  RECOVER  REGULATOR  MARGINS 


Tr  this  chapter,  we  will  develop  a  method  to  "tune"  an  observer 
(specit Ically,  a  Kalman  filter)  so  that  the  guaranteed  margins  of  the 
regulator  are  nearly  achieved.  Obviously,  this  Implies  that  the 
guaranteed  margins  of  a  system  with  an  observer  Included  are  not ,  In 
genera] ,  those  of  the  regulator.  We  will  start  by  showing  that  they  are 
not . 

8.1  Non-Existence  of  Guaranteed  Margins  for  an  Observer-Based  System 


A  formal  proof  of  non-existence  of  guaranteed  margins  for  an 
observer-based  system  Is  actually  not  necessary.  Rather,  all  we  need  Is 
a  counter-example  which  shows  that  the  guaranteed  margins  of  the  LQR  do 
not  extend  to  the  observer-ln-the-loop  case.  The  observer  we  will  use 
Is  the  standard  Kalman  filter,  l.e..  Linear  Quadratic  Gaussian  (LOG) 
control.  The  same  type  of  results  can  also  be  shown  for  the  case  of  a 
general  observer. 

Example 

Consider  the  following  state  space  description: 

X  =  Ax  +  Pu  +  rc 
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r. 
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1. 


r>i 


u  +  '  c 
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Cx  +  n 
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(8.2) 


where  C  and  n  are  Gaussian  white  noises  with  Intensities  >0)  and  I, 
respectively.  Without  going  Into  the  details,  we  will  let  the  statr- 


weighting  matrix  be 


0  *  qH  H  =  q 

c 


r  - 
1 

1  1 

[1  11  =  q 

I 

_  . 

1  1 

where  q  >0,  and  let  the  control  weighting  R  be 

c 


R  =  1 
c 


(P.?) 

First,  we  will  let  q  =  Y  =  I  and  solve  the  T.OC  problem.  As  a 

refresher,  this  means  we  wish  to  find  the  regulator  and  filter  gain*- 

given  by  (see  Chapter  6) 

u  =  -K  y 
c 

-1  T 

K  =  R  BP 
c  c 

0  «  PA  +  A^P  +  0  -  PBR  “^b'^P 

c  c 

and 

X  *  Ax  +  Bu  +  K^(y  -  Cx) 

T  -1 
=  rc  Pj:  ‘ 

0  =  Ai  +  ia’’’  +  -  zc^R^'Vr 

where  R^  =  1  (strength  of  n)  and  0^  =  Pyr*.  Solving  these  eqiiat  ioi.s, 
we  get 

K„  =  ro.2361  0.23611 

0.2361 
0.2361 

Note  that  with  q  =  y ,  the  solution  matrices  are  dual  (identical  but 
transposed).  The  open-loop  plant  has  two  poles  at  -1,  while  the 
closed-loop  LOG  system  has  poles  at 

XlA^^I  =  {-0.618,  -1.618,  -0.618,  -1.618)  ''8.U0 
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»’ow  we  need  fo  eraraine  the  stability  margins  of  this  system.  Since 
this  is  a  STSO  system,  all  we  really  need  to  do  is  find  these  from  Bode 
or  polar  plots  of  the  loop  transfer  function.  However,  we  will  follow 
the  rethod  of  Chapters  3  and  7  and  find  the  margins  by  using  +  KG] 

instead.  You  can  verify  for  yourself  (If  you  wish)  that  the  results  are 
the  same.  Also  note  tl.at  since  this  Is  a  SISO  system,  KG  =  GK,  so  the 
margins  at  the  input  and  output  of  the  plant  are  the  same.  The 
expressicTi  for  K(s),  the  LOG  compensator,  was  derived  in  Chapter  6.  The 
plot  of  ofT  +  KC]  vs.  frequency  Is  shown  in  Fig  8.1.  Mote  that 
ofl  i  fC  =  I  1  +  hg  I  for  a  SISO  system. 
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From  this  plot  we  can  see  that 

oFT  +  KGl  =  0.947 
•  0)  “■ 

which  Is  aj  by  the  notation  of  Chapter  3.  Therefore,  by  (3.41)  and 
(3.42) 

0.514  <  CM  <  18.94  rrM6) 

-56.50“  <  PM  <  56.50°  (f-.l?) 

which  obviously  violates  the  guaranteed  margins  we  had  before  (see 
Chapter  7). 

Now,  in  an  attempt  to  make  the  system  "better",  we  can  try  to  spcct 
up  the  regulator  and  filter  by  increasing  q  and  y  to  Increase  and 
This  is  an  ad  hoc  procedure  often  used  to  improve  performance.  We  till 
let  q  and  Y  be  equal  (simply  for  convenience),  and  let  them  have  va’iies 
of  2,  5,  10,  and  100,  Fig  8.2  shows  a  superimposing  of  the  plots  ot 
2(1  +  KG]  for  these  values  of  q  =  Y,  along  with  q  =  Y  =  1.  Note  that 
the  infimum  of  these  plots  decreases  as  q  =  Y  increases,  which  Implies 
the  margins  decrease.  The  margins  are  shown  in  Table  8.1  for  different 
values  of  q  and  Y. 


Table  8.1 

Gain  and  Phase 

Margins  for  Values  of 

q  and  Y 

q  =  Y 

GM 

PM 

1 

0.514 

18.94 

1 

o 

56.5° 

2 

0.546 

5.95 

-49.2° 

o 

CSJ 

5 

0.667 

2.00 

-29.0° 

29.0° 

10 

0.801 

1.33 

-14.2° 

14.2° 

100 

J 

0.986 

1 .015 

-0.8° 

0.8° 

The  table  shows  that  arbitrarily  speeding  up  the  regulator  and  filter 
(l.e..  Increasing  control  power)  can  actually  degrade  the  svstem  fTom  a 
stability  robustness  point  of  view. 


FREQUENCY  (RAD/SEC) 

lifc  ‘.2  afl  +  KCl  vs.  Frequency  for  q  =y  =  1,  ?.,  5,  10,  and  100 
let's  take  a  quick  look  at  an  interesting  point.  In  this  system, 
the  reyiilator  moves  the  open-loop  poles  froin{-l,  -1}  to  {-0.618,  -1.61B 
for  0=1.  One  may  argue  that  the  improvement  afforded  by  the  control 
syster  here  is  minimal.  First,  that's  not  the  point  of  the  example. 

The  point  is  not  to  design  a  "good"  optimal  controller  —  rather,  we 
slmplv  wanted  a  counter-example  to  show  that  there  are  no  guaranteed 
nargir.f  .  Not  only  are  there  no  guarantees,  the  margins  \jerc  shown  to  he 
arbitrarily  small  for  certain  controllers.  Secondly,  if  we  change  A  to 
-A  in  which  makes  the  open-loop  eigenvalues  {  +1 ,  +1),  the 


Tbi.'!  hlghllftlits  one  of  the  biggest  problems  with  LOG  control  In  the  past 
—  It  has  the  attraction  of  being  "optimal"  and  guaranteed  closed-loop 
stable.  I’nfortunatelv,  many  times  It  Is  very  sensitive  to  errors,  as 
the  above  system  Is,  and  this  accounts  for  many  of  Its  past  failures 
when  used  on  practical  s^’stems.  In  the  next  section,  we  will  present  a 
method  to  "tune"  the  filter  so  that  It  recovers  the  full-state  feedback 
properties,  which  we  showed  had  excellent  margins.  In  the  next  chapter, 
we  will  couple  this  with  the  loop  property  Ideas  of  Chapters  4  and  5,  in 
order  to  incorporate  frequency-domain  specifications. 

P.?  Relationships  Between  Full-State  Feedback  and  Obsert^cr-Based 
Feedhark 

’^irst,  let's  look  at  a  block  diagram  of  a  general  structure 
full-state  and  observer-based  feedback  system. 

Controller 


Fig  8.5  Observer-Based  Feedback 

In  Fig  8.4,  note  that  and  H.,  are  a  feedforward  and  feedback  pain 
matrix,  respectively.  In  Fig  8.5,  and  H.,  have  the  same  meaning  as 
above,  and  K  Is  the  observer  gain  matrix.  Now  we  will  state,  and  prove 
three  properties  concerning  the  loop  properties  of  the  two  systems. 

Property  1  -  The  closed-loop  transfer  matrices  from  command  signals 
r  to  states  x  are  Identical  In  both  Implementations. 

Proof:  For  the  full-state  feedback  case, 

y  =  $Bu"  =  ^>Bu'  =  'fBu  (8.?!) 

since  all  loops  are  Intact  (l.e.,  no  break  at  X  or  XX).  Here,  <t  is  used 
In  place  of  (si  -  A)  Notice  that 

u  -  Hj(r  -  H^x)  (R.??) 

Substituting  (8.?I)  Into  (8.22)  and  simplifying  yields 
u  =  (r  -  H^$Bu) 


H,r  -  H,H^4>Bu 


(R.231 


u  -  (I  +  (8.24) 

Substituting  (8.24)  Into  18.21)  yields 

X  =  $B(I  +  (8.25) 

For  the  observer-based  case, 

X  =  l>Fiu"  =  $Ru'  =  I’Bu  (8.26) 

since,  once  again,  all  loops  are  Intact.  Notice  that 

X  =  l>(Bu'  +  Vly  -  Cx))  (8.27) 

and 

y  =  Cx  (8.28) 


so  that,  substituting  (8.28)  and  (8.26)  Into  (8.27)  and  simplifying  we 
get 

X  =  ^(Bu'  +  KCx  -  KCx) 

=  $lBu’  +  KCl’Bu"  -  KCx) 

*  4)(Bu'  4  KCl>Bu")  -  $KC$  (8.29) 

or 

X  =  (I  4  $KC)“^4>[Bu'  4  KC$Bu”]  (8.30) 

Now,  since  u'  =  u"  In  this  case 

X  =  (I  4  $KC)"^4'(B  4  KC4>B)u' 

=  (I  4  ^;KC)■’(<J>4  $KC<I’)Bu' 

=  (T  4  <J)K.C)“^(T  4  I'KO'I'Eu' 


=  4'Bu '  (8.31) 

Tn  thl-  case  u’  also  equals  u,  so  that 

X  =  I’Bu  (8.32) 

I.ookinR  at  the  control  law, 

u  -  Hj (r  -  H^x)  (8.33) 

and  siibstltutirg  (8.32)  Into  (8.33),  we  get 

u  -  H,r  -  Hjn^4>Bu  (8.341 
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►i**: 


I-.- 


or 


>-l. 


u  =  (T  +  PjK^$B)  ‘HjT 


Now,  substituting  (8.35)  into  (8.26)  we  get 


.-1. 


X  =  $8(1  +  H^Hji'B)  H^r 


(8.36) 

which  Is  the  same  as  the  fui  1-state  feedback  result  in  (8.25).  OF.D 

Property  2  -  The  loop  transfer  functions  from  control  signals  u'  to 
control  signals  u  (loops  broken  at  XX)  are  identical  in  both 
implementations. 

Proof:  To  calculate  loop  transfer  functions,  we  assume  external  inputs 
to  be  zero;  therefore,  r  =  0.  Note  that  here,  u'  =  u",  but  u'  ^  ti.  For 
the  full-state  feedback  case, 

u  -H^H2X  '.'’.37) 

X  =  $Pu"  =  4iBu'  (f',  38) 

and  combining  these 

u  *  -H^H^'I’Bu’  (P.39) 

For  the  observer-based  case, 

u  =  ^8.40) 

Substituting  (8.31)  Into  this  equation  (note  that  (8.31)  is  valid  bore 
since  the  only  assumption  at  that  point  is  u”  =  u'),  we  get 

u  =  -RjH^'tBu'  (8,41) 

which  is  the  same  as  the  full-state  feedback  result  in  (8.39).  0Fr» 
Property  3  -  The  loop  transfer  functions  from  control  signals  u”  to 
control  signals  u'  (loops  broken  at  X)  are,  in  general,  different. 

Proof:  Note  that  here,  u'  =  u,  but  u”  j*  u'.  For  the  full-state 


feedback  case, 

X  =  $Ru" 

and 


(P.4?) 
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SO  that 


u'  *  u  = 


u'  =  -H  H^'l>Bu'' 


For  the  observer-based  case,  from  (8.29)  we  have 
X  =  1>(Bu'  +  KC®u")  -  tKOx 


(I  +  $KC)x  =  $(Bu'  +  KC$Bu") 
Fote  that  this  is  equal  to 

+  KClx  >=  <t(Bu'  +  KCSBu”) 


Notice  that  $  must  exist  because 


$-1  =  [(5,T  -  A)“’]  ' 


si  -  A 


Now,  preraultlplylng  both  sides  of  f8.47)  by  (4>  +  KC)  $  we  get 

^  +  KC)"^(Bu'  +  Kmu”) 

=  +  'tKOl'^CBu'  +  KCtBu*') 

=  (1  +  $KC)~^4>(Bu'  +  KC^Bu”)  ( 

Now  we  Ret  clever.  From  Chapter  2  of  these  notes, 

(I  ♦  f,G,F^Fj)-‘CjC,  -  GjG,  -  GjC,F,(I  *  r,GjGjrj)-‘F,G,G|  ( 
Defining  ^2^1  "  ^2  ”  that 

(I  +  =  $  -  ^K(I  +  C<J>K)"V,$  ( 

Substituting  this  into  ''8. 49)  and  simplifying  yields 
9  =  -  $k(T  +  CW)“^C'I'l(Bu'  +  KC$Bu") 

=  I’Bu'  -  we 7  +  Ci>K)~'ci>Bii’  +  't'Kd'Bu'’ 

-  $^(7  *  C'fKl~^C'l'KC<tBu” 

=  'fBrC'fR)"*  (Ci'R)u'  -  Wd  +  CtK)”^  (C'{'B)u' 

+  4>K<'r4>p)u''  -  I'Kd  +  C4>K)” V't>K(r'fB)u" 

=  OtBCCl-Bl"’  -  Kd  +  C$F)~hc$Ru’ 

+  Wfl  -  d  +  C0K)"^C$KlC4>Bu'' 


-  -  K(I  +  C$K)lC4'Bu’ 

+  tKfd  +  C4'K)“^fd  +  C4>K)  -  Ci'KllCd.Bu'' 

-  $[B(C$B)“'  -  K(I  +  C4'K)"^]C4>Bu' 

+  $fK(I  +  C4>K)"^]C4iBu*’  (B.Sl'i 

Note  that  the  only  assumption  we  have  made  In  this  development  is  that 
(d’B)  ^  exists.  Obviously,  C^B  Is  the  plant  transfer  function; 
therefore,  we  have  assumed  the  plant  to  be  square  and  Invertible. 

Later,  we  will  generalize  this  to  non-square  plants.  The  Invertlhi i  ty 
requirement  Implies  that  the  plant  must  have  no  zeros  In  the  right -half 
s-plane  (l.e..  It  must  be  minimum  phase). 

Now  we  can  write 

u'  =  u  =  (8.52) 

from  Fig  8.5.  Substituting  x  from  (8.51)  into  (8.52),  the  result  is 
obviously  not  equal  to  (8.44)  (the  full-state  feedback  result).  In 
general.  QED 

Now  let's  look  at  the  ramifications  of  these  three  properties: 
’roperty  1  -  Input/output  properties  are  the  same.  This  Is  true  because 
we  have  assumed  a  perfect  observer. 

Property  2  -  For  loops  broken  at  XX,  the  robustness,  relative  stability 
properties,  and  disturbance  properties  are  the  same.  This  means  that  If 
this  set  of  properties  Is  guaranteed  to  be  good  in  one  implementation, 
it  Is  guaranteed  to  be  equally  good  in  the  other. 

Property  3  -  For  loops  broken  at  X,  the  above  three  properties  an-  not 
the  same  for  each  Implementation,  In  general.  Guaranteed  "goodness"  In 
one  Implies  nothing  for  the  other. 

Perhaps  you  can  see  the  punchline  now.  The  loop-breaking  point  XX 
Is  Internal  to  each  of  the  compensators  —  assuming  uncertainties  here 


does  not  make  sense.  Tf  we  do,  we  are  saying  that  we  don't  know  If  we 
can  build  the  compensator  we  design,  hut  we  do  know  the  system  we  are 
designing  it  for  perfectly.  This  is  the  reverse  of  what  we  have 
assumed.  Rather,  we  need  to  examine  loop  properties  when  breaking  at  X, 
which  is  a  point  external  to  the  compensator  and  at  the  plant  Input. 

T,oop  properties  at  such  a  point  would  be  related  to  [I  +  Kfs)G(s)] 

—  note  that  for  the  full -state  feedback  LQR  case,  we  have  proven 
guaranteed  "good"  properties  for  this  return  difference  matrix  In 
rhapter  Unfortunately,  Property  3  does  not  allow  us  to  Infer  that 
these  properties  hold  for  the  observer  case  In  general.  Therefore,  the 
bottom  line  Is,  once  again,  observer-based  feedback  does  not  have 
guaranteed  margins  for  arbitrary  observer  gains. 

You  may  have  noticed  that  we  keep  saying  "in  general"  when  we  talk 
about  Propertv  3.  Are  we  Implying  that  there  1_8  a  way  to  make  the  loop 
properties  the  same  for  loops  broken  at  X?  Yes  there  Is,  and  we'll  show 
that  next, 

P.3  Fouatlng  Loop  Properties  to  Recover  Robustness 

Fasically,  we  have  determined  that  the  main  problem  with  using 
observers  (remember  that  a  Kalman  filter  Is  an  observer)  is  that  the 
loop  properties  are  different  from  the  full-state  feedback  case  when 
breaking  at  point  X  In  Figs  8.4  and  8.5.  Point  X  Is  at  the  input  to  the 
plant,  where  we  know  the  full-state  feedback  case  has  excellent  loop 
properties  when  the  feedback  gains  are  chosen  by  solving  the  LQR 
problem.  What  we  would  now  like  to  have  is  a  way  to  recover  these 
properties  when  using  an  observer,  by  selecting  the  observer  gains 
properly, 

Lct'e  compare  the  two  loop  transfer  functions.  For  the  full -state 


3 


feedback  case 


u'  *=  -H^H2X  .'^^.43) 

X  =  4>Bu"  (?A?) 

while  for  the  obser\'or-based  case 

u'  =  -HjHjX  CP. 52) 

X  =  -  K(T  +  C4'K)"^lC'fBu’ 

+  4>[Kri  +  C4>K)"^lC4'Bu"  (F.51) 


Obviously,  for  equality  of  loop  transfer  functions,  we  need  the  tr.Tnsfer 
functions  in  (8.42)  and  (8.51)  to  be  equal.  Since  we  don't  want  a  ti' 
term  on  the  right-hand  side  of  (8.51),  we  can  let 

B(C4>B)~’  =  K(I  +  CTK)"^  (8.53) 

so  that  the  first  term  in  (8.51)  vanishes.  Fquatlcn  (8.51)  then  becomes 
X  =  l'[B(C<t'B)"Mc4'Bu" 

=  ^Bu"  (8.54) 

This  Is  what  we  want!  That  Is,  If  we  can  choose  K  .so  that  (8.53)  holds, 
then  the  loop  properties  with  loops  broken  at  X  will  be  the  same  for  the 
full-state  and  observer-based  feedback  cases.  This  means  that  anv 
guarantees  that  hold  for  the  full-state  feedback  case  will  hold  for  the 
observer-based  case  as  well. 

Next  we  need  a  way  to  choose  K  so  that  (8.53)  will  be  satisfied. 

To  do  this,  we  will  try  to  find  K  as  a  function  of  a  scalar  parameter  q 
such  that  (note  that  this  q  Is  different  from  the  q  in  section  8.1) 

K(q) 

- ►BW  as  q — (p.55) 

q 

where  W  Is  any  nonsingular  matrix.  Then 


,  K(q) 

Kfl  +  C$Kr  *  - afl  +  C$K(q)] 


_1  K{q) 

m  ■  — 

q 

«  BfCi-B]" 


I  K(q) 

-  +  c* - 

q  q  J 


as  q  — ►  “ 


(8.56) 


which  is  what  we  want  in  order  to  satisfy  (8.53). 

Closed-loop  stability  of  the  overall  system  with  an  observer 

in  the  loop  requires  that  the  observer  error  dynamics  be  stable.  We  can 

assure  this  by  requiring  the  observer  to  be  a  Kalman  filter  for  some  set 

of  noise  statistics.  First,  we  will  assume  that  F,  the  process  noise 

distribution  matrix,  Is  identity.  From  Chapter  6,  Kalman  filter  gains 

are  given  by  (here  with  our  scalar  parameter  q  Included) 

Kj,(q)  =  E(q)c'^R^~‘  .  (8.57) 

where  F(q)  Is  the  solution  to  the  filter  Plccatl  equation 

n  =  AKq)  +  F(q)A'^  +  0^(q)  -  E(q)c'^R^"’ CE (q)  (8.58) 

Note  that  we  have  chosen  to  be  a  function  of  q  also.  As  in  any 

T  T 

Kalman  filter  problem,  we  must  have  -  0^  >0  and  R^  “  ^ 

t- 

pairs  lA,  0^  1  and  fC,  A)  must  be  stablllzable  and  detectable, 
respectively . 

In  the  typical  Kalman  filter  problem,  0^  and  R^.  are  process  and 
me.TSurement  noise  intensities,  respectively.  Fere  we  will  alter  that 
Interp^'etatlon  sllghtiv.  Let  0^  and  R^  be  the  actual  process  and 
measurement  noise  intensities,  and  define  the  Rlccatl  weighting  matrices 

Qffq)  =  Qp  +  q^BVB^  (8.59) 

R,  =  P  (8.60) 

f  o 

where  V  is  any  positive  definite  symmetric  matrix.  Note  that  the 
measurement  noise  weighting  Is  taken  as  the  noise  intensity  R  ,  while 


the  process  noise  weighting  has  an  additional  term  added  to  Q  .  This 


term  can  be  thought  of  as  additional  fictitious  process  noise  Injected 
Into  the  system  through  the  Inputs  to  the  plant,  where  we  have  assuired 
uncertainties  anyway.  Also  note  that,  for  q  =  0,  we  have  the  standard 
Kalman  filter.  Next  we  will  examine  what  happens  as  q  approaches 
Infinity, 

Substituting  the  weights  In  (8.59)  and  (8.60)  Into  the  filter 
Rlccatl  equation  (8.58),  we  get 

0  =  AE(q)  +  5:(q)A'^  q^BVB'®’  -  E(q)C^R^"’ci(q)  (8.61 

2 

Dividing  both  sides  of  (8.61)  by  q  we  get 

r(q)  r(q)  Q  E(q)  „  ,  ^(q) 

0  =  A(— ^)  +  (— ^)A  +  -2  +  BVB  -  o  (— ^)C^R  C(— r-)  (8.6? 

q  q  q  q  q 

By  the  development  In  Appendix  8A,  for  a  minimum  phase  system  (l.e.,  r< 
has  no  right-half  plane  transmission  zeros)  with  at  least  as  manv 


r(q) 

Inputs  as  outputs,  as  q-*-®  In  (8.62),  — ^ - ►0.  Therefore,  the  first 

q 


three  terms  on  the  right-hand  side  of  (8.62)  become  small,  and 


.  i:(q)  _  r(q) 

q  (— j-)C^R^  C(-^)  »-BVB^  as  q— .-<«> 

q  °  q 

From  (8.57)  and  (8.60),  we  see  that 

K^(q)R^K^(q)^  =  f  I (q)c\“hRQ(  J:(q)c\~’ 

=  [I(q)C^R  "Mr  [R  ”Mr(a)1 
o  o  o 

=  i:(q)c'^R^"Mi:(q) 

so  that 

K,(q)R  K  (q)'^  5:(q)  _  ,  E(q) 

- - ¥ - «  <— )':V  > 

q  q  q 


Substituting  (8.65)  into  (8.63)  yields 


K^(q)R^Kj(q)'^ 

') 

q*" 


T 

BVB 


as  q  — 


(8.63: 


'■8.64: 


(8.65: 


(8.66: 
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Ve  will  now  claim  that  solutions  (remember  we  are  trying  to  find  K^(q)) 
of  (8.fh)  must  he  of  the  form 


^f(q^  U  _u 

— - *-  BV^R  as  q - >  “ 

q  o  ^ 


(8.67) 


To  prove  this,  we  substitute  (8.67)  into  the  left-hand  side  of  (8.66) 
and  see  that 

K  (,)R  K  (<,)’■  ,  H  ,1, 

— - - >(RV^R  ^)R  (BV^R  ^) 

q  q  o  o  o 

L  -i.  -k  h  T 
=  BV^R  ^R  R  ^V^B 
o  o  o 

T 

=  BVB  as  q  — ^  “ 

v'hlcli  is  the  right-hand  side  of  (8.66).  One  more  step  and  we're  done. 
Tf  we  now  define  W  as 


U  -U 
V  =  V^R  ‘ 


(8.68) 


from  (8.67)  we  will  have, 

Kf(q) 


BW  as  q 


(8.69) 


where  V  Is  guaranteed  to  be  nonsingular  by  its  definition.  Equation 
(8.69)  Is  exactly  equation  (8.55).  Therefore,  choosing  the  filter 
weight!!  as  shown  In  (8.59)  and  (8.60)  will  yield  observer  gains  that 
satisfy  (8.53)  as  q — ,  and  therefore  the  loop  properties  of  Figs  8.4 
and  B.'  will  be  identical  with  loops  broken  at  X,  as  q— ►<*>. 

let's  add  one  more  thing  before  making  some  comirents.  If  the  plant 
contains  a  non-identity  process  noise  distribution  matrix  ?,  so  that 

X  =  Ax  +  Bu  +  rc  (8.70) 

where 

rr  UxV  ax)  1  =  0  .S(t  -  T  )  (8.71) 

o 

then  the  weighting  matrix  Cj  becomes 

0  (q)  ro  +  q^BVB’’’ 


(8.72) 


This  should  not  be  surprising  since  the  standard  Kalman  filter  would 
T 

have  the  FQ^F  term. 

Now  let's  take  a  look  at  what  we  have.  By  choosing  our  observer  to 
be  a  Kalman  filter,  with  weighting  matrices  as  shown  In  f8.59)  and 
(8.60),  we  will  asymptotically  recover  (as  q — *-ool  the  loop  propert  ies 
of  the  full-state  feedback  Implementation  with  loops  broken  at  the  input 
to  the  plant.  If  the  loop  properties  of  the  full-state  Implementation 
are  good,  they  will  also  be  good  at  the  Input  to  the  plant  when  e  Kalman 
filter  Is  placed  In  the  loop.  Since  we  have  altered  the  filter's 
weighting  matrices,  we  may  ask  If  It  Is  still  a  Kalman  filter.  The 
answer  is  yes,  but  with  strings  attached.  For  q  =  0,  the  filter 
described  here  Is  exactly  the  typical  Kalman  filter.  However,  It  has  r.o 
loop  recovery  properties  at  all.  As  q  is  made  larger,  the  loop 
properties  become  closer  and  closer  to  that  of  the  full-state  feedback- 
case.  However,  the  process  noise  weighting  becomes  Increasingly 
different  from  the  assumed  process  noise  Intensity,  still  yielding  a 
Kalman  filter  but  for  different  noise  statistics.  Thus,  we  have  a 
trade-off  between  loop  recovery  and  accuracy  of  the  filter.  This  i 
best  shown  In  a  simple  example,  which  we  do  next. 

8. A  Example  of  T-oop  Recovery 

Consider  the  simple  single-input  single-output  system  described  by 
(Ref  (8-31) 

X  =  Ax  +  Bu  -t  F?  = 

y«'Cx  +  n“f2  l]x-tn  (i’.IA) 

F(C)  =  E(n)  ■=  0 

F.[C(t)c’^(T)]  X  E[n(t)n'^(T)l  =  6(t  -t) 

==>  Q  =  R  =  1 
o  o 


0 

1 

X 

+ 

o' 

u  + 

35 

-3 

-A 

1 

-61 

(P.731 


(R.7S) 


The  open-loop  tranefer  function  for  this  systetn  is  given  by 

s  +  2 


C(s)  =  Cfsl  -  A)~^B 


(s  +  l)(s  ♦  3) 


The  ccrtroller  we  will  use  is  an  LO  Regulator  which  nlnlinlzes 

T  0 


J  fz'^z  ^  u\uldt} 


where  we  will  let 

z  =  Hx  =  A/T  [/3T 

so  that 

r 

35 


llx 


H^H  =  80 


/IT 

1 


(8.77) 


(8.78) 


(8.79) 


(8.80) 


and 


P  =  1 
c 


(8.81) 

The  unorthodox  choice  of  H  was  made  so  that  the  resulting  optimal 
control  law  would  be 

u  =  -K  X  =  -[50  10]x  (8.82) 

c 

which  pr(;di'ces  the  closed-loop  regulator  poles 


^CL  “■  -7.0  ±  12.0 
c 


(8.83) 


Remember  that  these  come  from  detfsT  -  A  +  BK  1  =  0.  In  order  to  be 

c 

consistent  with  the  notation  of  Figs  8.4  and  8.5,  we  let  Hj  =  I  and 
.  The  loop  transfer  function  for  the  regulator  is  given  by 
-  A)  ^B.  This  was  shown  in  Chapters  6  and  7.  Figs.  8.6  and  8.7 
show  a  Rode  magnitude  and  a  polar  plot  of  this  transfer  function.  We 
shc'W  only  the  magnitude  plot  as  this  is  all  we  would  have  in  a  MIMO 
example  luslng  singular  values);  note  that  we  could  not  generate  a  polar 
plot  for  MTMO. 
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Fig  8.8  shows  a  blow-up  of  Fig  8.7  at  high  freouencv.  Note  that  rbe 
plot  does  not  enter  a  unit  circle  centered  at  -1  +  ifl,  and  therefore  has 
the  promised  guaranteed  margins.  In  fact,  the  pain  and  phase  ma  rglPS 
here  are  0<GM<  «>  and  -85°  <  PM  <  85°. 


3  0 


-90 

Fig  8.8  High-Frequency  Portion  of  the  Full-State  Regulator  Svstein 

Design 

Now,  since  the  assumption  of  availability  of  all  states  for  feedback  Is 
unrealistic,  we  will  add  an  estimator  to  reconstruct  the  states,  ramely 
a  Kalman  filter.  Equation  8.82  will  therefore  remain  the  same  exctrt 
that  X  Is  replaced  by  x.  Tn  accordance  with  Chapter  6,  we  choose  0.  and 


This  produces  the  filter  gain  matrix 


30 

=  (8.86) 
i  -50 

wl tt  f " 1  ter  poles 

X  =  -7.0  i  1?.0  (8.87) 

'f 

(the  sarit!  poles  as  the  regulator).  Remember  that  these  come  from 
detfsT  -  A  +  K,rl  =  0.  The  loop  transfer  function  for  the  system  with 

L 

the  filter  In  the  loop  (l.e.,  the  LOG  loop)  Is  K(8)G(s),  where  K(s)  Is 
given  } y 

K(a)  =  K  (sT  -  A  +  BK  +  K,C)"*K,  (8.88) 

c  err 

Again,  this  was  shown  In  detail  In  Chapter  6.  Note  that  since  this  Is  a 
RTSO  system,  K(s)G(s)  =  G(s)K(s).  Figs  8.9  and  8.10  show  the  Bode 
nmgnlrude  and  polar  plot  of  this  LOG  loop  transfer  function. 


Vlg  8.10  Polar  Plot  of  the  LQG  Loop 
Notice  that  while  the  bandwldths  of  the  two  systems  are  only  slightly 
different,  the  margins  for  the  LOG  system  are  much  worse.  Specifically 
the  phase  margin  has  been  reduced  to  15’.  From  a  realistic  viewpoint, 
note  tint  the  LOG  loop  does  have  the  required  -40dB/decade  roll-off  we 
discussed  In  Chapter  / ,  which  the  regulator  loop  does  not.  Therefore, 
we  would  like  to  have  a  wav  to  retain  this  2-pole  roll-off  property 
while  approaching  the  desirable  margins  of  the  regulator. 

To  do  this,  we  will  use  our  recovery  technique.  This  example  was 


speclallv  chosen  to  show  the  remarkable  features  of  this  technique. 


Note  that  our  Kalman  filter  produces  ar  unstable  compensator  —  tbc 


compensator  poles  (poles  of  equation  (8.88))  are 

=  {  -42. 7,  18.7  }  (f  .P9) 

This  accounts  for  the  -180°  low-f reauency  phase  anple  In  Fig  8.10.  This 
happens  quite  often  when  using  LQG  compensators,  and  in  many  cases  it 
should  happen.  Consider  an  open-loop  system  with  pole/zero  locations  as 
shown-  in  Fig  8.11. 


Fig  8.11  Open-Loop  Pole/Zero  Locations  of  a  System  Requiring 

Unstable  Compensation 

Obviously,  a  dynamic  compensator  with  a  pole  In  the  right-half  plane 
must  be  added  to  move  the  locus  Into  the  left-half  plane.  In  our 
example,  unstable  compensation  seems  unnecessary  since  the  open-lc’on 
plant  Is  stable.  However,  since  all  four  branches  of  the  locus  nus*-  go 
through  the  point  -7  ±  j2  at  one  value  of  loop  gain  (specifics] Iv,  loop 
gain  =  1),  unstable  compensation  is  necessary  to  achieve  this. 

Therefore,  unstable  compensation  Is  "our  fault"  since  we  asked  lor  those 
root  locations. 

Now,  we  let  the  0^.  matrix  take  the  form  as  suggested  in  fP.??) 

T  2  T 
=  FQ  r  +  q  BVB 
f  o 


\ 

Ulj 

0 

o' 

(l)f35  -611  q 

CF  . 


2* 
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Fig  8.13  Polar  Plots  for  q’  =  1000,  2500,  3600,  4096,  40000, 
250000,  and  full  state 
o 

As  q‘  increases,  the  plot  continues  to  get  larger  and  the  margins 

continue  to  Increase.  Note  that  somewhere  between  q'  =  3600  and  4096, 

the  plot  changes  shape  so  that  it  remains  below  the  negative  real  axis. 

2 

As  q  Increases  past  4096,  the  plot  grows  larger  and  larger  until  at 

2 

some  point  (around  q‘  =  7500),  the  system  becomes  Type  1  and  then 

becomes  open-loop  stable,  so  that  the  low  frequency  portion  moves  to  the 
o 

0  axis,  but  at  a  very  large  magnitude.  As  q"  Is  Increased  further,  the 

2 

plot  shrinks,  until  at  q  =  250000  It  very  closelv  resembles  ful''  state. 
The  above  described  behavior  Is  more  easily  explained  by  looking  at  the 
compensator  poles  (roots  of  det[sT  -  A  +  PK^  +  Fj-Ol  =0),  as  shown  in 
Table  8.2. 
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Table  8.2  Poles  of  the  Coirpensator  as  c- 


0 

q 

Poles 

of  l'(s) 

0 

-42.7 

18.7 

ion 

1  -43.5 

16.7 

500 

-47.4 

10.4 

1000 

-52.5 

7.0 

2500 

!  -66.0 

3.0 

3600 

'  -74.6 

1.78 

4096 

-78.2 

1.4 

5000 

-84.3 

0.9 

6400 

-92.0 

0.3 

8100 

-102.0 

-0.10 

10000 

-112.0 

-0.44 

40000 

-210 

-1.57 

250000 

,  -510 

-1.93 

1  X  10 

j  -10,010 

-1.9998 

see  what's  really 

happening.  As 

Is  li 

unstable  compensator  pole  starts  moving  toward  the  left-half  plane, 

7 

causing  the  polar  plot  to  grow.  As  q  Increases  further,  the  unstable 
pole  approaches  the  origin  and  the  plot  becomes  very  large.  At  some 
value  I  *■  q‘  (between  6400  and  8100),  the  unstable  pole  moves  to  the 

origin,  and  the  system  becomes  Type  1.  For  a  slightly  larger  value  of 

2 

q  ,  the  compensator  becomes  stable,  changing  the  system  back  to  Type  0 
and  moving  the  low-frequency  part  of  the  polar  plot  to  the  0°  line.  As 

O 

q  gets  very  large,  the  previously  unstable  pole  moves  toward  -2,  the 

open-lcop  (transmission)  zero.  This  causes  the  polar  plot  to  shrink, 

2 

and  for  q*"  =  250C00,  the  polar  plot  of  the  LQG  loop  looks  almost 
Identical  to  that  of  the  full-state  LQ  regulator.  Note  that  the  other 
compcrsator  pole  slmplv  becomes  faster  and  faster  (moves  further  Into 
the  left-half  plane). 

Now  let's  look  at  the  Bode  magnitude  (singular  value)  plot. 
Remember  that  In  a  MIMO  problem,  this  would  be  our  only  plot.  Fig  8.14 
show  the  magnitude  pint  for  =  0,  300,  2500,  8100,  250000  and  full 
state . 
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Fig  8.1<!(  Bode  Magnitude  Plot  for  =  0,  500,  7500,  8100,  ?500()(' 

and  full  state 

2 

As  q  begins  to  Increase,  the  low-frequency  region  begins  to  approach 

full  state,  while  the  high-frequency  region  remains  virtually  uncbcnged. 
2 

As  q  nears  3000,  the  low-frequency  region  almost  matches  full  state, 
since  the  compensator  pole  at  +2  looks  like  one  at  -2  from  a  magnitude 

p 

viewpoint.  As  continues  to  q‘  increase,  the  low-f requencv  region  also 

2 

Increases,  diverging  from  full  state.  Once  q  is  largr  enought  '■o  move 
the  compensator  pole  Into  the  left-half  plane,  the  low-frequency 
response  lowers  until  it  nearly  matches  full  state.  At  the  same  tine, 
the  high-frequency  portion  of  the  plot  approaches  that  of  full  state. 


1 


? 

Note  tbrt  at  q"  =  250000,  the  LOO  ]oop  nearly  niatche.*;  full  state,  except 
at  very  high  frequency.  Here,  the  LOG  loop  exhibits  an  additional 
-?OdP-/decade  roll-off,  eince  it  has  a  two-pole  roll-off  rather  than  full 
state's  one-pole  roll-off.  Thus,  we  have  met  our  obiectlves.  One  final 
point  of  Interest  Is  that  recovery  Is  achieved  with  no  increase  in 
bandwidth ,  which  is  obviouslv  desirable. 

V.'c  will  conclude  this  example  and  chapter  with  two  points.  First, 
in  order  for  recoverv  to  occur,  the  poles  of  the  compensator  must 
approach  the  transmission  zeros  of  the  plant  and  infinity.  It  Is  easy 
to  see  that  this  is  happening  by  looking  at  Table  8.2.  A  slight 
modification  of  the  development  in  Appendix  6A  or  the  proof  given  in 
Pefs  ffs-ll  and  [8-21  shows  that  the  filter  poles  also  move  towards  the 
plant  transmission  zeros  (or  their  stable  images)  and  infinity  as  q  ->•  “>. 
Thus,  the  behavior  of  the  poles  in  this  example  is  typical.  The  optimal 
((i‘  =  i1  compensator  will  not  always  be  unstable;  usually,  it  is  not. 

Tf  it  is  stable,  the  "overshoot"  behavior  seen  in  Fig  8.14  will  not 
occur. 

Fpcondly,  we  need  to  remember  that  the  filter  performance  degrades 
7 

as  q  gets  large,  so  that  a  trade-off  occurs.  Ref  [P-ll,  where  this 

example  is  taken  from,  shows  values  of  the  error  covariance  matrix 

T  7  2 

Ff  (y  -  x)  (y.  -  x)  ]  for  several  values  of  q  .  For  q  '  =  lODOO,  the  error 

covariance  matrix  entries  art  1  to  5  tires  greater  than  these  of  the 

7 

optimal  (q‘  =  0).  VJhether  this  is  acceptable  or  not  depends  on  the 

specific  application,  and  i^n  the  importance  of  robustness.  We  simply 

want  to  point  out  that  the  traue-off  exists  and  should  be  considered 

> 

when  sflccting  the  value  of  q". 
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Appendix  8A 

First,  we  will  state  two  theorems  from  Ref  fR-ll,  pp.  306-307  and  op. 
370-371.  These  were  first  proved  in  Ref  fR-31.  The  proof  will  hf 
omitted  here,  and  interested  readers  sliould  consult  Pef  fP-?l  for  t^e 
details. 

Theorem  A:  Consider  the  linear,  time-invariant,  stahl 1 Izahle  and 
detectable  system 

y  =  Ax  +  Bu 
z  =  Hx 


av.-i) 

(PA-?) 


where  B  and  H  have  full  rank.  Consider  the  performance  index 

J  =  /  [z^(t)Qz(t)  +  u'^(t)RuCt)  Idt  0<A-3) 

where  Q  ^0,  R  >0.  T.ct 

K  =  pN  (PA-A> 

with  N>0  and  p  a  positive  scalar.  Let  be  the  steady-state  solution 


of  the  Rlccatl  equation 


0  =  h'^qh  -  -p  bn”’  b\  +  +  P.A 

p  p  P  p  P 


CPA-';'! 


Then : 


])  The  limit 


exists. 


P  =  p 

p-*0  p  o 


2)  If  dlm(z)  dlm(u)  ,  P  =0  iff  all  the  transmission  zeros  of 

o 

C'(s)  =  H(sT  -  A)  are  in  the  left-half  plane. 

3)  If  dim(z)  >  dim(u),  then  P  ^0. 

o 

Theorem  B:  Consider  the  linear,  time-invariant,  stabllizable  and 
detectable  system 

X  =  Ax  +  Bu  +  C  fPA-6'' 


•  t  •  « 


•  V.  • 


V  *=  Cx  +  n 


iPA-?! 


where  C  hap  full  rank,  E,  and  r  are  zero-mean  white  noise?  with 


intensirles  0  >  f  and  P,  =  pll>n,  respectivel v.  het  be  the 
steadv-ptare  solution  of  the  filter  Blccati  equation 

n  =  0  -  c^’^Ncf  +  AE  +  E  a’’’ 

P  p  P  P  P 


(RA-R) 


1)  The  limit 

11m  _ 

p-0  ^P  “  ^o 

exists. 

Tf  dlmfy)  «  dlm(u) ,  =  0  iff  all  the  transmlsrlon  zeros  of 

C-fs)  -■  C(sT  -  Al  are  In  the  left-half  plane. 

3)  If  dimfv)  >  dimful,  then  E  /  0. 

o 

For  our  current  application,  Theorers  B  is  the  one  we're  Interested 

In.  Theorem  A  was  given  since  this  is  the  one  that  Is  proved  in  detail 

In  Ret  18-21;  Theorem  B  is  its  dual.  We  want  z  =0,  and  to  get  this  we 

o 

must  ha'’c  at  Least  as  many  Inputs  as  outputs,  as  well  as  Cfsl  -  A) 
being  minimum,  phase.  Fow  we  must  alter  Theorem  B  to  our  notation. 

0  T 

First,  we  want  0  =  0^  +  q‘BVB  and  R  =  R^,  where  q— .  Notice 


that  minlnlzing 


■T]  = /q  fx'^Q^x  +  u^pRj^uJdt 


(RA-9) 


is  the  same  as  minimizing 


*  u^RjUldt  fRA-10) 

since  mrl tlpllcatlon  by  a  positive  scalar  does  not  change  the 

minimization.  Now  let  —  =  q^.  Therefore,  letting  p— ►O  is  the  same  as 

P 

letting  <■ — .  rince  we  are  free  to  choose  Oj  and  ,  let 


Oj  =  -^  +  bvb'^ 


(RA-1 1) 
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Q.  PITTTING  IT  ALL  TOCFTHER  -  THE  LINEAR  QUADRATIC  GAUSSIAN  WITH  LOOP 
TRANSFER  RECOVERY  ^LQG/LTR)  METHODOLOGY 

So  far  we  have  discussed  what  a  good  multivariable  loop  shape 
should  be,  as  well  as  a  method  which  recovers  the  I.O  Regulator  loop 
shape  when  using  an  LOf:  compensator.  Now  we  need  to  tie  these  ideas 
together  to  produce  an  overall  design  methodology.  Actual Iv,  we  will 
develop  one  method  which  has  two  "versions",  depending  upon  where 
uncertainties  in  the  svatem  are  assumed  to  be.  We  will  start  by 
restating  the  LOG  problem,  but  adding  a  few  new  assumptions. 

9.1  Loop  Properties  at  Various  Points  in  the  LOG  System 
The  system  dynamics  are  assumed  to  be  in  the  form 

X  =  Ax  +  Bu  +  r?  (9.1) 

y  =  Cx  +  n  (9.?) 

where  dlm(u)  =  m,  dlm(y)  =  r,  and  5  ^nd  n  are  Gaussian  white  noises.  We 
wish  to  nlnlmlze  the  performance  index 

where 

X  =  Hx  (9. A) 

Is  a  desired  response  equation  and  p  is  a  scalar.  There  Is  no  loss  of 
generailty  In  assuming  this  performance  Index  over  the  "standard" 
quadratic  index 

u\u)dt}  (9.5) 

T 

Subst  tuting  (9. A)  Into  (9.3)  yields  a  0^  matrix  given  by  H  H,  which  can 

producf  any  desired  symmetric  positive  semldef Inite  Q^.  Obviously,  any 

1!^  matrix  may  be  written  as  pN^,  where  p  is  a  scalar  and  is  symmetric 

positive  definite.  Looking  at  the  Riccatl  equation 

0  =  PA  +  A^P  +  0  -  ^PBN  (9.6) 

c  P  c 
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we  can  redefine 


B  =  BN 

c 

h  i*  U 

where  N^^  is  the  square  root  of  (l.e. .  N^  =  Therefore, 

R  =  pi  as  In  (9.3)  Is  general.  We  will  not  use  the  on  the  B 

c 

matrix  as  In  (9.7),  but  will  assume  B  has  been  modified  If  so  desired. 

The  solution  to  (9.1)-(9.4)  Is  given  by 

u  =  -K  $  ff'.S) 

c 

where 

=  •^b'^P  (9.9) 

and  P  Is  the  solution  to  the  Rlccatl  equation 

0  =  PA  +  a'^P  +  -  PBip'^P  CQ.IO) 

The  state  estimate  x  is  defined  by 

X  =  Ax  +  Bu  +  K^[y  -  Cx]  (V.ll) 

where 

Kj  « (9.12) 
and  J  Is  the  solution  to  the  filter  Rlccatl  equation 

0  =  at;  +  ia"^  +  rr'*^  --jjrc'^cE  (9.13) 

T 

rr  Is  the  intensity  of  the  process  noise  which  again  is  complrti ly 
general,  pi  Is  the  Intensity  of  the  measurement  noise  n,  which  Is 
general  If  the  non-equal,  non-identity  portion  of  is  absorbed  into  C 
similarly  to  the  development  In  (9.6)  and  (9.7).  That  Is,  let  any  be 
written  as  pN^,  and  redefine 

C  =  Nj-^C  f9.14) 

Again,  we  will  omit  the  In  the  further  development. 

Now  we  need  to  draw  a  block  diagram  representation  of  the  ab(.'’P 
equations.  Fig  9.1  shows  the  block  diagram  that's  most  convenient  for 
our  development . 


A  J-L'L*? J'J"  I".'-  ‘  J  'J  'J  .» 


■  I .  • .  t .  ^ 


Now  let's  look  at  loop  transfer  functions  at  various  points  In  the 
system.  Specifically,  we  will  find  the  loop  transfer  at  points  > 

0,  and  0. 

Point  (a^  -  For  convenience,  we  will  use  a  to  denote  the  signal 
just  before  the  break  at  point  (a).  and  a'  to  denote  the  signal  juf-r 
after.  Remember  that  In  calculating  loop  transfers,  we  assume  that  all 
external  inputs  are  zero.  First,  we  can  see  that 

a  =  -y  1 5) 

From  f9.1)  and  (9.2), 

y  =  C(sl  -  A)"^Bu  =  C$Bu  ^9.16) 

and  from  (9.8)  and  (9.11) 


u  =  -K  (sT  -  A  +  BK  +  K,C)“^K,v 
c  c  f  f" 

Substituting  (9,16)  and  (9,17)  Into  (9.15)  we  have 

a  =  C^BK  (sT  -  A  +  RK  K,C)"^K-y 
c  c  f  f 

Notice  that 

V  =  -a' 

Therefore,  if  we  use  our  standard  notation 
G(s)  =  C$B 

and 

K(s)  =  K  (si  -  A  +  BK  +  K^C)"^K, 
c  C  I  I 


(9.18)  becomes 


a  =  -G(s)K(s)a' 


so  that  the  loop  transfer  function  T^(s)  Is 
T^(s)  =  G(s)K(s) 


(9. 17^ 


(9.18) 


(9.19) 


(9.20) 


(9.?1) 


(9.'’?) 


(9.23) 


Point  (iQ  -  Using  notation  similar  to  that  at  point 

b  =  V  -  G$  19.?/,) 


•  r 

-  . 

•'s.’ 


W^A 


lO 


vvv) 


•  / 1 


Notice  that 


(9.?5) 


X  =  $rBu  +  F^b'l 

so  that  using  (9.16)  and  ^9.25)  in  (9.24)  we  get 
b  =  C$Bu  -  C$rBu  +  K^bM 
=  C$Bu  -  C<PBu  -  C$K^b' 

=  -C®Kj;b' 

Therefore 

Tp(s)  = 

Point  (Cy  -  We  have  actually  already  done  this  point  a 

back  In  Chapter  8  (they  were  points  XX  and  X,  respectively) 

consistent  with  our  notation,  we  will  repeat  them  here. 

c  =  -K  X 
c 

Notice  that 

X  =  ^fBc’  +  K^{y  -  CS}  ] 

=  <I>Bc'  +  $Kj,y  -  $Kj,Cx 

so  that 

X  =  (I  +  $Kj.C)"’‘r$Bc'  +  $Kj,yl 
Looking  at  Fig  9.1  we  can  see  that 
y  =  C$Bc’ 

so  that 

X  =  (1  +  $Kj.C)“^[$Pc’  +  «Kj.C$Bc'] 

=  (I  +  $K^C)"^[I  +  «KjC)$Bc’ 

=  $Pc ' 

Substituting  (9.31)  into  (9.28)  we  get 

c  =  -K  ♦Pc' 
c 

so  that 

''f )  =  K  $P 
C  c 

Point  (^1);  -  No  point  in  dragging  this  one  out.  Here 


(9.26) 

(9.27) 
nd  point  (D; 
.  To  be 

(9.28) 

(9.29) 

(9.30) 

(9.31) 

(9.32) 

(9.33) 
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-  '  k  *  i> 


d  »  u 

•  -K(s)y 

=  -K(s)G(s)d’  (9.3U) 

so  that 

Tj^(s)  =  K(s)G^p)  (‘^.35) 

Now  let's  summarize  and  look  at  the  significance  of  these  four  loop 
transfer  functions. 

1)  The  loop  transfer  function  obtained  by  breaking  the  LOG  loop  at 
point  Is  G(s)K(s).  Note  that  this  Is  equivalent  to  breaking  the 
loop  at  the  output  of  the  plant. 

2)  The  loop  transfer  function  obtained  by  breaking  the  LOG  loop  at 
point  is  C4)Kj-.  Repeating  (9.11),  we  see  that 

X  Ax  +  Bu  +  K^[y  -  Cx]  (9.36) 

The  filter  operating  by  Itself  would  be  trying  to  produce  an  output  y 
which  closely  resembles  the  input  y.  It  is  therefore  logical  to  define 
the  filter  output  by 

y  =  Cx  (°.37) 


Fig  9.2  shows  a  block  diagram  of  the  Kalman  filter. 


Fig  9.2  Block  Diagram  of  the  Kalman  Filter 
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The  loop  transfer  function  of  the  filter  Is  therefore  given  by  (remember 
that  u  ifc  an  external  Input) 

Tj^pCs)  =  C$K^  (9.38) 

Obviously,  this  Is  the  loop  transfer  at  point  in  the  LOG  system.  By 
duality  to  the  argument  In  Chapter  7,  this  loop  transfer  function  has 
the  same  guaranteed  robustness  properties  of  the  LO  Regulator. 

3)  The  loop  transfer  function  obtained  by  breaking  the  LQG  loop  at 

point  C  Is  Note  from  Chapter  7  that  K^$B  is  the  loop  transfer 

function  of  the  LQ  Regulator,  which  has  guaranteed  excellent  robustness 
properties. 

4)  The  loop  transfer  function  obtained  by  breaking  the  LOG  loop  at 
point  P  is  K(s)G(s).  Note  that  this  is  eqivalent  to  breaking  the  loop 
at  the  input  to  the  plant. 

Here's  where  we  start  tying  things  together.  In  the  last  chapter, 
we  developed  a  method  for  choosing  the  filter  weights  so  that  the  loop 
transfer  function  at  point  recovered  the  properties  of  point 
A  dual  procedure  exists  for  turning  the  regulator  weights  so  that  the 
properties  at  point  are  matched  with  those  at  point  (^ .  We  will 
rail  both  of  these  procedures  loop  transfer  recovery.  Basically,  the 
overall  design  procedure  consists  of  two  steps,  as  follows: 

Step  1  -  Design  a  full-state  feedback  law  with  desirable  singular 
value  properties  (these  were  defined  In  Chapter  4)  using  the  regulator 
or  filter. 

Step  7  -  Recover  these  full -state  loop  shapes  via  one  of  the 


recovery  procedures. 


Obviously,  the  designer  must  first  choose  which  procedure  to  use. 


This  is  determined  by  where  uncertainties  are  assumed  to  enter  the 
system.  If  the  modelling  of  uncertainties  is  reflected  to  the  output  of 
the  plant,  we  do  a  full-state  Kalman  filter  design  and  recover  with  the 
regulator.  Conversely,  if  the  uncertainties  are  modelled  so  that  they 
enter  at  the  plant  input,  then  we  design  a  full-state  LC  Regulator  and 
recover  using  the  Kalman  filter.  Next  we  will  go  through  the  details  of 
each  procedure,  adding  some  new  development  to  simplify  the  procedure  of 
designing  the  full-state  loop. 

9.2  LQG/LTR  Design  Breaking  the  Loop  at  the  Plant  Input 

We  will  start  with  this  procedure  since  we  have  already  developed 
the  details  of  the  required  recovery  procedure  in  Chapter  8.  First,  we 
must  design  a  "good"  full-state  LQ  Regulator  loop. 

9.2.1  Full-State  LQ  Regulator  Design 

We  have  already  defined  "goodness"  using  singular  value  plots  in 

Chapter  4.  Going  back  to  Chapter  7,  from  (7.16)  we  have 

(I  +  R^Sc^(-jwI  -  -  A)  ^BR^ 

=  I  +  R^'^B^(-jwT  -  A^)"^Q^(jwI  -  A)  ^BR^  ^  (9.39) 

This  equation  is  known  as  the  Kalman  Equality.  Remembering  that  at  the 

T 

beginning  of  this  chapter  we  chose  to  let  =  K  H  and  “  p^» 
rewrite  (9.39)  as 

fl  +  K^(jwl  -  A)“^Bl*fI  +  K^(iwl  -  A)"^B] 

=  I  +  ^[B^(-jwI  -  A'’')"^H'^H(iwI  -  A)“^B] 

=  I  +  ^[HdwT  -  A)"^Bl*fHdwI  -  A)"’b1  (9.401 

If  we  now  define  =  (jwl  -  A)  ^  and 

T,^  =  K  ®P  (9.41) 

1.0  c 

(9.40)  becomes 


(9.42) 


fT  +  =  I  + 

For  these  to  be  equal,  the  eigenvalues  must  also  be  equal,  so  that 
X{[1  +  \n1*rT  +  Tjq]}  =  X{T  +  ^fR$B]*fK^Bl} 

=  1  +  ^X{[H$Bl*fH$R]}  (9.43) 

The  last  step  in  (9.43)  Is  a  result  of  the  properties  given  in  (2.19) 
and  (2.20).  Petnetnberlng  that  singular  values  are  defined  by  (see 


(2.31)) 


O.^'fAl  =  X.fA  A1 


we  can  rewrite  (9.43)  as 


(9.44) 


(9.45) 


n  +  T,^}  =  A  +  2fH$B] 


(9.4A) 


which  is  valid  for  all  ,  and  in  particular  o  and  5  . 

9.2. 1.1  Performance  Properties 

Cord  performance,  as  we  have  seen,  requires  high  loop  gains  at  low 

frequencies.  Notice  that  whenever  otT,  1»1,  (9.46)  becomes 

^  L»U 

a  ==  4^a,rH$Bl  (9.47) 

1  1.(1  vp  i 

This  equation  holds  for  all  since  all  singular  values  are  greater 
than  or  equal  to  0  by  definition.  Remember  that  H  and  p  are  the 
tunable  parameters  in  the  regulator  design.  Therefore,  H  and  p  may  be 
chosen  to  meet  the  low  frequency  performance  requirements  we  described 


in  Chapter  4.  That  is,  at  low  frequency  where  the  loop  gains  T^ ^  are 
high,  (0.47)  savs  that  the  singular  values  of  ■  --  are  a  good 

fp 

approximation  to  those  of  T  .  This  Is  extremely  convenient  because 

l.iC 

calculation  of  T^ ^  requires  solving  a  Riccatl  equation,  whereas  plotting 
the  singular  values  of  iltliB  does  not.  Therefore,  nanv  different 
choices  of  H  and  p  may  be  made  with  a  minimum  amount  of  computation. 
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H  may  also  be  chosen  to  attempt  to  bring  ard  a  fT  ]  closer 

LiC^  L«lJ 

together  (especially  at  crossover),  which  typically  produces  a  better 

design.  We  will  discuss  this  further  In  Chapter  11.  Once  H  and  p  have 

1 

been  chosen  to  produce  desirable  fH$B] ,  the  singular  values  of 

can  be  calculated  to  verify  the  approximation  (remember  that  It  Is  pood 
for  low  frequency  only).  As  a  final  note,  we  add  tliat  it  may  be 
necessary  to  append  dynamics  (especially  Integrators)  to  the  plant  in 
order  to  meet  the  performance  specs.  We  will  develop  this  In  detail  in 
the  next  chapter. 

9.2. 1.2  Crossover  Properties 

Looking  at  (9.46),  it  is  Immediately  obvious  that 

ai[T  +  >1  V  w  (9.48) 

In  Ref  [9-1],  Laub  proves  that  this  also  Implies 

aJI  +  ^  V  W  (9.49) 

Therefore,  by  using  the  gain  and  phase  margin  formulas  in  Chapter  3,  we 
again  see  that  the  LO  Regulator  loop  has  excellent  crossover  properties 

9.2. 1.3  Robustness  Properties 


Looking  back  to  equation  (4.84),  we  have 


afl  +  {G(jw)K(iw)}  1  >  £  (w) 


T  Is  our  loop  transfer  function,  so  this  equation  has  the  same  form  as 


(9.49).  Therefore,  (9.49)  guarantees  stability  for  all  unstructured 
uncertainties  reflected  to  the  input  of  the  plant  which  satisfy 


i  (w)  <  0.5  .  Notice  that  here  i  (w)  denotes  Input  multiplicative 
m  m  — - 


uncertainty.  This  guarantee  will  cover  our  typical  low  frequency 


uncertainties,  but  we  have  seen  that  2.  (w)  usually  grows  greater  than 

in 


unity  at  high  frequencies.  Therefore,  it  is  necessary  to  directly 
manipulate  the  high  frequency  behavior  of  T,  Under  minimum  phase 


assumptions  on  H$B,  the  LQ  Regulator  gains  behave  such  that 


'  ^  o 


as  p  ->0 


(9.51) 


where  W  is  an  orthonormal  matrix  (Ref  (9-2]).  At  high  frequencies,  we 
can  represent  iw  as 


=  Ic/, 


as  p-^0 


(9.52) 


where  c  is  a  constant.  Therefore 


\p(,ic//p'')  =  K^f(jc//^)I  -  Ar^B 
=  ,p'K^(jcI  -v'P'A)"^B 

==^  WF(jcI)~^  =  WHB/ic  as  p  — 0 


(9.53) 


Note  that  crossovers,  by  definition,  occur  at  =  ].  Also  note 


that  wc  can  write  c  as 


jw  =  jc/v"? 


c  = 


(9.54) 


Therefore,  c  at  crossover  can  be  written  as  w  .  ‘p'  ,  where  w  denotes 

c'  c 

crossover  frequency.  The  maximum  crossover  frequency  corresponds  to 


afT^^l,  so  that  (9.53)  becomes 


i 

[_  '^max 


(9.55) 


w  =a[HBl/v(^ 
Cmax 


(9.56) 


Note  that  W  vanishes  since  it  is  orthonormal  (all  =  1),  and  the 
magnitude  of  1  is  unity,  P’quatlon  (9.56)  gives  us  an  expression  for  the 
maximum  crossover  frequency  of  This  frequency  cannot  be  much 

beyond  the  frequency  where  ^  •  Therefore,  choices  of  I!  and  p  that 

satisfy  our  performance  requirements  roust  also  satisfy 


w  <  w. 
^max  x- 


(9.57) 


where  w  is  defined  as  the  frequency  where  S,  =1,  and  w  is  given 
^  ™  ‘^max 

by  (9.56). 
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Equation  (9.53),  which  says  that 

WHB 

Tt„(1w)  - »  -  as  p-^0  r9.58) 

jw/F 

also  shows  that  an  attenuation  rate  of  1/w  (-20  dB/decade)  is  the  price 

we  pay  for  the  excellent  margins  near  crossover.  If  '  (w)  attenuates 

faster  than  this,  further  reduction  of  w  may  be  required  to  meet  the 

‘^max 

robustness  conditions. 

9.2.2  Full-State  Loop  Transfer  Recovery  Using  the  Filter 
Now  that  we  have  designed  our  full-state  regulator  loop  to  have  good 
performance  properties  (Section  9. 2. 1.1),  good  crossover  properties 
(Section  9.2. 1.2),  and  good  robustness  properties  (Section  9.2. I. 3),  we 
need  to  add  a  Kalman  filter  into  the  system  using  the  recovery  technique 
developed  in  Chapter  8.  Tn  Chapter  8,  we  said  that  our  system  must  be 
square  —  here  we  will  relax  this  to  r  ^m  (equal  number  or  more  outputs 
than  Inputs).  Also,  C$B,  the  open-loop  plant,  must  be  minimum  phase. 
There  are  two  steps  in  our  filter  design/recovery  procedure: 

1)  If  necessary,  append  dummy  columns  to  B  and  zero  rows  to  to 
make  C$B  and  K^$B  square  (rxr) .  Note  that  the  dummy  columns  of  B  must 
be  chosen  so  that  C$B  remains  minimum  phase. 

2)  design  the  Kalman  filter  with  modified  noise  intensity  matrices 

Qj  =  rr^  +  q^BVB^^  (9.59) 

Rj,  =  yl  (0.60) 

where  q  is  a  scalar  which  takes  on  a  sequence  of  increasingly  larper 
values,  and  V  Is  an  arbitrary  symmetric  positive  definite  matrix. 

Usually,  we  let  V  =  T.  As  shown  In  Chapter  8,  (modifying  (8. 52)-f8. 54) 

to  the  LQG  notation),  the  loop  transfer  function  of  the  i OC  loop  behaves 


such  that 


(9.60 


K(s)G(s'»  - >  (K  =  K  'J>B 

c  c 

as  — »■<»  Jn  (9.59).  Therefore,  the  L()G  loop  asymptotically  approaches 

the  desired  we  have  just  designed.  Notice  this  recovery  Inverts  the 
plant  from  the  left  and  thus  dictates  our  minimum  phase  requirement  on 
the  plant. 

Note  that  this  procedure  corresponds  to  breaking  the  loop  at  point 
(b  (the  plant  Input)  in  Fig  9.1,  and  recovering  the  loop  transfer 
function  of  point  (C  . 

9.3  LOG/LTR  Design  Breaking  the  Loop  at  the  Plant  Output 

All  of  the  development  In  this  section  is  a  dual  of  the  development 
in  Section  9.2.  Therefore,  we  will  move  much  more  quickly  and  leave  the 
verification  to  the  reader. 

9.3.1  Full-State  Kalman  Filter  Design 

Here  we  will  treat  V  and  y  as  completely  tunable  parameters  rather 
that  f-.red  noise  Intensities.  The  loop  transfer  function  of  the  filter 
is  given  by 

=  C<I>K^  (9.62) 

Using  the  Kalman  Equality  corresponding  to  the  filter,  we  have  the 
relation 

[T  +  Tj^plfl  +  Tj^pl*  =  I  +  ^[C^rllCW]*  (9.63) 

Therefore 

^1^^  '^Kf’  ^a/fC$r]  >  1  (9.64) 

At  low  frequency,  where  a^[Tl  »1,  this  can  be  simplilied  as 

Again,  nary  choices  of  T  and  y  may  be  made  without  solving  Riccatl 
equations  In  order  to  meet  the  performance  specs.  Again,  It  may  be 
necessarv  to  augment  dvnamlcs  to  the  plant  In  order  to  meet  these  specs. 
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The  same  guaranteed  margins  hold  for  the  Kalman  filter  as  for  the  TO 
Regulator,  so  that  crossover  properties  are  very  good.  Finally,  as 
y-*0. 


/tTk^  »“Wr  ('’.66) 

where  W  is  again  any  orthonormal  matrix.  This  implies 

w  =  a[CT]/fir  (9.67) 

^max 

Notice  that  in  this  procedure,  H  (v)  is  not,  in  general,  the  same  as  in 

m 

the  previous  section.  Here  it  denotes  a  bound  on  the  uncertainties 
entering  at  the  output  of  the  plant,  such  as  sensor  dynamics  errors. 
9.3.2  Full-State  Loop  Transfer  Recovery  Using  the  Regulator 
Again,  this  is  a  two  step  procedure: 

1)  assume  m^r  (equal  number  or  more  inputs  than  outputs).  Appen< 

dummy  rows  to  C  and  zero  columns  to  so  that  and  C^B  are  square 

(mxm) .  The  dummy  rows  of  C  must  be  chosen  so  that  C(I>B  remains 
minimum  phase. 

2)  design  the  LQ  Regulator  with  weighting,  matrices 

0  =  +  q^C^VC  (9.68) 

c  ^ 

R  =  pi  (9.69) 

c 

where  q  is  a  scalar  taking  on  increasingly  larger  values  and  V  is  an 

2 

arbitrary,  symmetric  positive  definite  matrix.  Then  as  q  — ►  » 

K 

— - *■  WC  (0.70) 

q 

and 

G(s)K(s)  - >C$Bf  (C*B)“^C$K^]  =  (9.71) 

which  is  the  Kalman  filter  loop  T  we  lust  designed.  Notice  this 

Kr 

recovery  Inverts  the  plant  from  the  right  and  thus  dictates  our  minimum 
phase  plant  requirement. 


O  1  /. 


This  procedure  corresponds  to  breaking  the  loop  at  point  (plant 
output)  in  Fig  9.1,  and  recovering  the  loop  transfer  function  of  point 
(B  . 

fi.4  Good  News  for  the  Lost 

Bv  now,  the  mass  of  equations  In  the  preceding  chapters  probably 
has  you  wanting  to  Ignore  this  method  completely.  Therefore,  the  next 
chapter  starts  out  with  a  "cookbook”  approach  to  appending  dynamics  to 
the  plant,  then  summarizes  everything  thus  far  by  giving  a  step-by-step 
outline  of  the  method,  whether  breaking  at  the  input  or  at  the  output  of 
the  plant. 
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10.  AUGMENTING  DYliAMICS  AND  A  STEP-BY-STEP  OUTLINE  OF  LQG/LTR 


Tn  this  chaptfr,  we  give  a  summary  of  what  we  have  developed  so 
far.  Also,  since  It  Is  usually  necessary  In  the  application  of  the 
method,  we  Include  the  development  of  how  to  augment  dynamics  (typically 
integrators)  to  the  open-loop  plant.  To  give  equal  treatment,  we  will 
begin  with  the  procedure  for  breaking  the  loop  at  the  output  to  the 
plant,  since  we  started  with  the  input  last  chapter. 

10. I  hoop  Broken  at  the  Output 

Fere,  we  assume  that  all  uncertainties  in  our  system  are  modelled 
such  that  thev  enter  at  the  output  to  the  plant.  Therefore,  we  wish  to 
break  the  LOG  loop  at  the  plant  output  and  examine  the  loop  transfer 
matrix  rp(s)K(s)  to  ensure  that  it  will  yield 
a)  good  command  following 

good  output  disturbance  rejection 
c)  good  robustness  to  modelling  errors  reflected  to  the  plant 
output 

Fig  10.1  shows  a  block  diagram  of  the  LOG  system. 


E 

K(s) 

“p 

Gp(s) 

J - ^ 

>> 

Fig  10.1  MIMO  Block  Diagram 

Note  that  we  have  denoted  the  plant  as  G^(s),  with  the  input  and  output 

labelled  as  u  and  y  ,  respectively.  Fig  10.2  shows  a  block  diagram  of 
P  P 

our  uncertainty  representation. 


Fig  10.2  Output  Multiplicative  Uncertainty 
Keep  In  mind  that  the  only  places  It  makes  sense  to  Insert  uncertainties 
Is  where  nature  does,  l.e.,  at  the  Input  u^  or  output  y^  to  the  plant. 

LQG  Is  limited  In  how  It  can  affect  the  loop  shapes  of  the  system. 
Since  we  desire  high  loop  gains  at  low  frequency,  and  usually  want  zero 
steady-state  tracking  error,  we  need  Integral  action  In  the  loop.  If 
pure  Integrators  are  not  In  the  plant  to  begin  with  (for  aircraft  they 
usually  are  not),  we  need  to  augment  them  to  our  plant.  Actually,  we 
can  augment  any  dynamics  we  wish  to,  but  Integrators  are  the  most  common 
choice.  Let  denote  the  square  augmented  transfer  matrix.  For 

Integrators,  this  Is  obviously  given  by 

G  is)  =4-'^  (10.1) 

a  s 

Technically,  this  Is  part  of  the  compensator  since  the  designer  chooses 
it.  Now  we  must  decide  where  to  put  this  transfer  function.  Let's  try 
at  the  Input  to  the  plant  and  see  If  It  makes  sense.  Fig  10.3  shows  the 
new  block  diagram. 


Note  in  Fig  10.3  that  we  have  defined  our  overall  compensator  K(s)  as 


Kfs)  =  no. 2) 

where  K  (s)  is  the  LOG  compensator  we  discussed  In  several  previous 

1 .  VV’ 

chapters  and  will  design  using  LQG/LTR.  Therefore,  we  can  define  the 
open-loop  augmented  plant  as 


G(s)  =  G  (s)G  (s)  (10.3) 

p  a 


the  control  signal  u(s);  the  output  from  G(s)  ^  the  physical  output 
y  (s),  however.  Therefore,  it  does  make  sense  to  break  the  loop  at  the 

r 

output  from  G(s)  in  this  system.  Had  we  augmented  dynamics  at  the  plant 
output,  it  would  not  make  sense  to  break  the  loop  at  the  output  of  G(s). 
Therefore,  Fig  10.3  shows  the  correct  choice  of  augmentation. 

In  state  space  form,  G(s)  becomes 


x(t)  =  Ax(t)  +  Bu(t)  +  r^ft) 


y  (t)  =  Cx(t)  +  n(t) 
P 


(10.4) 

(10.5) 


If  the  original  G  (s)  was  defined  by  the  triple  (A  ,  B  ,  C  )  and  G  (s) 
P  P  P  P  a 

was  defined  by  (A  ,  B  ,  C  ) ,  the  new  triple  for  G(s)  Is  given  by 
3^3 


A  = 


B  = 


■  0 
B 


B  C 
P  a 


c  =  rc 


0] 


(10.6) 

(10.7) 

(10.8) 


This  is  shown  in  detail  in  Appendix  lOA.  Note  that  this  may  not  yield  a 
minimal  realization,  and  minimization  should  be  done  before  proceeding. 
Append!:  lOP.  provides  a  brief  discussion  of  realizations.  Also  note 
that  we  do  not  give  F  a  specified  form  here  since  we  will  consider  It  to 
he  completely  tunable.  Tf  G  (s)  Is  given  by  (10.1),  then  A  =  ^  (the 


•»  %•  rjt  r.*  -.-  %•  .-^  -w*  -r  .  .-  w- .  -r .  ^ 


.  rf--  •#-.  w  -  ir. 


zero  matrix)  and  B  =  C  =1. 

a  a 

With  the  problem  set  up  In  this  form,  we  first  must  design  a  Kalman 
filter,  and  then  design  an  LQ  Regulator  to  recover  the  filter's  loop 
shape.  The  Kalman  Equality  gives  (see  last  chapter) 

(I  ♦  T^p<I  .  T^p)*  .  I  .  i}(Tp„i,)(Tp„,)*  00.9) 

where 

=  C$K^  (10.10) 

and 

TpQ^  =  c$r  (10.11) 

r  and  y  are  the  tunable  design  parameters.  As  y-^0,  the  filter  gains 

become  large,  and  therefore  so  does  11 LT^_]  at  low  frequency.  For 

Kr 

alV»i. 

— aifTFOLl  00.12) 

Again,  this  was  shown  explicitly  In  Chapter  9.  Using  this 
approximation,  we  may  now  begin  our  step-by-step  procedure. 

STEP  1; 

a)  Select  F  and  y  such  that  the  command  following,  disturbance 
rejection,  and  crossover  frequency  specs  are  met  by  — a, fT  1.  That 

ji?  ■' 

Is,  we  would  like  the  plots  of  ^-0,  [T  to  meet  the  low  frequency 

requirements  of  Fig  10.4.  These  requirements  were  derived  In  detail  in 

Chapter  4.  Note  that  this  requires  construction  of  an  H  (w)  and  a  p(w) 

m 

profile.  There  is  no  automatic  procedure  to  construct  these,  and  we 
will  discuss  them  further  when  we  do  some  examples. 
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Oj  [t; 
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requirements 

P 

a[T] > - 


LQQ 
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✓  RO 
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STABILITY 

ROBUSTNESS 

REQUIREMENTS 

a[T]  <  i/l 


Fig  10.4  Desired  Loop  Shapes 

The  approximation  between  T  and  T_„  Is  really  only  good  at  low 

Kr  rUL 

frequencv,  so  that  T  and  y  should  be  chosen  to  meet  the  low  frequency 
perfomance  bound.  We  would  also  like  the  a  and  0  plots  to  be  close 
together,  especially  near  crossover,  which  can  also  be  affected  by 
changing  F  .  A  more  formal  procedure  for  bringing  the  plots  together  is 


discussed  In  Chapter  11.  Our  requirement  for  good  crossover  properties 

Is  satisfied  automatically  by  the  full-state  filter.  Finally,  we  must 

have  w  =  afcr]/,”;?  less  than  the  frequency  where  H  crosses  the  0  dB 

^max  ™ 

line . 


hi  After  the  necessary  iterations,  plot  — a.[T  ]  that  meets  the 


specs . 


c)  Save  r  and  p  from  the  step  above. 


STKP  ?; 


a)  I'sing  the  values  of  F  and  p  in  Ic),  solve 
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(10. 13) 


0  =  AE  +  Ea'^'  +  rr"^  -  iEc‘''cE 

for  E. 

b)  Calculate  the  filter  gain  matrix  using 

K,  =  -Ec"^  (10.14) 

f  y 

c)  Calculate  and  plot  a. fT  ],  where  T  =  C^K  .  These  should 

1  Kr  Kr  r 

match  those  found  in  Step  lb)  at  frequencies  below  crossover. 

d)  Calculate  and  plot 

a^ri  +  ^  1  (10.15) 

^  %  (10.16) 

These  are  actually  not  tests  —  they  are  facts.  That  Is,  Inequalities 
(10.15)  and  (10.16)  must  hold  for  any  full-state  Kalman  filter.  If 
violated,  you  have  made  a  serious  error  somewhere. 

e)  Double  check  for  guaranteed  robustness  by  verifying  that 

^m  <  2  n  +  (10.17) 

or 

l/\,  >  a{T^F[i  +  (10.18) 

holds  for  all  frequency.  In  practice,  (10.18)  Is  better  conditioned 
numerically  than  (10.17).  If  this  falls,  go  back  to  step  la)  and  start 
again,  unless  the  violation  Is  at  very  high  frequency.  Remember  that 
when  we  build  this  up  into  an  L()G  compensator.  It  will  have  an 
additional  20  dB/decade  roll-off,  so  that  we  may  eliminate  the 
violation. 

STEP  3: 

a)  Calculate  the  transmission  zeros  of  C$B,  the  open-loop  plant. 

If  all  of  them  are  In  the  left-half  s-plane,  we  will  be  able  to 

asymptotically  recover  the  loop  shape  T  we  just  designed.  It  some  are 

Kr 

In  the  right-half  s-plane,  full  recovery  Is  not  possible.  We  will 
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discuss  this  further  later.  For  now,  we  assume  we  do  have  a  rainimum 


mk 


phase  plant. 

b)  Design  a  sequence  of  LOG  compensators  by  designing  an  LO 
Regulator  which  recovers  the  properties  of  the  full-state  filter. 

First,  solve 

0  =  PA  +  a’^P  +  -  PBR^'^b'^P  (10.19) 

where 

0^  =  I'.^H  +  q^C^VC  (10.20) 

and 

R^  =  pT  (10.21) 

and  let  q  — >»  .  H,  V,  and  p  are  free  to  be  chosen  by  the  designer, 

with  V  usually  set  equal  to  the  identity  matrix. 

Second,  calculate  the  LQ  control  gain  matrix  hv 

K  =  R  ■’b'^P  (10.22) 

c  c 

c)  Calculate  the  LOG  compensator  transfer  function 

K--_(s)  =  K  (si  -  A  +  BK  +  K,C)“^K,  (10.23) 

l.QL  c  C  r  I 

d)  Calculate  the  resulting  loop  transfer  matrix  for  the  loop 

broken  at  the  plant  output 

-  G  (s)K<s)  (10.24) 

P 

Calculate  and  plot  cr^fT^]. 

e)  Compare  o.fl  1  from  the  previous  step  with  c.fTvc.]  from  step 

1.  O  1  K  r  * 

2b).  If  they  are  sufficiently  different  (remember  that  T  will  always 

o 

be  different  at  high  frequency  due  to  an  additional  I-pole  roll-off), 

Increa.'ie  n  in  step  3b)  and  repeat  3h)-3r'.  Continue  this  until 

reasonable  agreement  between  a,[T  ]  and  0,[T  ]  Is  obtained. 

to  1  Kr 
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>  .  " 


K  ~  ' 


f)  Calculate  and  plot  a^fl  +  1.  Double-check  for  guaranteed 


robustness  by  verifying  that 

l/l^  >5{T„II  •  V'’’ 

and  that  the  boundaries  on  Fig  10.4  are  not  violated  by  T 


(]r.?5) 


g)  If  all  these  tests  are  passed,  then 

K(s)  =  G^fs)K^P^(s)  (10.26) 

This  ends  the  procedure  for  breaking  the  loop  at  the  output. 

10.2  Loop  Broken  at  the  Input 

This  is  the  mathematical  dual  of  the  previous  procedure.  Here,  we 
reflect  our  errors  to  the  input  of  the  plant,  and  must  therefore  augment 
our  dynamics  at  the  output.  However,  since  the  output  Vp  Is  what  we 
measure  through  our  sensors,  we  cannot  augment  until  after  we  feed  back 
the  unaugmented  output.  Therefore,  we  move  the  augmentation  to  the 
front  of  cur  controller,  as  shown  in  Fig  10.5. 

K(s) 

I  - - - -I  , _ , 

R  E  I  nrm  y  ft  m  i 


G/s) 

Y 

M 

1/  ( 

1  'Jp 

r  r 

I^LQG  ^ 

- 1 - 7 

1 

bp(s) 

Fig  10.5  Block  Diagram  of  the  Output-Augmented  LOG  System 

Looking  at  Fig  10.5,  we  can  see  that 

K(s)  =  K-_(s)C  (s)  (10.27) 

liQO  a 

where  G^(s)  represents  our  augmented  dynamics  and  Kj^^(s)  is  our  LOG 
compensator.  We  will  now  let 


G(s)  =  G  (s)G  (s) 


MO.  28) 


a  p 

and  design  a  compensator  for  this  augmented  plant.  In  state  space  form, 
G(s)  Is  given  by 


V.  J*.  -t. 


,  »  *  •  •  * 


V.  .'.V 

A' --V 
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.  ,  y, 


•  -V  -- 


< 


i(t)  =  Ax(t-)  +  BUp(t)  +  r5(t) 
y(t)  =  Cxft)  +  ti(t) 


where 


A  = 


B  = 


B  C 
a  p 


n 


1 


C  =  fC 


0] 


(10.29) 

(10.30) 

(10.31) 

(10.32) 

(10.33) 


Agalr  rote  that  this  realization  may  not  be  minimal,  and  should  be 
minimized  before  continuing.  Appendix  lOA  shows  the  derivation  of  this 
realization,  and  discusses  the  reworking  of  the  noises. 

With  the  problem  set  up  In  this  form,  first  design  the  LO 
Regulator,  then  design  a  Kalman  filter  so  that  the  LQG  loop  recovers  the 


where 


and 


FOL 


H  and  p  are  the  tunable  design  parameters.  As  p-+0,  the  regulator  gains 


K  become  large,  and  at  low  frequency  Therefore, 

Vie  now  begin  our  step-by-step  procedure. 

STEP  1: 

a)  Select  H  and  P  such  that  the  stated  command-following, 

disturbance  reiectlon,  and  crossover  frequency  specs  are  met  by 
1 


(10.37) 


(P 


3  fT  1.  That  1p,  we  want  a.  high  at  low  frequency  to  clear  our 
1  fOL  t 


10-9 


V  V  % 

V  .v,^ 


'■  -v 
W.-.'.-C' 


Kalman  Equality  for  this  case  Is 

*  W  ■  '  '  5"roi/"roi> 

(10.34) 

=  K 

c 

(10.35) 

"  /•  . 
m 

=  MB 

(10. 3C:' 

'.■■'Wa 

•  .  *  4  •  I 


performance  barrier,  a  and  0  close  together  If  possible, 

w  =  —  arHB]  to  be  less  than  the  frequency  where  Si 
%iax 

1 

b)  After  the  necessary  Iterations,  plot 

VP 


end 

crosses  0  dB. 

]  that  meets  the 


specs. 

c)  Save  H  and  p  used  In  the  above  step. 


STEP  2; 

a)  Using  the  values  of  H  and  p  from  step  1c),  solve 

0  =  PA  +  +  h'^h  -  -ppb'^p  (in.3P) 

P 

b)  Calculate  the  regulator  gain  matrix  using 

K  =  ''U'.39) 

c  p 

c)  Calculate  and  plot  _]  using  (10.35).  These  plots  slould 

1  “V 

match  those  found  in  step  lb)  at  frequencies  below  crossover. 

d)  Calculate  and  plot 


aifi  +  T^^^]  ^1  no. 40) 

0,11  *  T,,,-'!  >  ^ 

as  a  double-check  on  your  results.  These  tests  are  guaranteed  to  pass, 

e)  Double-check  for  guaranteed  robustness  by  verifying  that 

If  not,  go  back  to  step  la)  and  start  over,  unless  the  violation  li-  at 
very  high  frequency. 


STEP  3; 

a)  Calculate  the  transmission  zeros  of  the  open-loop  plant,  o$R. 
If  they  are  all  In  the  left-half  plane,  we  will  he  ahlc  to  recover  ^ 
when  we  add  our  filter. 

b)  Design  a  sequence  of  LOG  compensators.  First,  solve 

0  =  A):  +  lA^  +  Or  -  zc'^R  ”^ci: 


nt\43) 


ao.4/i) 


X  p  T 

0^  =  rr 

nnd 

=  yl  (10.45) 

and  let  q-^oo  .  p  and  y  are  the  nominal  Intensities  of  the  process  and 
measurement  noises,  respectively  (often,  we  allow  them  to  be  tunable). 

V  is  free  to  be  chosen,  and  usually  taken  as  the  Identity  matrix. 

‘iccond,  calculate  the  Kalman  filter  gain  matrix  by 

(10.46) 

c)  Calculate  the  hOG  compensator  transfer  function 

K,^(s)  =  K  (sT  -  A  +  BK  +  K,C)"*K,  (10.47) 

L(X'  c  err 

dl  Calculate  the  resulting  loop  transfer  matrix  for  the  loop 
broken  nt  the  plant  input 

T^(s)  -  K^^^(s)G(s) 

=  Kfs)G  (s)  (10.48) 

P 

Calcu'';ite  and  plot  a^fT^I. 

e)  Compare  a.  (TJ  from  the  previous  step  with  o.fT  ]  from  step 

j  I  j  LQ 

?.t).  It  they  are  sufficiently  different  (except  at  high  frequency, 
where  they  must  be  ditterent).  Increase  q  in  step  3b)  and  repeat 
3b)-3e).  Continue  this  until  reasonable  agreement  between  and 

ip  obtained. 

f'l  Double-check  for  guaranteed  robustness  by  verifying  that 

>  ofT/T  +  T^r’}  (10.49) 

and  that  the  boundaries  of  Fig  10.4  (using  the  appropriate  and  p)  are 
not  vi  I-  I  a  ted  by  . 

yl  Tf  all  these  tests  are  passed,  then 

K-rrl  =  P,  (10.50) 


This  ends  the  procedure  for  breaking  the  loop  at  the  Input. 


Technically,  this  Is  all  we  need  to  do  an  LQC/I.TR  design.  I’owever, 
some  of  the  steps  outlined  above  are  more  difficult  in  practice  thtTi 
they  appear.  Specifically,  choosing  either  F  and  y  or  H  and  p  to 
produce  a  desired  loop  shape  and  to  have  O  and  a  close  together  can  be 
quite  difficult  and  time-consuming.  In  the  next  chapter,  we  will 
discuss  techniques  to  draw  Q  and  o  together  at  certain  frequencies,  as 
well  as  a  technique  to  do  "formal  loop  shaping". 


APPENDIX  lOA 


State  Space  Representations  for  Cascaded  Systems 

First,  v’e  will  give  a  general  derivation  for  obtaining  a  state 
space  representation  for  two  systems  cascaded  together.  Suppose  that  we 
have  tic  following  block  diagram 


Fig  lOA.l  Cascaded  Blocks 
and  we  wish  to  obtain  the  transfer  function 


G(s)  =  Cj(s)G2(s) 


(lOA.l) 


in  state  space  form,  given  the  state  space  forms  of  (s)  and  G^Cs). 


Specifically,  let  (s)  be  defined  by 


Xi  =  4  PjZ 


(lOA.?) 

flOA.3) 


X.,  =  ApXj  4  BpU 


7  =  c^x^  4  D^U 


y  =  CjX^  4  Dj7 

and  G, fs)  be  defined  bv 

flOA.4) 
fIOA.5) 

The  input  to  Gfs)  as  defined  by  (lOA.l)  would  be  u,  and  the  output  would 
be  y.  Therefore,  we  need  to  eliminate  z.  We  can  do  this  by 
substiiiifing  (10A.5)  into  (10A.2)  and  (10A.3)  to  obtain 

>-,  =  AjXj  4  BjC2X2  4  (10A.6) 


y  f'jX^  4  DjC.2X2  4  DjD2U 


Now  wt  'ari  define-  a  new  augmented  state  vector  x,  given  hy 


(10A.7) 


u 


no/v.9) 


y  =  fc. 


DjC,! 


+  fDjD^]  u 


(lOA.lO) 


Therefore,  our  new  state  space  matrices  would  be  given  by 


A  = 


riPA. 1 1) 


B  = 


[-BiD. 

B„ 


noA.  1?) 


c  =  rc, 


DiC^I 


D  =  [DjD^] 


nOA.  13) 
nOA,  14) 

Now  let's  look  at  how  this  applies  to  our  augmented  dynamics,  and  what 
happens  to  our  noise  inputs. 

Loop  Broken  at  the  Output  -  Here,  Gj(s)  becomes  G  (s)  and  G^^'f-) 


becomes  G  (s).  However,  we  have  noises  associated  with  G  (s). 
a  P 


Therefore,  our  new  augmented  state  dynamics  become  (assuming  D  =  D  =  0) 

r  3 


r.  T  r 


B  C 
P  a 


1  r, 


0 


+  ; 


Tr 


U  4  5 

0 

L  _ 


(lOA. 15) 


y  =  rc 


01 


I  X 

L 


4  n 


noA.  16) 


These  obviously  produce  the  A,  B,  and  C  matrices  given  in  (10.6)-f 1P.8) . 
Formally,  the  new  T  matrix  is  given  by  the  last  term  In  (10A.15),  btit 
since  we  consider  it  to  be  a  tunable  parameter,  we  will  not  impose  this 
structure  upon  it. 

Loop  Broken  at  the  Input  -  This  Is  a  bit  trickier  than  the  output 


case.  Here,  G  (s)  becomes  G  (s)  and  G_(s)  becomes  G  (s) .  Again,  we 

1  Z  P 


have  noises  associated  with  G  (s) .  Mote,  however,  that  the  outpiit  v 


froip  the  augnented  system  has  no  measurement  noise  directly  associated 

with  It  -  the  output  v  (which  we  wish  to  eliminate)  does.  This  noise 

'  P 

propagates  to  y  through  the  states.  Therefore,  we  will  assume  that 

we  can  rtefine  a  new  noise,  again  represented  by  n,  which  enters  the 

outputs  V  instead  of  y^.  Our  new  state  space  then  becomes  (again 

assumir.c  n  =  P  =0) 
a  p 


0  : 

u 


(lOA. 17) 


V  -  rr 

a 


+  n 


nOA.18) 


L  PJ 

which  p'ves  us  the  A,  and  C  matrices  in  ( 10. 31 )- ( 10. 331 . 

Technically,  the  F  matrix  given  in  (10A.17)  should  be  used  in  (10.44). 

2 

Usually,  we  let  F  -  0  in  this  equation,  however,  since  the  q  term 

overwhelms  It.  llhen  wc  simulate  the  system,  we  will  "move"  the  noise 

back  t<'  V  where  it  belongs.  The  value  of  y  we  use  in  (10.45)  Is  not 
P 

2  2 

that  critical,  since  it  can  be  compensated  for  by  adlustlng  q  (q  will 


domln&Lc,  anyway). 


r 

I 


wfAV  ’W-  fJ  "u *7^.’*'::*'.' yvTiy-ioni  ^.y\r  ».,-■  •--' ». 


r^'Vi.'^.  ^  if 
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State  Space  Realizations 

The  state  space  realizations  for  the  cascaded  systems  described  by 
no. 4)-(10. 8) ,  (10. 29)-(10. 33) ,  and  in  Appendix  lOA  may  not  be  minimal. 
First,  let's  define  a  realization.  A  state  space  realization  of  the 
transfer  function  G(s)  is  any  quadruple  (A,  B,  C,  D)  which  satisfies 

G(s)=  C(sl  -  A)~^B  +  D  (lOB.l) 

We  say  any  quadruple  as  there  are  an  infinite  number  of  them.  There  are 
a  variety  of  methods  (which  may  be  found  in  several  texts  on  linear 
systems)  to  find  such  a  set  of  matrices.  A  minimal  realization  of  Qfs) 
is  one  such  that  the  A  matrix  has  the  smallest  possible  dimension.  It 
Is  easy  to  prove  that  a  minimal  realization  (again  not  unique)  must  be 
controllable  and  observable.  If  not,  there  would  be  pole-zero 
cancellations,  which  would  account  for  the  additional  unnecessary 
states.  Reversing  this  argument,  if  we  augment  our  system  with  dynamics 
which  cause  a  pole-(transmls8lon)zero  cancellation,  the  realization  will 
be  nonmlnlmal  and  the  resulting  system  will  be  either  uncontrollable, 
unobservable,  or  both.  This  will  especially  cause  problems  if 
Integrators  are  augmented  to  a  system  with  a  zero  at  the  origin. 
Therefore,  a  minimal  realization  of  the  system  should  be  used  in  the 
design. 

Computer  packages  such  as  MATRIX^  and  CONTROl,-C  will  easily  find 

A 

Che  realization  of  a  transfer  function,  as  well  as  find  a  corresponding 
minimal  realization. 
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LOOP  SHAPING  TECHNIOUES 


In  this  chapter,  we  will  briefly  present  two  techniques  to  aid  the 
designer  In  choosing  the  required  parameters  to  shape  the  filter  or 
regulator  loop.  Each  technique  has  advantages  and  disadvantages, 
which  will  be  pointed  out.  In  general,  the  designer  must  choose  either  T 
and  y  to  shape  the  filter  loop  or  H  and  p  to  shape  the  regulator  loop. 

The  scalars  y  and  p  tend  to  act  as  "gains”  which  basically  raise  or 
lower  the  singular  value  plots  without  affecting  their  basic  shape. 
Therefore,  the  difficult  part  of  the  design  Involves  choosing  either  T  or 
H.  One  method  Is  slmplv  trial  and  error.  This  chapter  provides  two 
others  which  the  designer  can  use. 

11.1  A  Technique  for  Bringing  g  and  Q  Together 

This  technique  can  be  used  In  order  to  draw  the  maximum  and  minimum 
singular  values  of  the  loop  transfer  matrix  close  together.  However, 
the  technique  only  brings  them  together  over  limited  frequency  ranges, 
rot  at  all  frequencies.  Depending  on  the  system,  this  may  or  may  not  be 
helpftil  in  the  design  of  the  system.  As  usual,  dual  procedures  exist 
when  brtaking  the  loop  at  the  input  or  output  of  the  plant.  Again,  we 
will  start  with  the  output. 

11.1.1  Loop  Broken  at  the  Output 

Ihe  first  assumption  we  will  make  Is  that  a  bank  of  integrators  is 
to  be  augmented  to  the  plant.  From  Chapter  10,  we  saw  that  we  must 
append  these  to  the  Input  of  the  plant.  The  two  sets  of  state  equations 


are  ^Ignoring  the  noises  In  the  plant  for  brevity) 


liHii 


(11.4) 


Since  we  have  assumed  that  we  augmented  Integrators,  we  know  that  A  =  0 

cl 

and  B  =  C  =  I,  so  that  the  augmented  state  equations  become 

P-l.f  •T-l.Pl. 


B  I  Ax 
P  P  P 


m  . 


(  0  c^l 


(11.6) 


Defining  new  A,  B,  and  C  matrices  from  the  matrices  in  (11.5)  and 
(11.6),  we  can  derive  the  expression  for  (si  -  A)  as 


(si  -  A)' 


-B  sI-A 

P  P 


(sT-A  )“S 
P  _£ 
s 


(11.7) 


You  can  easily  verify  that  (11.7)  Is  correct,  if  you  wish.  Now, 
remember  that  the  loop  we  are  trying  to  shape  Is 
Tr.oT  =  CDF  =  C(sl  -  A)"^r 


fO  C  ] 


(sI-A  )  B  (sI-A  )  r, 

p  _£  p  . 


(11.8) 


Note  that  we  have  written  F,  the  process  noise  distribution  matrix.  In 
partitioned  form  to  match  the  dimensions.  Remember  we  as.sume  that  F  is 
completely  tunable,  so  this  Is  perfectly  legal.  Carrying  out  the 
multiplication  In  (11. P),  we  get 


K-J 


(11.9) 


T 

FOL 


c  (si  -  A  )  R  r,  +  c  (si  -  A  )  r, 
P  P  JE  ^  P  P  ‘ 

s 


Should  we  desire  to  tighten  the  spread  of  singular  values  of  at  low 

frequency,  we  can  examine  (11.9)  at  small  w  (replace  s  with  jw) . 
Obviously,  for  small  w. 


(jwl  -  A  )“*  -  -A 
P  P 


so  that  (11.9)  becomes 

T, 


=  -c  A  r,  -  c  A 

FOL  p  p  _£  I  p  p  / 
1w 


(11.10) 


(11.11) 


Since  w  Is  small,  the  first  term  dominates.  Let's  choose 

r,  =  -(C  A  )“’  (11.12) 

1  p  p  p 

Then  (11 . 11)  becomes 


"^FOL  ~  jw  "  *"p%  ^2 


(11.13) 


Now,  for  arbitrary  will  look  like  a  bank  of  pure  integrators  at 

low  frequency,  and  the  singular  values  will  all  be  nearly  identical. 

Note  that  (11.12)  actually  says 

(11.14) 


=  0(0) 


-1 


that  is,  the  Inverse  of  the  plant  at  w  =  0.  Also  note  that  we  could  let 
=  0  in  (11.13),  which  may  produce  a  matching  of  singular  values  over 
a  larger  frequency  range.  To  get  an  approximate  match  at  low  frequency, 
however,  we  only  need  to  choose 


(11.15) 


where  Is  arbitrary. 

Nov?  let's  look  back  to  (11.9).  If  we  let  w  be  large. 


dwl  -  A  ) 


I 


(11.16) 


so  that  (11.9)  becomes 

r  r 

T_.,  a  C  B  - L  »  C  -2-  (11.17) 

fOI-  P  Po„)2  P(j„) 

At  high  frequency,  the  second  term  dominates.  Therefore,  let 

r  =  C  "^(C  C  (11.18) 

2  p  p  p 

We  make  this  strange  choice  since  is  rarely  square  and  we  don’t 
want  to  use  pseudoinverses.  Using  (11.18)  in  (11.17),  we  get 


(11.19) 


At  high  frequency,  the  first  term  is  small  compared  to  the  second,  so 
that  the  singular  values  at  high  frequency  will  be  nearly  identical  for 
arbitrary  F^.  Here,  we  cannot  let  F^  =  0,  as  doing  so  would  remove  our 
low  frequency  Integral  action.  This  is  easy  to  see  by  looking  at 
(11.9),  where  the  integral  action  is  clearly  contained  in  the  first 


term.  Itv  general,  therefore,  we  need  to  let 


c"(cc'^)-H 

LP  P  P  J 

with  arbitrary  (but  nonzero)  F^  to  get  high  frequency  matching. 
We  could  also  try  a  union  of  the  two  choices,  that  is,  let 


(11.20) 


F=  T  T  -1  (11.21) 

C  (C  C  )  ^ 

P  P  P 

This  should  produce  singular  value  matching  at  both  low  and  high 
frequency.  However,  at  frequencies  Inbetween,  the  match  may  be  very 
poor  due  to  the  additional  "nonmatched"  term  in  (11.13)  and  (11.19). 

Remember  that  our  real  goal  was  to  match  the  singular  values  near 
crossover.  Realize  that  neither  low  nor  high  frequency  matching,  nor  a 
union  of  the  two,  may  produce  this.  Whether  it  does  or  not  depends  upon 


s 

m:  i 


J 


.■>  • 
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the  strticture  of  Che  particular  example.  Also  note  that  the  high 
frequency  matching  alone  may  not  work  at  all,  in  the  long  run.  By  high 
frequency  matching,  we  mean  matching  the  singular  values  of  T  at  high 
frequency.  What  we  really  need  to  be  matched  are  the  singular  values  of 
T  .  In  the  previous  two  chapters  we  showed  that  the  singular  values  of 
T„„,  and  T  are  guaranteed  to  be  approximately  equal,  but  only  at  low 


FOL 


frequencv.  Therefore,  matching  high  frequency  alone 

guarantees  nothing  as  far  as  u.  (Tp,„]  is  concerned. 

1  Kr 

11.1.2  Loop  Broken  at  the  Input 

Again  we  assume  that  we  have  augmented  a  bank  of  Integrators,  but 
this  time  at  the  output  to  the  plant.  Therefore,  our  state  equations 
are 

(11.22) 

(11.23) 


X  =  A  X  +  B  u 
P  P  P  P  P 


V  =  C  X 
■  P  P  P 

X  *=  A  X  +  B  y 
a  a  a  a^p 

y  =  C  X 
a  a 


(11.24) 

(11.25) 


Since  we  are  augmenting  integrators,  we  know  that  A  *  0  and  B  =  C  =  I, 

3  3  8 

so  that  the  augmented  state  equations  become 


(11.26) 


*"•  1 
X 

A 

o' 

X 

P 

=s 

P 

p;  + 1  p 

ji 

X 

IC 

0 

X  i  ;  0 

iT 

a 

L  P 

_ 

L  J  L  J 

y  =  [  n 


I] 


(11.27) 


Peflnire  new  A,  B,  and  C  matrices  from  (11.26)  and  (11.27),  we  can 


derive  the  expression  for  (sT  -  A)  'as 
,-l 


(s'  -  A) 


r 

_ 

-i 

sl-A 

n 

P 

= 

-C 

sl 

P 

i 

(sT-A  ) 
P 


-1 


C 

-£(si-a  )■ 
s  p 


“I 

n 


I 

I  ; 

S  I 


ni.28) 


Iter 
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The  loop  we  are  trying  to  shape  Is 
Trol  '  H$B  =  H(sl  -  A)"^B 


=  fH, 


H2] 


(sT-A  ) 
P 


-1 


-2(sI-a  )  ^ 
_s  p 


(11.29) 


where  we  have  written  H  In  partitioned  form.  Carrying  out  the 
multiplication  In  (11.29)  we  get 

^ROL  ■  -  V’‘'p  *  <"•3'” 

s 


Without  going  through  the  details,  for  low  frequency  matching  we  need  to 
choose 

H  =  fHj  G(0)"M  (11.31) 

with  arbitrary  and  G(0)  ^  the  in^^erse  of  the  plant  at  w  =  0.  For 
high  frequency  matching,  we  must  choose 

H  =  [(Bp'’’Bp)"’Bp''’  H2I  (11.3?) 

where  Is  arbitrary,  but  must  be  nonzero  to  retain  the  low  frequency 
Integral  action.  Again,  the  union  of  the  two,  that  Is 

H  =  [(B  "^B  )~^B  G(0)"M  (11.33) 

P  P  P 

may  be  chosen  to  match  singular  values  at  low  and  high  frequency. 

Again,  we  caution  that  none  of  the  above  procedures  guarantee  desirable 
results  around  crossover. 

11.2  Formal  Loop  Shaping 

The  above  technique  for  matching  the  singular  values  at  low  or  high 
frequency  is  obviously  limited.  We  cannot  specify  the  entire  loop  shape 
using  that  technique;  we  can  only  dictate  the  behavior  over  limited 
frequency  ranges.  The  technique  we  will  now  present,  called  formal  loop 
shaping,  gives  us  a  way  to  specify  all  of  the  loop  shapes  over  the 


critical  frequency  range.  There  is  possibly  a  severe  penalty  we  pay  to 
do  this,  however  —  It  requires  the  augmentation  of  additional  states. 

We  will  start  with  the  plant  broken  at  the  output. 

11.2.1  Formal  Loop  Shaping  at  the  Output 

T.ooklng  back  to  Chapter  9,  we  saw  that  for  low  frequency,  where  the 
loop  gains  are  high, 

1 

aifTj^F^  =  ~a^fC$r]  (11.34) 

As  we  have  seen  before,  the  "shape"  of  T  under  this  approximation  Is 
dictated  by  C$r  >  and  y  becomes  a  "gain"  parameter  which  raises  or 
lowers  the  singular  value  plots.  For  convenience,  let's  represent  C^F 
by  W(s).  If  W(s)  is  simply  some  shape  we  have  in  the  back  of  our  mind, 
then  r  may  be  found  by  trial  and  error  or  by  the  previous  procedure  in 
this  chapter.  If,  however,  we  can  represent  it  as  a  transfer  function 
matrlr,  which  we  will  call  W^(s),  we  can  avoid  using  trial  and  error. 

Let's  assume  that  we  know  exactly  what  our  loop  shapes  should  look 
like  —  better  than  that,  let's  assume  that  we  can  represent  them  with  a 
state  space  realization 

Wd(s)  =  C^(sT  -  (11.35) 

There  should  never  be  a  matrix  here,  as  the  loop  shapes  must  be 
strictly  proper  (more  poles  than  zeros).  Also,  remember  that  the  Wjj(s) 
we  choose  must  be  realizable  using  a  Kalman  filter  (should  have  Integral 
action  if  you  have  augmented  Integrators  and  have  a  1-pole  excess). 

Obviously,  to  do  a  realization  we  must  first  have  a  transfer 
function  W,(s).  If  we  know  what  we  want  o  rw.(s)1  to  look  like,  there 

Cl  Id 

are  two  "missing"  pieces  of  information  needed  to  construct  a  unique 
transfer  function.  They  are: 


1)  phase  information 

2)  cross-coupling  information 

The  first  is  not  a  major  problem.  It  makes  sense  to  assume  a  transfer 
function  that  is  minimum  phase.  The  Kalman  filter  design  procedure  will 
not  place  a  zero  in  the  right-half  plane  anyway.  Therefore,  the  phase 
information  Is  not  really  needed. 

The  second  missing  piece  Is  a  bigger  problem.  There  is  no  wav  to 
determine  unique  individual  multiloop  transfer  functions  from  singular 
value  plots  —  that  is,  there  are  many  transfer  functions  which  produce 
the  same  singular  value  plots.  One  easy  way  around  this  is  to  assume 
that  Wj(s)  is  diagonal.  Then,  each  o^(W^(s)]  plot  is  nothing  but  a  STSO 
Bode  magnitude  plot  for  each  diagonal  function.  This  is  the  approach  we 
will  take.  Constructing  transfer  functions  from  Bode  magnitude  plots  of 
minimum  phase  systems  is  relatively  simple,  and  documented  In  most 
classical  control  texts. 

What  we  will  do  is  augm.ent  the  desired  dynamics  Wj(s)  to  the  output 
of  the  plant.  Since  these  dynamics  enter  the  system  via  the  process 
noise  (obvious  since  T  Is  involved),  we  will  drive  these  dynamics  by  C. 
Fig  11.1  shows  the  block  diagram. 


Fig  11.1  Augmenting  Desired  Dynamics  to  the  Plant  Output 
Note  that  we  are  showing  the  process  noise  entering  at  the  output  ot  the 
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plant.  Also,  we  show  the  noise  n  as  being  unit  intensity,  but  being 
multiplied  by  yl,  which  Is  equivalent  to  our  old  representation.  From 
Fig  11.1, 


y  =  G(s)u  +  W^(s)?  +  yin 

(11.36) 

From  our  original  development 

X  =  Ax  +  Bu  +  rc 

(11.37) 

y  =  Cx  +  yin 

(11.38) 

so  that 

y  =  C$Bu  4  +  yin 

(11.39) 

Comparing  (11.36)  and  (11.39),  and  remembering  that  G(s) 

=  C$B,  we  can 

see  that 


U.(6)  =  C$r  (11.40) 

d 

which  Is  exactly  what  we  want  when  we  take  the  singular  values  of  each 


side  of  (11.40).  Now  let's  look  further  at  the  state  space  block 
diagram  for  this  system,  as  seen  in  Fig  11.2. 


Fig  11.2  State  Space  Block  Diagram  of  the  Output  Augmented  System 
The  resulting  equations  are 
X  =  Ax  +  Bu 
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-j 


(11.41) 


y 


A.x,  +  B , 

d  d  d 


Cx  +  CjX, 
d  d 


+  yin 


z  =  Hx 

which  may  be  written  In  augmented  form  as 


• 

X 

A 

o' 

X 

+ 

'b' 

u  + 

0  ' 

h 

0 

i_ 

0 

y 

=  [ 

c 

"d^ 

+ 

jIn 

X 

Z 

=  [ 

H 

0] 

Therefore,  we  define  a  new  system  given  by 


ni  .42) 

(11.43) 

(11.44) 


(11.45) 


(11.46) 


(11.47) 


X  =  Ax  +  +  fC 

y  =  Cx  +  yin 
z  =  Hx 


(11.48) 

(1 1.49) 

(11.50) 


where  X,  C,  F,  and  H  are  given  by  the  corresponding  matrices  In 


(11.45)-(11.47). 

Notice  that  (trivially  obvious  due  to  block-diagonal  form  of  the  'K 
matrix  In  (11.45)) 

1)  the  modes  of  A,  are  uncontrollable  from  u 

a 

2)  the  modes  of  A,  are  unobservable  from  z 

d 

3)  the  system  Is  completely  observable  from  y 

4)  the  modes  of  A  are  uncontrollable  from  K 

Conditions  1)  and  2)  pose  no  problem  to  our  Kalman  filter  design,  since 

the  designer  chooses  A,  and  we  choose  It  to  be  stable.  Therefore,  A, 

d  (' 

will  be  stablllzable  from  u  and  detectable  from  z.  Condition  3)  If 
obviously  no  problem.  However,  condition  4)  may  be  a  problem.  If  any 


II-.O 


of  the  n-odes  of  the  plant  are  unstable^  then  the  system  would  not  be 
stabllizable  from  C.  First,  we  will  assume  that  we  have  a  stable 
plant.  Then  we  will  return  to  the  unstable  plant  case. 

11.?. 1.1  Stable  Plant 


For  this  case,  the  T  matrix  is  given  by 


so  that 


and 


r  = 


“I 


(11.51) 


(11.52) 


=  yl  (11.53) 

For  the  recovery  procedure,  we  must  use 

0  =  H  H  +  q  C  C 

c 

=  fH  0]'^[H  01  +  q^fC  C^] 


T 

HR 

0^ 

T 

C  C 

T 

""d 

0 

0 

+  q*" 

T 

C_.  C 

c.^c 

_ 

1 

d 

d  d 

and 

R  =  pi  (11.55) 

c 

Note  that  in  (11. 5A)  we  have  let  the  tunable  V  matrix  be  Identity  — 
this  is  not  required,  it  just  makes  It  easier  to  show  the  results. 
11.2.1.2  Unstable  Plant 

In  this  case,  the  system  Is  not  stabllizable  from  ^  ,  which  is 

required  for  the  optimal  control  procedure.  Therefore,  we  rewrite  the 

plant  transfer  function  G(s)  as 

C(s)  =  B  (s)"’g  (s)  (11.56) 

p  ms 

where  0  (s)  is  minimum  phase  and  stable,  and  B  (s)  Is  an  all-pass 

ms  p 


^  ^  . 
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Fig  11.4  Block  Diagram  of  Bpfp) 


Using  this  figure  and  (11.61),  we  can  see  that 


=  A  X 

+ 

B  y' 

ap 

ap  ap 

ap-' 

=  A  X 

+ 

B  C  X 

+  B 

ap  ap 

ap  ms 

y 

=  C  X 

+ 

D  y'  + 

yin 

ap  ap 

ap-' 

=  C  X 

+ 

D  C  X 

+  D 

ap  ap 

ap  ms 

ap  d  d 


(11.67) 


ap  d  d 

Now,  combining  (11.60),  (11.67),  (11.68),  and  our  response  equation 


(11.68) 


z  =  Hx,  we  get 
A 


ap 


ms 

0 


0 
0  i 


B  C 
ap  ms 


B  C, 
ap  d 


ap 


ap 


B 


ms 

0 


0 


u  + 


(11.69) 


y  =  fD  C 

ap  ms 


D 

ap  d 


C  I 
ap 


ap 


+  yin 


(11.70) 


z  =  f  11 


0  1 


1 


X 

L 


(1 1.71) 


This  system  Is  steblllzable  from  u  and  ^  and  detectable  from  y  and  z, 


Therefore,  we  choose 


t 

I 

I 


"o“ 

0 

0 

0 

II 

o 

"d 

T 

to 

0]  = 

0 

T 

"d«d 

0 

0 

0 

L. 

0 

0  1 

(11.72) 


and 


0^  =  [H  0  0]  [H  0  0] 


+  q^[D  C  DC.  C  I'VID  C  D  C .  C  ] 
^  ap  ms  ap  d  ap  ap  ms  ap  d  ap 


(11.73) 


with  P-  and  R  as  before  ((11.53)  and  (11.55)). 
t  c 


11.2.2  Formal  Loop  Shaping  at  the  Input 

For  breaking  the  loop  at  the  Input  to  the  plant,  we  wish  to  shape 


the  singular  value  plots  of  T  »  given  by 

JjU 


1 


(11.74) 

where  the  approximation  Is  good  at  low  frequency.  Again,  p  is  a  scaling 
or  gain  parameter  as  far  as  the  singular  value  plots  are  concerned,  so 


we  will  represent  H$B  by  Wj(8),  where  W^fs)  Is  a  minimum  phase  diagonal 


W^(s)  =  C^(sl  -  A^) 


transfer  function  realized  bv 

(11.75) 

We  will  augment  these  dynamics  with  those  of  the  plant  through  our 
desired  responses  z,  as  seen  In  Fig  11.5. 


Fig  11.5  Augmenting  Desired  Dynamics  From  the  Plant  Input 
Note  that  since  we  are  trying  to  shape  the  regulator  alone,  we  omit  the 
noises  entering  the  system  for  a  moment.  From  our  original  system 


X  =  Ax  +  Bu 


(11.76) 


so  that 


and  therefore 


From  Fig  11.5, 


z  =  Hx 


X  =  $Bu 


z  =  H$Bu 


z  =  W,(s)u 
d 


so  that,  equating  (11.79)  and  (11.80),  we  see  that 

W,(s)  =  H$B 
d 


(11.77) 


(11.78) 


(11.79) 


(11.80) 


(11.81) 


By  taking  singular  values  of  both  sides  of  (11.81)  we  see  that  the 
singular  values  of  W^(s)  will  be  the  same  as  those  of  H$B,  which  Is  what 
we  want.  Now,  using  the  realization  in  (11.75),  we  can  write 


’'d  =  "^d^d  ^  ®d“ 


(11.82) 

(11.83) 


so  that  by  augmenting  this  with  our  original  .system  (and  replacing  the 


noises  we  omitted) 


X  A  0  X  B  r 

=  +  u  +  5 

Xj  0  A,  Xj  B,  0 

d  d  d  d 


y  =  [C  0]  +  yin 


z  =  [0  C^] 


(11.84) 


(11.85) 


(11.86) 


Assuming  that  we  have  a  stable  plant,  this  system  Is  stabilizable  from  u 
and  ^  and  detectable  from  y  and  z.  Therefore,  we  can  do  our  LQO/LTR 


design  using 


Q  =  (0  C 


T  F"  ^  1 

J  [0  CJ  = 


(11.87) 


,nj  'A  ’A’A’A". V.  V  ^.1  «.■  i.^'A.WVn I, »  U  t  L ^  j » ii  i  'J  y.'Jf .»tPJ  l\"wj  A’--V.-r 


Re  =  pi 


Qf  = 


Rf  =  yi 


"  - 

r 

.  T 

2 

"b  ‘ 

_o 

[r' 

Oj  4 

B. 

L  ‘Jj 

T  T 
V(B^  b/] 


ai.88) 

(11.89) 

(11.90) 


If  we  have  an  unstable  plant,  A  will  not  be  detectable  from  z. 
Therefore,  we  must  again  break  our  plant  Into  an  all-pass  factor  and  a 


minimum  phase  stable  plant,  given  by 

-1, 


G(s)  =  G  (s)B  (s) 
ms  p 


(11.91) 


This  Is  shown  in  Fig  11.6. 


If  the  realization  of  ^(s)  is  given  by 


then 


i  '^(s) 

=  C  (sl¬ 

-  A  )' 

p 

ap 

ap 

X 

+ 

X 

< 

II 

B  u 

ap 

ap  ap 

ap 

u’ 

=  C  X  + 

D  u 

ap  ap 

ap 

to  u' 

in  (11.84); 

,  then 

-1. 


I  +  D 
ap  ap 


(11.92) 

(11.93) 

(11.94) 


resulting  equations  yields  the  new  augmented  state  space 

p1 


I  y 


u  aPj 


.|o 

;  0 


0 
A  . 


B  c 

ms  ap 


d  ap 


ap 


ap 


B  D  , 
ms  ap| 

B.l) 
d  ap 


ap 


U  4  jO  IC 

i  0  ' 

L  J 


ai.95) 


y  =  fc„.s 


0  ] 


I  X 

■  ap 
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pin 


(11.^6) 
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'  V  *  •  ' 


»  4  ' \ 

m'  I 


After  doing  a  minimal  realization  of  the  desired  loop  transfer 

matrix  W,  (and  B  the  matrices  F  and  H  are  completelv  known.  This 

d  p 

avoids  having  to  select  them  by  trial  and  error  methods,  which  Is  the 
main  advantage  of  this  method.  We  caution  that  the  maior  penalty 
associated  with  this  technique  is  the  amount  of  dynamics  which  must  he 
augmented  to  the  system.  This  could  be  considered  excessive,  depending 
upon  the  example.  Also,  formal  loop  shaping  tends  to  Invert  the  stable 
dynamics  of  the  plant,  and  Indlscrlmlnant  use  of  the  technique  could  be 
dangerous.  It  is  a  good  Idea  to  try  to  Include  as  much  of  the  original 
dynamics  of  the  plant  In  the  desired  loop  shapes  as  possible,  in  order 
to  reduce  the  inversion. 
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12.  SOLVING  Tl’F  L^/H^  OPTIMTZATION  PROBLEM  USING  LOG/LTR 


This  chapter  does  not  contain  anv  additions  or  extensions  to  what 
we  have  covered  thus  far.  Rather,  It  poses  the  LOG/LTR  methodology  In  a 
more  mathematical  framework,  by  showing  that  it  Is  one  way  to  solve  a 
formal  problem. 

12.1  The  ^0/^2  Optlm.  .’.atlon  Problem 

First,  let's  redraw  the  generic  MIMO  control  system  block  diagram, 
as  shown  In  Fig  12.1. 


Fig  12.1  Generic  MTMO  Control  System 
f.ooklng  back  to  equation  (4.32),  the  expression  for  the  output  Is  given 


V  =  rfs)K(s)rT  +  G(s)K(s)l"^{r  -  n}  +  fT  +  G(s)K(s)r^d  (12.1) 

Now  we  (^oflTie  the  output  sensitivity  function,  S  (s),  as 

o 

S^(s)  =  ri  +  G(slK(s)l"^  (12.2) 

and  the  compl Jmentary  output  sensitivity  function,  T  fs),  as 

o 

T^(s)  =  G(s)K(s)fT  +  G(s)K{s)r*  (12.3) 

Note  that  this  Is  different  from  the  T^(s)  we  defined  In  Chapter  10. 


Using  (12.2)  and  (12.3)  In  (12.1),  we  get 


y  =  T  (s) (r  -  nl  +  S  (s)d 
o  o 


(12.4) 


For  good,  command  following  and  disturbance  rejection,  we  must  have  S  (s) 

o 

small.  Remember  that  our  robustness  requirement  from  (4.80)  requires 


atT  (s)]  <  n?.5) 

°  ^n, 

m 

where  grows  large  at  high  frequency.  From  (12.4)  and  the  above  we 

can  see  that  T  (s)  must  be  small  for  sensor  noise  relection  and 
o 

robustness  to  high  frequency  errors.  Therefore,  our  two  main  ohiectives 
may  be  stated  as; 

1)  make  S^(s)  small  whenever  d(s)  or  r(s)  is  large 

2)  make  T  (s)  small  whenever  H  (w)  or  n(sl  is  large 

O  IQ 

Obviously,  these  objectives  require  both  S^(s)  and  Tp(s)  to  be  small 

over  certain  frequency  ranges.  However, 

S  (s)  +  T  (s)  =  fl  +  G(s)K(s)r'  +  G(s)K(s)rT  +  G(s)K(s)]“’ 
o  o 

=  fl.  +  G(s)K(s)HT  +  G(s)K(s)r^  =  I  (12.6) 

Therefore,  both  cannot  be  small  at  the  same  frequency.  This  was  also 

seen  explicitly  back  in  Chapters  4  and  5.  The  final  conclusion  is  that 

we  must  perform  some  type  of  trade-off  between  these  two  objectives.  We 

will  state  this  trade-off  between  S  <s)  and  T  (s)  as  a  formal 

o  o 

optimization  problem  next. 

Back  in  Chapter  2,  equation  (2.62),  we  saw  that 

a^TMl  <  trlMM*]  (12.7) 

where  M  is  any  matrix  and  trf*)  denotes  trace  of  the  matrix.  Therefore, 

if 

if  we  make  trfMM  1  small,  a^fM]  will  be  small,  which  savs  that  M  is 

small.  Since  we  desire  a  trade  between  S  (s)  and  T  (s) ,  we  can  use  .•>. 

o  o 

weighting  matrix  W(s)  to  dictate  their  relative  importance  at  any 

frequency.  The  formal  optimization  problem  then  becomes: 

Given  G(s),  W(s)  and  the  definitions  of  S  (s)  and  T  (s),  find  a 

o  o 

stabilizing  compensator  K(s)  which  minimizes 

J  =  J- /“{trfS  WW*S  *]  +  trfT  T  *l}dw  (12. 

2Tr  0  0  0  o  o 


If  we  let 


(12.9) 


M(s)  =  [S  (s)W(s)  T  (s)] 
o  o 


then 


MM*  =  fS  MVi*S  *  +  T  T  *1  (12.10) 

o  o  o  o  ■ 

Taking  the  trace  of  both  aides  of  (12.10),  and  realizing  that 

trfA  +  Bl  =  trfAl  +  tr[Bl  (12.11) 

we  can  see  that  (12.8)  may  be  written  as 

J  =  trfMM*]dw  (12.12) 

which  conforms  with  the  definition  of  the  norm  we  gave  In  Chapter 

2.  Now  let's  see  If  we  can  use  the  LOG/LTR  formulation  as  a  means  of 
solving  this  optimization  problem. 

12.2  Optimization  Via  LOG/LTR 

To  general,  the  solution  K(s)  to  the  optimization  problem  we 

just  defined  need  not  be  finite  dimensional  or  strictly  proper  (more 
poles  than  zeros).  Obviously,  we  desire  K(8)  to  have  these  properties. 
Therefore,  we  will  restrict  G(s)  and  W(8)  to  be  finite  dimensional  and 
strictly  proper  in  order  to  generate  a  sequence  of  finite  dimensional, 
strictly  proper  compensators  which  minimize  (12.8)  in  the  limit.  For 
most  applications,  this  poses  no  restriction  on  the  plant  G(s)  since  it 
has  these  characteristics  anyway.  Therefore,  we  only  restrict  W(s).  We 
will  define  what  we  mean  by  "In  the  limit"  shortly. 

Consider  our  typical  system 

X  =  Ax  +  Bu  +  r?  (12.13) 

y  =  Cx  +  Vilr  (12. 14) 

z  =  T'y  (12.15) 


We  assume  that  ^  and  n  are  unit  Intensity  here,  since  T  and  y  mav  be 
used  to  adlust  their  effective  Intensities.  The  LOG  performance  Index 
we  wish  to  minimize  Is 


%  N.  V  S.'  ’V’ 
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.  1  T  ^  2  1.,^-. 

\0G  “  2  +  P  « 


Cl?. 16) 


Notice  that  we  are  using  p  here  Instead  of  p  so  that  we  avoid  square 

O 

root  signs  later  —  this  is  simply  for  convenience.  That  is,  p'  is  the 
same  as  p  used  to  be.  We  let  T,  y ,  H  and  p  be  completely  tunable 


parameters.  From  C12.13)  we  have 


where 


x(s)  -  $Bu(s)  +  $rC(s) 


<I>  =  (si  -  A) 


(12.17) 


(1P.18) 


Using  (12.17)  in  the  Laplace  transformed  versions  of  (12.14)  and  (12.15) 


we  get 


y(s)  =  C4>Bu(s)  +  C$rC(s)  +  yTn(s) 

2(s)  =  H'{>Bu(s)  +  H'l)rC(s) 

Writing  these  in  augmented  matrix  form,  we  have 


(1?. 19) 

(r.?o) 


y(s)  C<I)B  C$r  pi 
z(s)  1_H$B  H$r  0 


_  u(s) 


(12.21) 


Using  the  fact  that  we  are  designing  a  dynamic  output  feedback 


controller,  we  can  write  our  feedback  law  as 
u(s)  =  -K(s)y(s) 

Using  our  typical  plant  transfer  function  notation 
C(s)  =  C$B 

we  can  use  (12.22)  and  (12.23)  In  (12.19)  to  obtain 
y(s)  =  -G(s)K(8)y  (s)  +  C'I)rC(s)  +  pln(s) 


(12.2?) 


(12.23) 


(12.24) 


y(s)  =  [I  +  C(s)K(s)r  C$rC(s)  +  (1  +  G(s)K(s)r  ylnCsl  (12.25) 
Now,  substituting  (12.22)  into  (12.20),  we  can  see  that 


2-< 


(12.26) 


z(s)  =  -H$BK(s)y(s)  +  H^r^Cs) 


Substituting  (12.25)  into  (12.26),  we  get 


-1. 


z(s)  -  -H«K(s)fT  +  G(s)K(8)1  C4>rC(s) 


-1. 


-  H$BK(s)fT  +  G(s)K(s)l  Uln(s)  +  H$rC(s) 


(12.27) 


Finally,  substituting  (12.25)  Into  (12.22),  we  get 

.-1. 


,-l 


u(s)  »  -K(s)ri  +  G(s)K(s)l  C$r5(8) 

-  K(s)tl  +  G(s)K(8)r*viIn(s)  (12.28) 

Now  we  can  write  (12.27)  and  (12.28)  in  augmented  matrix  form  as 
(multiplying  both  sides  of  (12.28)  by  p  first) 


z(s) 

r  ?(s)' 

=  P(s) 

_pu(s)_ 

j_n(s) 

(12.29) 


where 


P(s) 


-1. 


H$r  -  H$BK(I  GK)  C4>r 


-yH4>BK(I  +  GK)' 


-L 


-pK(i  +  GK)  cfr 


-1 


-1 


(12.30) 


-ypKd  +  GK)  j 


Nost  of  this  probably  seems  pointless  so  far.  However,  notice  that 

T 


Tz 


T 

Pu‘l 


T  2  T 
z  z  +  p  u  u 


(12.31) 


put 


which  is  the  integrand  In  (12.16).  Using  Parseval*s  theorem  on  (12.16) 


and  the  relation  given  In  (12.29),  J, ^  becomes 

LfQCT 


LOG 


1  00  ^ 

Idw 


(12.32) 


Now  we  can  see  that  (12.32)  looks  like  (12.12).  In  other  words,  if  we 
can  choose  H,  F,  y,  and  p  In  P(s)  so  that  (12.32)  equals  (12.12),  we 
will  solve  the  optimization  problem  using  LOG/l.TR. 

12.2.1  Weighting  Choice  One 
let's  choose  F  and  y  so  that 

-^C4>F=W(s)  (12.33) 


where  l'(sl  Is  a  weighting  function  (we  will  soon  see  that  It  Is  the  same 


one  as  In  (12.8)).  Also,  let  H  »  C  and  P“*'0.  Then  P(s)  becomes 
Fc^r-  C$BKa  +  GK)”^C$r  -yC^BKd  +  GK)"^"! 


-pK(I  +  GK)~  c$r 


-pyKd  +  GK)' 


yW  -  yGKd  +  GK)"^W  -yGKd  +  GK)  ^ 

-pyKd  +  GK)“^W  -pyKd  +  GK)~^ 


[I  -  GKd  +  GK)"  |W  -GKd 


+  GK)  ’1 


nr. 34) 


as  p->-0.  Notice  that 


I  -  GKd  +  GK)"'  =  [I  +  GKiri  +  GK]"'  -  GKfl  +  GK]  ' 
>«  [I  +  GK  -  GKlfl  +  GK]"' 


=  d  4  GK)' 


so  that  (12.34)  becomes 


P(s)-».y 


d  4  GK)"'w  -GKd  4  GK)"' 


(12.35) 


(12.36) 


Using  the  definitions  of  S  and  T  In  (12.2)  and  (12.3>,  we  can  see  that 

o  o 


(12,36)  Is  actually 


P(s)— >  y 


S  (8)W(s)  -T  (s) 


(12.37) 


This  Is  almost  Identical  to  the  definition  of  M(s)  In  (12.9).  What  we 


actually  need^to  show  Is  that,  in  the  limit  as  p-»0, 

tr[MM*]  =  trfS  WW*S  *1  4  trfT  T  *1  =  trfPP*] 
o  o  o  o 

From  (12.37) 

*  I  -ORSW)*  < 

tr[PP*l  =  trJy^  °  * 

1  0  0  -T^  ( 


(12.38) 


/  r  *  *  ’* 

/-SWWS  4TT 
1  ?  o  o 


(12.39a) 


(12.3%) 


trfPP  ]  =  u  {trfS  WW  S  1  4  trfT  T  ]} 

The  terra  would  come  out  of  the  Integrand  and  would  not  affect  the 
minimization  (i.e.,  the  solution  Kfs)).  Therefore,  the  given  choices  of 
H,  r,  M,  and  p  do  cause  (12.32)  to  have  the  form  of  an  1'2^^2 
optimization  problem. 

Now  let's  examine  the  weightings.  Remember  that  (from  Chapter  9) 

or 

0,  rC<5)K,l  =-1-0,  [C$r1  (12.41) 

1  f  ^  i 

i.ooklng  at  the  choice  in  (12.33),  we  can  see  that  the  singular  values  of 
W(s)  are  simply  the  singular  values  of  the  Kalman  filter  loop  transfer 
function  scaled  by  the  constant  fiP  .  Also,  notice  that  in  the 
loop-broken-at-the-output  recovery  procedure,  we  normally  choose  (as 
seen  In  Chapter  9) 

0^  =  H^H  4  q^C^C  (12.42) 

R^  =  pT  (12.43) 

and  let  q^-oo  .  Here,  we  let 

0  =  h'^H  «  C^C  (12.44) 

c 

and  choose  R  as  in  (12.43),  but  we  let  p-»-0.  These  are  equivalent  in 

T 

the  limit  since  0^  goes  to  oo  proportionallv  to  C  C  in  (12.42),  and  we 
have  already  shown  that  ->00  is  equivalent  to  4  0  (see  Appendix  8A) . 

Ihe  overall  conclusion  of  this  section  Is  that  by  choosing  the 
LOC/I.TP  parameters  as  shown,  the  resulting  compensator  will  minimize  an 
L^/H^  optimization  problem  In  the  limit  as  p-^O.  This  is  the  "in  the 
limit"  we  discussed  earlier,  and  we  should  note  that  the  resulting 
compensator  is  only  h^/H^  optimal  in  the  limit.  Also  note  that  this 


choice  of  weights  Is  equivalent  to  the  LQG/LTR  procedure  with  the  loop 
broken  at  the  plant  output . 


12.2.2  Weighting  Choice  Two 

Hopefully  you  can  guess  that  this  choice  of  weights  will  be 
equivalent  to  LQG/LTR  breaking  the  loop  at  the  plant  Input.  Here  we 
choose  H  and  p  such  that 


H$B  =  W(6) 


(12.45) 


and  let  F  =  B  and  y"K).  Then  P(s)  becomes 


P(s)  = 


H$B  -  H$EK(I  +  GK)"  C$B  -yH$BK(I 


-pK(T  +  GK)~  C(I)B 


-ypK(I  +  GK)' 


=  pW  -  pWK(I  +  GK)  G  -ypWKd  +  GK) 


+  GK)”^ 


-pK(I  +  GK)~  G 


-ypK(I  +  GK)' 


W[I  -  K(I  +  GK)~  Gl 
-K(I  +  GK)"^G 


as  y-*-0.  Using  the  first  Identities  In  (2.21),  we  can  write 
K(I  +  GK)“^G  »  fl  +  KCr^KG 


(12.46) 


(12.47) 


Also  notice  that 

I  -  fl  +  KGT^KG  =  ri  +  +  KG]  -  (1  +  KG]~^KG 

=  (I  +  KG]"^ri  +  KG  -  KG]  =  fl  +  KGl"^ 


(12.48) 


Therefore,  (12.46)  may  be  rewritten  as 

W(I  +  KG)“^ 
P(s)— ►p  _ 

-(I  +  KG)  KG 


(12.49) 


Analogous  to  the  definitions  of  and  T^,  which  are  output  related,  we 
can  define  the  Input  sensitivity  function 
S^(s)  =  fl  +  KGr' 


and  the  Input  complimentary  sensitivity  function 


(12. SO) 


T^(s)  =  fl  +  KGl  KG 


Using  this  terminology,  we  can  rewrite  (12.49)  as 

r  ws  (s)  o' 

P(s)--^p!  ^ 

i  -T  (s)  0 

* 

Now,  forming  trfPP  ],  we  get 


(12.51) 


(12.52) 


trfPP  1  »  tr4p‘ 


WS^  ol  [(WS^)*  -Tj* 


tr  4p 


ws,s.  w 

1  1 

-WS^T 

*  * 

-TfSi  W 

T  T 
11 

A  A 

* 

=  p-ftrfWS.S^  W  ]  +  trfT^Tj  ]} 


(12.53) 


The  p'  term  will  not  affect  the  minimization,  so  that  the  given  choices 
of  H,  r,  p,  and  y  do  cause  (12.3?)  to  have  the  form  of  an 
optimization  problem,  except  that  here  we  are  trading  off  the  loop 
properties  at  the  plant  Input.  Using  the  plant  input,  the  M(s)  matrix 
In  (12.9)  would  become 

M(s)  =  rw(s)S^(s)  Tj(s)]  (12.54) 

so  we  can  see  that  (12.53)  Is  consistent  with  this. 


I.et's  examine  the  weightings  we  have  chosen.  From  Chapter  9, 

=o^rK^«>Bl  (12.55) 

Looking  at  the  choice  of  W(s)  In  (12.45),  we  can  see  that  singular 
values  of  W(s)  are  simply  the  singular  values  of  the  regulator  loop 
transfer  function  scaled  by  the  constant  Also,  in  the 

Input-breaking  LOG/LTR  procedure,  we  usually  choose 

Of  =  rr^  +  (12.56) 

with  q  ->-00  and 

R,  =  R  (12.57) 


02.58) 


In  the  procedure  discussed  In  this  chapter,  we  let 

T 

0^  =  BB 

and 

=  pi  02.59) 

with  y->-0.  Again,  the  similarity  should  be  obvious.  Also,  note  that 
the  LOG/LTR  solution  Is  only  optimal  in  the  limit  as  p  -*■  0. 

This  essentially  completes  all  of  the  theoretical  development  we 
will  do  towards  describing  the  LOG/LTR  method.  In  the  next  chapter,  we 
will  present  an  aircraft  example  which  will  hopefully  clarify  some  of 
the  theory,  show  how  well  It  does  or  does  not  work  In  practice,  and 
highlight  some  Interesting  points  in  the  application  of  the  method. 
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13.  DRONE  LATERAL  ATTITUDE  CONTROL  EXAUPIF 

To  truly  understand  what  LQG/LTR  does  and  how  it  works  we  need  to 
do  some  examples.  In  this  example,  we  will  design  several  oontrollers 
lor  lateral  attitude  control  of  a  drone  aircraft. 

13.1  Example  Set-Up 

The  plant,  which  Is  taken  from  Ref  fl3-l],  is  given  by 

X  =  /lx  +  Bu  +  rC  (13.1) 

y  =  Cx  +  n  (13.2) 


where 


A  = 


-O.OB''.?? 

-46 .86 
-0.4248 
0 
0 
0 


-0.0001423 

-2.757 

-0.06224 

1 

0 

0 


-0.9994 

0.3896 

-0.06714 

0.0523 

C 

0 


0.04142 

0 

0 

0 

0 

0 


0 

-124.3 

-8.792 

C 

-20 

0 


0.1862  i 

128.6  ! 

f 

-20.46  i 

( 

0 

0 

-20 

(13.3) 


D  ^ 


0 

i  0 

I 

0 

0 

20 

0 


0 

0 

0 

0 

0 

20 


(13.4) 


f 


0 

0 


0 

1 


0 

0 


03.5) 


13-1 


03.6) 


X  «  f  3  i  ^ 


s,l 


u  =  f  6^  6,  1 


03. 7> 


The  states  and  Inputs  In  (13.6)  and  (13.7)  are.  In  order:  sideslip 
angle,  roll  rate,  yaw  rate,  roll  angle,  elevon  surface  deflection, 
rudder  surface  deflection,  elevon  servo  command,  and  rudder  servo 
command.  The  nominal  F  matrix  will  not  be  specified,  except  Its 
dimension,  which  Is  (6x2).  The  strengths  of  ^  and  n  are  assumed  to  he 
unity. 

Note  that  we  have  assumed  that  we  can  measure  sideslip  and  roll 
angle.  These  angles  will  also  be  the  responses  we  wOl  try  to  conttri, 
so  that  our  response  equation 


z  =  Hx 


03. h) 


has  H  =  C.  The  maneuver  we  will  try  to  design  a  controller  for  will  be 
a  step  command  in  roll  angle  with  no  change  In  sideslip. 

The  open-loop  plant,  C<I)B,  has  the  eigenvalues  shown  In  Table  13.1, 
and  one  transmission  zero  at  -158.15. 


Table  13.1 Eigenvalues  of  the  Plant,  X (A) 


Spiral  Mode 


-0.0360 


Dutch  Roll  (unstable)  0.1884  ±  l.OSlli 


Roll  Convergence 


-3.2503 


Elevon  Actuator 


-20.0 


Rudder  Acttiator 


-20.0 


The  singular  value  plot  of  C$B  is  shown  In  Fig  13.1.  Notice  that  the 
plant  has  widely  separated  singular  values  at  low  frequency,  does  not 
exhibit  Integral  action,  and  has  a  natural  maximum  bandwidth  of  about  12 
rad/sec. 


Fig  13.1  Singular  Values  of  the  Plant 

The  last  things  we  need  to  establish  are  our  performance  and 

robustness  requirements.  Mathematically,  this  translates  into  defining 

the  scalar  functions  p(w)  and  J!,^(w).  For  p(w),  we  shall  assume  that  we 

require  our  loop  transfer  to  have  at  least  20  dB  gain  at  w<0.1  rad/sec. 

We  will  also  require  tracking  of  our  commands  so  that  (formally) 

integral  action  Is  necessary,  and  will  impose  a  restriction  of  10 

rad/sec  ^’or  the  maximum  crossover  frequency  of  our  system.  For  our 

robustness  requirements,  we  assume  that  our  model  is  reasonably  accurate 

(to  within  10%  of  the  true  plant)  up  to  2  rad/sec,  then  our  uncertainty 

prows  without  bound  at  a  rate  of  20  dB/decade.  This  produces  the  £  (w) 

m 

curve  shown  In  Fig  13.2. 


'  .  V",  •  .  <r, 


We  assume  that  this  I!-  (w)  represents  either  input  or  output 

m 

multiplicative  perturbations.  Putting  these  requirements  on  performerce 
and  stability  together,  we  come  up  with  the  loop  transfer  function 
"barriers"  shown  in  Fig  13.3. 


r*»tOU€NCY(»»*0/SCC) 


Fif  13.3  Performance  and  Stability  Barriers 


Recall  that  the  low  frequency  performance  barrier  is  actually  a 
performance  robustness  barrier  and  Is  not  p(v)*  From  ('A.83),  It  Is 


given  by 


p(w) 

performance  barrier  (p.b.)  ■  -  (13.9) 

1  - 

Since  Fig  13.2  shows  that  S,  (w)  is  a  constant  from  Osw^O.l,  the 

tn 

denominator  of  (13.9)  is  constant.  Transforming  (13.9)  to  decibels  we 
see  that 

p.b.  »  201ogfpfw)l  -  201ogfl  -  ijjj(w)l 

•  ?01ogfp(wli  +  C.91  dB  (13.10) 

Thus,  the  barrier  shown  in  Fig  13.3  is  shifted  upwards  by  0,91  dB  over 
the  acfi’-al  p(w).  In  the  figure,  the  difference  Is  hardly  noticeable. 
13.2  Peslgn  Witii  Output  Uncertainties 

Ve  will  new  proceed  to  design  several  controllers  for  our  plant, 
assuirirp  first  tl.at  we  are  modelling  uncertainties  at  the  output  of  the 
plant.  Keaiize  that  si-ire  the  system  is  square,  we  can  design  at  the 
output  or  at  the  Inptit.  First,  even  though  we  cannot  possibly  meet  our 
performance  specs,  wo  of  11  design  a  controller  without  augmenting 
i ntecrators .  This  yields  some  interesting  results  which  are  worth 
commenting  on.  Nert,  we  will  augment  Integrators  to  the  plant,  and  then 
look  at  several  designs  vising  singular  value  matching  and  one  where  we 
arbitrarily  choose  F. 

13.2.1  Unaugmented  Design 

Af  s  refresher,  recall  that  here  we  must  choose  y  and  F  so  that 
— ^o^f(  <,>r]  has  a  desirable  loop  shape  at  low  frequency.  Also  recall 
that  r  affects  the  shape  while  U  simply  raises  or  lowers  the  plots. 

After  several  choices  of  F,  It  becomes  obvious  that  little  improvement 
over  F  =  F.  (l.e.,  the  open-loop  plant)  Is  possible.  Tt  seems  that  any 
attempt  to  raise  the  a  plot  (see  Fig  13.1)  Increases  the  bandwidth  far 


beyond  the  desired  10  rad/sec.  Therefore,  the  choice  of  r  =  B  was  made. 
Since  the  open-loop  plant  had  a  maximum  bandwidth  greater  than  10 
rad/sec,  y  was  chosen  to  be  greater  than  unity,  in  order  to  lower  the 
plots.  The  choice  of  y=  5  was  made,  which  yields  a  maximum  crossover 
of  just  under  9  rad /sec. 

Now  that  y  T  have  been  selected,  we  can  calculate  the  filter 
gain  matrix  K^.  Doing  this,  and  plotting  we  can  compare  these 

plots  with  those  found  In  the  previous  step.  This  Is  shown  In  Fig  13.4. 


The  solid  line  plots  arc  fC$r1  (from  here  on  called  T  )  and  the 

/y  1  FOI, 


dotted  line  plots  are  a.fC({)K,1  (from  here  on  called  T  ). 

1  I  Kr 


Fig  13.4  Singular  Values  of  T  and  T  ,  llnaugmented  Case 

Kf 

Note  that  there  Is  close  agreement  between  the  two  sets  of  plots  at  low 
frequency.  Actually,  there  Is  a  small  mismatch  between  the  g  plots,  but 
this  should  be  expected  since  the  loop  gain  Is  not  high  there,  which  Is 
required  for  equality.  At  high  frequency,  where  the  singular  values 
become  small,  the  plots  diverge.  Note  that  the  crossover  of  T  Is  itist 


above  10  rad/sec,  which  means  we  do  not  meet  our  bandwidth  spec. 
Technically,  M  should  he  Increased  slightly  and  the  process  repeated, 
hut  since  we're  close  (and  won't  keep  this  design  anyway),  we'll  proceed 
with  y  =  5. 

Finally,  notice  that  while  we  are  below  our  robustness  boundary  at 
high  frequency,  we  are  not  even  close  to  meeting  our  performance  spec 
(we  stll 1  would  not  meet  It  even  if  we  didn't  require  Integral  action). 
We  should  see  the  consequences  of  this  when  we  finish  the  design  and 
look  at  time  responses. 

Kow  that  we  have  designed  our  full  state  filter,  we  must  try  to 
recover  this  loop  shape  using  the  regulator.  This  requires  selection  of 
H,  p,  and  the  recovery  parameter  q®.  For  convenience,  we  will  always 
choose  p  =  1  in  this  section.  Since  our  measured  variables  are  also 
those  we  wish  to  control,  F  =  C  la  the  most  logical  choice  for  H,  and  we 
will  male  this  choice  throughout  this  section  also.  Since  for  recovery 
we  must  choose 

Q  =  H^ll  +  o'C^T,  (13.11) 

c 

and  since  K  =  C,  we  are  already  beginning  to  recover  at  q*  =  0.  Only 
the  actual  choice  of  q®  is  left  to  be  made.  Without  going  through  the 
different  choices,  the  value  q’  =  10^  yields  excellent  recovery,  and  the 
plots  of  T  (solid)  versus  GK  (dotted)  are  shown  in  Fig  13.5.  Notice 
that  the  maximum  bandwidth  is  slightly  less  than  in  the  full  state  case, 
but  is  stni  iust  barelv  above  10  rad/sec. 


.W 
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Fig  13.5  Singular  Values  of  T^p  and  CK,  Unaugmented  Design 


Table  13.2  Data  for  the  Unaugmented  Output  Design 


Vi  =  5  r 

zeros(C$r)  =  f  -158.15  1 


c*  =  10' 


zeros  (WK^) 


-2.68 

-8.37 

-19.23 

-19.98 


4.20 
-18.17 
K  =  -9.9? 

;  -1.19 

!  0.0181 
I  0.1149 


[ 215.1 
K  =  1 

231.5 


-1.19  , 
55.81  I 

-0.60  I 

10.49  I 
-0.333  I 
0.338  : 


-4.665  -7.895 

3.723  -7.453 


polesffllter) 

poles (regulator) 


-733.2  6.708 

713.5  -7.554 


1-2.6?  dt  17.05 
-6.00  i.  16.48 

I  -20.00 

L  -20.37 

'-26.79  i  j4?.7'> 
-57.49  ±  j89.63 
-51.17 
:  -104.69 


-7.554 

6.869 


-  / .  j  i 

,  -7.5?  : 
i -19.55  I 


-77.45  ±  144. OA 
-52.68  ±  105.65 
-54.16 


7erosfK(s) 1 


polesfK(s)  ] 


Table  13.2  shows  some  of  the  Interesting  specifics  about  this 
design.  U'e  will  not  make  any  comments  on  the  various  poles  and  zeros 
here,  since  they  will  be  commented  on  a  great  deal  In  the  next  design. 

It  Is  interesting  to  note  that  the  only  regulator  gains  that  are  getting 
large  are  those  in  the  first  and  fourth  columns,  which  correspond  to 
those  multiplying  the  response  variables  $  and  ()) . 

The  last  and  possibly  most  Important  thing  we  need  to  examine  are 
the  system  responses  to  given  commands.  The  roll  and  sideslip  responses 
to  a  unit  step  command  in  roll  angle  (zero  commanded  sideslip)  are  shown 
in  Fig  13.6.  Notice  that  both  settle  out  to  their  commanded  values  in 
about  one  second,  the  maximum  overshoot  In  roll  angle  in  about  17X,  and 
the  maximum  sideslip  angle  is  only  about  0.05  degrees. 


Fig  13.6  Time  Responses  to  a  Roll  Command,  Unaugmented  Design 
Hopefully,  you  are  slightly  surprised.  These  responses  are  quite  good, 
yet  the  loop  shapes  of  CK  are  poor  (don’t  meet  performance  specs).  To 
sei'  what  Is  happening,  let's  reverse  the  command  (command  unit  step 
sides’' ip  angle  with  zero  commanded  roll).  These  responses  are  shown  in 


Fig  13.7.  These  are  miserable.  The  sideslip  angle  response  has  a  77 
steady  state  error,  while  the  roll  angle  settles  out  at  -0.7  degrees 
rather  than  the  command  zero. 


Fig  13.7  Time  Responses  to  a  Sideslip  Command,  Unaugmented  Design 
It  seems  that,  in  this  example,  ofGKj,  which  has  very  high  gain  at  low 
frequency,  dominates  the  roll  command  loop  while  OfGKl  (which  is  very 
low)  dominates  the  sideslip  command  channel.  Realize  that  commanding 
sideslip  at  this  flight  condition  is  silly,  but  still  illustrates  the 
point.  Therefore,  if  a  roll  commard  with  small  sideslip  is  all  we  are 
concerned  about,  this  design  is  not  too  bad.  In  general,  however,  it  is 
quite  poor  and  should  be  discarded. 

13.2.2  Augmented  Designs 

Obviously,  In  order  to  meet  our  performance  specs  we  must  augment 
Integrators  to  our  plant  so  that  we  have  Integral  action  in  both  loops. 
Following  the  augmentation  procedure  in  Chapter  10,  we  augment  a  bank 
of  Integrators  in  front  of  the  plant.  The  new  augmented  plant  has  the 
singular  value  plots  shown  in  Fig  13.8.  This  will  be  the  "plant"  we  use 
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to  design  several  controllers  for  in  the  next  subsections. 


Fig  13,8  Singular  Values  of  the  Augmented  Plant 
13.2.2. I  Low  and  High  Frequency  Matching 
First,  we  will  "go  for  It."  That  Is,  we  will  choose  T  so  that  we 
get  singular  value  matching  at  both  low  and  high  frequency,  as  detailed 
In  Chapter  11.  To  really  see  what  happens  here,  we  need  to  look  at  the 
poles  and  zeros  of  each  transfer  function  we  produce  throughout  the 
design. 

As  a  refresher,  to  achieve  high  and  low  frequency  matching  we  must 
choose  r  as 


r  . 

r  »  1 

A  T  T  -1  ‘ 

c  ^(C  c  M  I 

p  p  p  J 


(13.12) 


Adiustmenf  of  the  scalar  y  so  that  the  maximum  bandwidth  of  T^^^  Is 
close  tc  10  rad/sec  produces  a  value  of  y  =  O.OI.  The  plot  of  Is 

shown  1n  Fig  13.9  for  these  choices.  Note  that  all  specs  are  met,  and 
the  plot  .  ■'cok  like  I/s  except  for  a  "rise"  and  a  "dip"  near  1  rad/sec. 


13-11 


Mote  that  this  selection  for  P  yields  a  nonmlnlmum  phase  C$r.  This 


occurs  because  the  plant  is  open-loop  unstable  and  we  are  trying  to 
invert  the  plant.  Realize  that  plant  Inversion  ^  what  we  are  asking 
for  since  we  want  the  singular  values  to  be  matched  and  look  like  I/s. 
The  Kalman  filter  can  never  be  nonmlnlmum  phase.  Therefore,  we  should 
expect  to  see  these  zeros  mirrored  to  their  stable  Images  when  we 
compute  C$K^. 

Now  we'll  compute  using  the  F  and  y  we  just  chose.  Doing  this 
and  overlaying  the  plots  In  Fig  13.9  with  those  of  C4>K^  yields  Fig 
13.10. 
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Fig  13.10  Singular  Values  of  T  and  T  ,  Hl-Low  Matching 

r  UL  K  r 

Obviously,  the  two  plots  are  nearly  identical.  The  poles  of  CifK^  are 
obvlrui'ly  the  same  as  those  of  r4>r,  so  all  we  need  to  looV  at  are  the 
Pieros  o*’  C$K^,  given  by 

-0.074 

-0,144  i  j0.714 
zeros(C^’Kf)  =  -3.18 


(13.15) 


These  are  literally  Identical  to  those  of  (13.13),  except  that  the 
nonminimum  phase  complex  pair  In  (13.13)  is  nearly  mirrored  into  the 
left-half  plane  in  (13.15).  Obviously,  this  only  slightly  alters  the 
a-plots  since  the  magnitude  of  right-half  vs.  left-half  plane  poles 

(zeros)  is  the  same.  Obviously,  T  meets  our  specs. 

K  /' 

Now  the  trouble  begins.  The  next  step  Is  to  "close  the  loop"  on 
the  filter  and  compute  the  filter  poles.  The  zeros  of  any  system  are 
Invariant  under  feedback,  so  that  the  zeros  of  the  filter  are  given  bv 
(13.15).  The  filter  poles  (poles  of  [A  -  K^C])  are  given  by 

'  -0.074 

-0.184  ±  jO.732 
-3.05 

filter  poles  =  -20.00  (!3.1f)) 

-20.08 

-10.02  ±  jl.41 

Remember  that  these  will  be  poles  of  the  overall  closed-loop  system. 
Obvlouslv,  the  complex  poles  and  the  pole  near  the  origin  are  not  at  all 
desirable.  Since  there  are  zeros  very  close  to  them,  their  residuals 
will  be  small  C sma 1 1  cont ributlons) ,  but  they  will  take  a  long  time  to 
die  out  and  the  response  Is  very  oscillatory.  Ts  this  a  fluke?  No,  not 
real Iv. 

Looking  back  to  Fig  9.2,  we  see  that  the  closed-loop  filter  Is  ^nst 
CiMCj  with  unity  teidbark  around  it.  Therefore,  we  car  construct  a 
"root-locus"  using  the  polos  and  zeros  of  to  determine  the  filter 

poles.  Unfortuna to  1 V ,  a  MTMO  root-locus  does  not  follow  all  the  rules 
of  a  SISO  root-locus,  and  It  Is  not  worth  going  Into  the  NIMO  locus 
here.  The  Important  point  i.in  be  made  without  the  actual  locus.  Finco 
all  ot  the  zeros  lie  very  close  tf  the  plant  poles  (except  the  two  zeros 
at  'I,  the  plant  poles  will  go  to  the  zeros  and  therefore  will  not  move 


verv  much  (the  orlv  poles  that  move  verv  far  are  due  to  the  Integrators, 


which  go  towards  the  zeros  at  <»  ) .  Therefore,  the  closed-loop  filter 
poles  arc  almost  Identical  to  the  stable  Images  of  the  open-loop  plant 
poles.  In  general,  any  time  we  choose  T  (and/or  K^)  to  invert  the 
plant,  the  poles  and  zeros  on  the  filter  locus  will  be  close  together 
for  each  pole  we  try  to  invert.  Therefore,  even  for  a  "low  gain" 
filter,  the  closed-loop  filter  poles  will  be  very  close  to  the 
"Inverted"  open-loop  poles  (or  their  stable  images).  If  the  open-loop 
noles  or  their  stable  images  are  undesirable  from  a  closed-loop 
point-of-vlew,  we  should  not  try  to  invert  them. 

■lust  for  fun,  let's  finish  the  design.  Choosing  q*  =  10^  we  get 
the  regulator  poles 


S3: 


-7.72  i  jl5.49 
regulator  poles  =  -12.92  i  j28.77 

-20.22  *  j5.07 
-31.61  ±  jll.7 


(13.17) 


which,  even  though  some  are  lightly  damped,  are  fast  enough  to  present 

no  problem.  The  singular  values  of  T  and  GK  are  shown  In  Fig  13.11, 

Kr 

and  show  a  lilgh  degree  of  recovery. 
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Fig  13.11  Singular  Values  of  T  and  GK,  Hi-I,ow  Matching 
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Actually,  the  recovery  parameter  q®  would  have  to  be  Increased  if 
excellent  recovery  was  desired,  but  In  this  case  the  results  are  onlv 
slightly  altered  by  doing  so.  Joining  the  regulator  and  filter  together 
produces  an  LQG  compensator  with  poles  and  zeros 


zeros[K(s) ] 


-0.074 

-0.105  ±  j0.704 
-3.18 
-20.00 
-20.01 


(13.18) 


poles  rK(s) ] 


!  -7.43  ±  jl9.09 
-11.26  ±  j32.85 
-25.47  ±  j9.37 
-38.65  +  .117.0 
1  0.0 

L  0.0 


(13.19) 


Closing  the  loop  on  our  overall  system,  we  get  the  closed-loop  zeros  and 


poles 


zeros  (closed-loop) 


-158.15 

-0.074 

-0.105  ±  j 0.704 
-3.18 
-20 
-20 


(13.20) 


poles (closed-loop)  =  f  poles  of  regulator  (Eq  (13.17)) 

plus  poles  of  filter  (Eq  (13.16))  ]  (13.21) 

Now,  we  look  at  the  punchline.  Fig  13.12  shows  the  time  responses 

of  8  and  <t)  to  a  unit  step  <t)-command.  While  the  sideslip  response  Is 

excellent,  the  roll  response  Is  highly  oscillatory  and  takes  a  long  time 


to  settle  down.  Obviously,  a  poor  design. 
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Fig  13.12  Time  Resonses  for  a  Roll  Connoand,  Hl-Low  Matching 
13.2.2.2  Low  Frequency  Matching 

Since  high  and  low  frequency  matching  did  not  work  well,  let’s  try 


just  low  frequencv  matching.  To  accomplish  this,  we  choose 

.-I' 


r  = 


CfO) 

n 


(13.22) 


and  p=  n.ni.  The  restilting  zero  of  C$r  is  simply  the  transmission  zero 
of  the  plant  (-158.15),  so  that  this  choice  of  F  does  not  try  to  Invert 
the  plant.  Computing  C$K^  using  this  p  and  f,  and  computing  the 
singular  values  of  T  and  T^,„  produces  the  plots  in  Fig  13.13  (the 

r  U  L  r  -  r 

plots  are  solid  lines), 
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Notice  that  while  F  does  not  try  to  Invert  the  plant,  the  resulting 


value  of  produces  a  pair  of  complex  zeros  near  the  Imaginary  axis. 
This  should  signal  potential  problems.  When  we  close  the  filter  loop, 
the  resulting  poles  are  shown  in  Table  13.3.  Note  that  there  Is  a  low 
frequency,  poorly  damped  complex  pair  as  well  as  a  low  frequency  real 
pole. 

Setting  q*  »  10^  produces  the  recovery  plot  in  Fig  13.14. 
plots  are  shown  as  solid  lines,  while  GK  plots  are  dashed. 


Fig  13.14  Singular  Values  of  T  and  GK,  Low  Matching 
Recovery  Is  excellent  at  frequencies  up  to  crossover,  then  additional 
roll-off  Is  added  by  the  LQG  compensator.  The  regulator  poles, 
compensator  zeros,  and  gain  matrices  are  also  shown  in  Table  13.3. 
Finally,  the  time  responses  due  to  step  commands  in  roll  and  sideslip 
are  shown  In  Figs  13.15  and  13.16,  respectively.  The  roll-to-roll 
command  response  has  a  large  overshoot,  but  Is  otherwise  well  behaved. 
The  sldesl Ip-to-roll  command  response,  on  the  other  hand.  Is  small  but 
takes  a  long  time  to  settle.  The  sideslip  command  responses  are 


terrible,  but  since  a  sideslip  command  controller  is  not  our  objective 
this  may  not  be  important.  Still,  we  can  do  better. 


Fig  13.15  Time  Responses  for  a  Roll  Command,  Low  Hatching 


Fig  13.16  Time  Responses  for  a  Sideslip  Command,  Low  Matching 
13.2.2.3  High  Frequency  Matching 

Now  we  will  try  using  only  high  frequency  matching.  To  accomplish 


this,  we  must  choose 


r  = 


c  c 

p  p  p 


03.23) 


where  pj  Is  arbitrary  but  non-zero.  For  convenience,  was  chosen  to 
be  T^.  Choosing  p  =  0. 1  produces  a  bandwidth  of  just  under  10  rad/sec, 
as  shown  In  the  solid  curves  In  Fig  13.17.  Obviously,  we  do  get  high 
frequency  matching,  and  our  specs  are  met. 


Fig  13.17  Singular  Values  of  T 


and  T  ,  Hi  Matching 


Table  13. A  Data  for  High  Frequency  Matching, 
p  =  0.1  r  =  f  I  C  ^(C  C 

2  p  p  p 


Output  Design 


zeros(C$r)  =  i  0.126  ±  J9.34 
j  1.230  ±  J5.58 
j  -21.27 
L  -24.27 

zeros (C$K)  =  r-1.84  ±  j2.04 
1-4.56  ±  j4.57 
-20.08 
I  -20.15 


1.977 

-2.469 

2.469 

1.977 

8.302 

-0.605 

-17.222 

92.111 

-29.938 

-4.418 

-0.605 

13.907 

1.641 

-2.427 

2.455 

1.686 

poles(f liter)  = 


poles (regulator) 


-1.50  ±  j3.07 
-3.62  ±  j  7 . 1 5 
-4.18 

-10.35  i 

-19.74 

-19.97 

same  as  In 
Table  13.3 


K  =  same  as  in  Table  13.3 
c 


zerosfK(s) 1 


-1.68  ±  11.59 
-4.07  i  j3.58 
-20.01 
1  -20.04 


Table  13.4  shows  the  zeros  of  COP  for  this  case.  Here  we  see  two 
right-half  plane  complex  pairs,  both  of  which  are  lightly  damped  and  at 
high  frequency.  The  pair  at  (0.126  +  j9.338)  looks  like  a  real  prohler 
since  It  Is  near  the  imaginary  axis.  However,  it  is  at  high  frequency 
(near  the  crossover  region)  and,  as  may  be  seen  In  Fig  13.17,  Is 
predominantly  affecting  a  plot  (the  "dip"  In  c  ) .  Therefore,  when  we 
use  this  choice  of  p  and  P,  the  resulting  singular  values  plots  of 
(shown  as  dotted  lines  in  Fig  13.17)  do  not  have  this  dip.  This  is  rlrj( 
easy  to  see  by  noticing  the  zeros  of  C'l'Kj.,  shown  in  Table  13.4.  Here, 
both  troublesome  complex  pairs  of  zeros  are  "moved"  to  much  better 


locations,  since  T 


approximates  T  only  where  the  gains  of  T 


a  re 


The  resulting  filter  poles  are  also  shown  in  Table  13.4.  These  are 
well  behaved  with  damping  ratios  near  0.5.  Choosing  q®  =  10^,  we  get 
the  recovery  plot  shown  In  Fig  13. IF,  where  the  solid  lines  are 


Fig  13.18  Singular  Values  of  T  and  GK,  Hi  Matching 

Kr 

Again,  recovery  Is  excellent  and  the  bandwidth  has  been  lowered  to  10 

rad/sec  (notice  that  T  actually  violated  the  bandwidth  spec).  The 

K 1 

remaining  poles,  zeros,  and  gain  matrices  are  shown  in  Table  13.4. 
Simulating  our  overall  system,  we  get  the  roll  command  responses  shown 


in  Fig  13.19. 


Fig  13.19  Time  Responses  for  a  Roll  Command,  Hi  Matching 
The  overshoot  on  the  roll  response  Is  large  (55%),  but  could  be  reduced 


using  a  prefllter.  This  design  Is  not  bad.  However,  it  may  seem 
pointless  to  go  through  the  high  frequency  matching  technique  when  it  is 
not  really  possible  to  get  bo  match  at  high  frequency. 

Therefore,  we  will  try  one  more  choice,  which  will  produce  literally  the 
same  results  as  this  one,  but  which  Is  a  more  logical  choice  for  F. 

13.2.2.4  "Arbitrary"  T  Selection 
As  this  Is  the  design  we  will  select  as  the  "best,"  more  details 
will  be  shown  throughout  the  design  process.  In  this  case,  we  will  make 
the  "easiest"  and  most  common  selection  for  F,  that  is  ,F  =  B.  Looking 
back  to  Fig  13.8,  notice  that  the  singular  values  of  COT  for  our 
augmented  system  are  not  that  bad;  that  Is,  by  increasing  the  gain 
(decreasing  p )  we  can  Increase  the  bandwidth  and  easily  meet  our  specs. 
Typically,  this  Is  what  a  designer  would  choose  first,  since  it  rc^qinics 
no  real  trlal-and-error  selection  for  F  . 

First,  we  will  choose  F  -  B  (remember  that  the  K  here  Is  the 


augmented  system's  input  matrix)  and  W  =  0.2.  Using  these  values  to 


compute  K^,  we  get  the  plots  of  and  shown  in  Fig  13.20  it 

solid  lines). 


Fig  13.20  Singular  Values  of  Tp^^  and  T^p,  F  -  B,  p  *  0.2 
Notice  that  even  though  Tpg^  has  a  maximum  crossover  frequency  below  10 
rad/sec,  T^p  exceeds  it.  Since  Tpp  doesn't  satisfy  our  bandwidth 
spec,  we  must  increase  p  .  Increasing  U  to  0.3  generates  the  plots  of 


Tpop  and  T^p  shown  In  Fig  13.21.  The  maximum  crossover  is  still  lust 
above  10  rad/sec,  but  when  we  recover  this  loop  shape  the  bandwidth 


should  reduce.  The  increase  in  p  from  0.2  to  0.3  causes  a  roughly  20% 


decrease  in  the  individual  elements  of  K^,  thus  illustrating  the  benefit 
of  using  less  control  power. 


rofOofM^'r  JO/S) 


Fig  13.21  Singular  Values  of  T  and  T  ,  F  •=  B,y  =  0.3 

FOL*  KF 


Table  13.5  Data  for  Augmented  =  B  Output  Design 
M  =  0.3  r  =  B  =  10^ 


zeros (C$r) 
zeros (C$K^) 


r  -158.15  ] 

-1.92  ±  11.46 
-4.07  i  13.41 
-20.00 
-20.02 


poles(f liter) 


-1.92  dt  j2.66 
-3.31  i  15.89 
-3.49 
-7.15 
-19.98 
-20.02 


0.818 

1.633 

6.547 

-19.074 

-22.491 

-1.221 

0.817 

1.628 


-1.633  ; 
0.818 
-1.221 
68.314 
2.677 
11.637 
-1.620 
0.804 


poles(regulator)  =  same  as  in 
Table  13.3 


=  same  as  In  Table  13.3 


zerosfKfs)!  =  -1.72  ±  11.16 

-3.56  t  12.73 
-20.00 
-20.00 


poles[K(s)l  =  -9.00  ±  125. 

-14.10  ±  144.7/ 
-29.85  ±  jl2.C7 
-50.00  ±  123.  U;  j 


Since  a  (w)  Is  below  ofl  +  fGK)  1  at  all  frequencies,  we  are 
lU 

guaranteed  that  the  closed-loop  system  will  remain  stable  In  the  face  of 

all  output  uncertainties  bounded  by  H  (actually,  all  bounded  by 

m 

ij  [I  +  (GK)  ^1).  From  Fig  13.26  and  a  plot  of  ofl  +  GK]  (not  shown), 
we  can  compute  the  MTMO  gain  and  phase  margins  of  our  system.  These  were 
found  to  be 

-5.26  dE  ^  GM  ^  6.58  dB  (12. ?4) 

-30.8°  <  PM  «  30.8°  { 13.25) 

If  these  are  considered  to  be  too  low,  then  q®  would  need  to  be 
Increased. 

Now  let's  examine  our  time  responses.  Fig  13.27  shows  the  response 

of  sideslip  and  roll  angle  to  a  unit  step  roll  command.  We  can  see  that 

we  have  perfect  staedy-state  tracking,  a  settling  time  In  both  responses 
of  about  1.5  seconds,  a  maximum  overshoot  of  50%  in  our  roll  response, 
and  a  maximum  sideslip  angle  of  less  than  0.1  degrees.  The 

corresponding  control  histories  are  shown  in  Figs  13.28  and  13.29.  lig 

13.28  shows  a  maximum  elevon  deflection  of  -2.2  degrees  and  Fig  13.29 
shows  a  maximum  rudder  deflection  of  -1.2  degrees.  The  "bad"  aspects  of 
these  responses  are  relatively  high  surface  deflection  rates  and  a  large 
overshoot  In  roll  respons- ,  Let’s  try  to  fix  these. 
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Fig  13.29  Rudder  Surface  Deflection  due  to  a  Roll  Coranmand 
To  Improve  the  response,  we  will  add  a  diagonal  prefllter  to  our 
system,  as  shown  In  Fig  13.30. 


Fig  13.30  System  With  an  Added  Prefilter 
Here,  we  will  choose  P(s)  as 


P(6) 


‘  8  +  4 


(13.26) 


to  slow  down  our  responses  and  decrease  the  overshoot.  The  roll  angle 


response  tc  a  unit  step  roll  command  (now  in  Fig  13.30)  is  shown  in 
Fig  13.3!.  Now  we  can  see  that  the  maximum  overshoot  has  been  reduced 
to  roughly  6%  with  little  increase  in  settling  time.  The  sideslip 
response  is  shown  in  Fig  13.32»  which  shows  excellent  decoupling  with  a 
maximum  deviation  of  less  than  0.04  degrees.  The  elevon  surface 
deflection  is  shown  in  Fig  13.33,  and  shows  a  maximum  deflection  of  only 
-0.?6  degrees.  The  maximum  rate  is  less  than  4  deg/sec.  Fig  13.34 
shows  the  rudder  deflection,  which  has  a  maximum  deflection  of  about  0.1 
degrees,  and  a  maximum  rate  of  2  deg/sec.  All  of  these  figures  are 
reasonable  and  well  wi thing  the  limits  of  the  aircraft.  This  was 
considered  to  be  a  very  good  controller  design,  with  excellent 
robustness  properties. 
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Fig  13.31  Roll  Response  to  a  Prefiltered  Roll  Command 
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Now  we  will  design  two  controllers  for  the  case  where  we  break  the 
loop  at  the  input  to  our  plant.  As  a  reminder,  we  said  that  we  will 
assume  that  our  input  multiplicative  uncertainties  are  the  same  as  those 
at  the  output;  therefore,  is  defined  by  Fig  13.2  for  this  case. 

V.'e  will  also  assume  that  out  performance  requirements  are  the  same  here 
as  they  were  at  the  output,  so  that  Fig  13.3  shows  the  barriers  our 
Input  loop  transfer  functions  must  not  Intersect. 

We  will  make  some  comments  on  the  meaning  and  validity  of  our 
performance  requirements  in  the  upcoming  example. 

13.3.1  Low  Frequency  Matchin 


First,  we  will  look  at  a  design  where  we  have  augmented  Integrators 
at  the  plant  output  and  choose  H  to  achieve  low  frequency  matching. 


This  riruires  H  to  be  chosen  as 


H  =  [H,  G(0)  1 


(13.27) 


R 


1 


where  Is  arbitrsry.  Since  we  can  choose  Hj,  and  If  weights  the  plant 

states,  we  will  choose 

~  0  0  0  0.05  0  0  ' 

I  n3.?8) 

0.5  0  0  0  0  OJ 

so  that  roll  and  sideslip  are  regulated  well.  The  strange  choice  ('f 

values  In  (13.28)  comes  from  two  factors.  First,  sideslip  was  weighted 

10  times  as  heavily  as  roll,  since  sideslip  seems  to  be  predominantly 

controlled  by  the  minimum  singular  value  In  the  output  cases.  Secondly, 

the  0.05  value  for  roll  weighting  was  chosen  so  that  when  B 

postmultiplles  H  to  form  T  ,  the  product  of  H  and  B  will  yield  a 

unity  value  (since  E  has  20* s  in  It).  Adjustment  of  p  so  that  the 

largest  singular  value  of  (here  defined  as  0  fWB])  crosses  0  dB 

KUL  7a  1 

near  10  rad/sec  yields  p*  0.01.  The  resulting  plot  of  Is  shown  as 

solid  curves  In  Fig  13.35. 
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Fig  13,35  Singular  Values  of  T  ,  and  T  *  Low  Matching 
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Both  our  performance  and  robustness  specs  are  met  by 

these  choices  of  p and  11  to  calculate  K  .  Doing  so  produces  the  plots 

c 

of  T  (defined  as  fK  $Bl)  shovm  as  dotted  lines  in  Fig  13.35. 

LO  1  C  i-iv 

obviously  still  meets  the  specs.  Table  13.6  shows  the  zeros  of  MB  and 
those  of  K^$B  for  this  design.  Notice  that  two  low  frequency  zeros 
appear.  Luckily,  the  resulting  regulator  poles  (also  shown  In  Table 
13.6)  almost  perfectly  cancel  these,  so  that  their  contribution  may  be 
Insignificant  If  a  compensator  zero  (zero  of  K(s))  is  also  there. 


Table  13.6  Data  for  Low  Frequency  Matching,  Input  Design 


p  =  0.01 


H  =  f  Hj  G(0)  ^  ]  q2  =  10^ 


xeros (H$B) 


I  0.00713 
'  -0.?04 
;  -15R.15 


zeros(K  $B)  =  -0.00712 

-0.201 
-7.00 
-8.S8 
-18.95 
-19.32 


poles(regulator)  =  j  -0.00713 

’  -0.203 

-6.19  ±  j6.I0 
!  -6.95  ±  18.20 


poles(fllter) 


-20.36 
L  -20.72 

[ -10.24  ±  j21.74' 
I  -17.02  ±  j39.13 
I  -25.33  i  j8.43 
-41.26  ±  jl6.11 


3.148 

-0.066 

-0.534 

-0.429 

0.513 

0.079 

2.918 

-0.001 


4.286 

0.033 

-0.714 

0.246 

0.079 

0.721 

-0.237 

-0.001 


1.31x10: 
7.03x10“ 
-1.77xlO; 
2.02x10^ 
1.81x10“ 
2.63x10“ 
5. 12x10^ 
2.74x10 


1.94xl0; 

i.iixio:; 

-4.58x10; 

4.38xl0; 
-4.43xl0; 
4. 23xl0: 
2.74x10, 
9.36x10 


zerosrK(s)l  = 


i  -0.00712 
;  -0.193 
!  -4.53 

j  -6.53 
I  -19.81 
-19.95 
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Now  we  must  recover  by  designing  our  filter.  For  convenience, 
we  choose  r  *  B  so  that  our  recovery  is  starting  out  in  the  right 
direction  (remember  that  we  must  choose  0^  =  FT  +  q®BB  ) .  Choosing  a 
different  F  has  little  effect  on  the  overall  results.  Choosing 
q*  “  10^  produces  the  KG  plots  shown  in  Fig  13.36  (T  plots  are  solid 

LiL/ 

lines,  KG  dashed).  Notice  that  our  specs  are  met  by  KG.  Are  these 
specs  truly  meaningful? 
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Fig  13.36  Singular  Values  of  T  and  KG,  Low  Matching 

LQ 

For  loop-breaking  at  the  input,  the  answer  may  be,  "not  really." 
The  robustness  requirements  definitely  ^o  make  sense,  since  they 
represent  input  multiplicative  perturbations.  However,  the  performance 
requirements  are  Intended  to  reflect  command  following  requirements. 
That  is,  we  wish  our  outputs  to  follow  our  cornmands.  This  requires  GK 
to  be  large  at  our  command  frequencies,  as  shown  in  Chapter  A.  Notice 
that  we  are  looking  at  KG  in  our  input  designs,  which  Is  rot  equal  to 
GK,  In  general.  Therefore,  requiring  KG  to  be  large  at  low  frequenev 


may  not  give  us  good  command  following.  If  the  corresponding  GK  does  not 
meet  the  specs.  The  whole  problem  here  Is  that  our  robustness 
requirements  are  reflected  to  the  plant  Input,  while  our  performance 
requirements  naturally  reflect  to  the  output.  The  singular  value  Is 
Inadequate  for  the  "multiple  location  uncertainties"  just  described. 

Let's  look  at  GK,  for  this  example,  which  is  shown  In  Fig  13.37. 
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Fig  13.37  Singular  Values  of  GK,  Low  Matching 
Notice  that  GK  does  not  meet  the  performance  specs.  We  should  see  some 
effects  from  this  In  our  system  time  responses.  Finishing  the  design 
gives  us  the  remaining  data  In  Table  13.6.  Note  that  while  the 
regulator  (and  thus  closed-loop)  pole  at  -0.00713  is  almost  exactly 
cancelled  by  a  zero  at  -0.00712,  the  pole  at  -0.201  Is  "missed"  by  the 
zero  at  -0.193,  so  we  may  expect  some  slow  transients. 
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Fig  13.38  Time  Responses  for  a  Roll  Conmnnand,  Low  Matching 
Fig  13.38  shows  the  sideslip  and  roll  responses  to  a  unit  step  roll 
command.  These  responses  are  very  nice!  Where  did  the  result  of  GK  not 
meeting  our  specs  go?  Fig  13.39  shows  the  responses  due  to  a  sideslip 
command.  Obviously,  this  is  where  our  spec  violation  Is  manifested. 

This  again  shows  some  of  the  peculiarities  of  a  MIMO  system.  As  far  as 
whether  this  is  a  good  design  or  not  depends  on  whether  or  not 
commanding  sideslip  is  important.  Technically,  since  GK  does  not  meet 
our  specs,  we  should  redesign. 


V 

V* 


IT 


Pip  13.39  Time  Responses  to  a  Sideslip  Coimrand,  Low  Matching 
13.3.2  "Arbitrary"  H  Selection 

In  this  final  example,  we  will  again  augment  with  integrators,  but 

here  we  will  choose  H  arbitrarily.  Again,  since  the  singular  value 

plots  cf  C<tB  are  not  bad,  and  since  we  want  to  control  our  measured 

variables,  we  will  choose  F  =  C  fthe  augmented  C  matrix,  that  is). 

Choosing  p  =  1  produces  the  plot  of  T  shown  in  Fig  13.40  (shown  as 

KvL 

solid  lines).  The  specs  are  met,  but  the  maximum  bandwidth  Is  below  10 
rad/sec.  This  Is  deliberate;  using  this  p  and  H  produces  the  plots  of 
also  shown  in  Fig  13.40,  for  which  the  maximum  crossover  frequency 


is  very  close  to  10  rad/sec. 
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Fig  13,40  Singular  Values  of  and  H  =  C 

Obviously,  this  was  a  result  of  trlal-and-errcr ,  not  gifted  Insight 

The  zeros  of  and  K  are  shown  in  Table  13.7,  as  well  as  the 

c 

resulting  regulator  poles.  Notice  that  these  are  In  desirable 


locations. 


Table  13.7  Data  for  Augmented  H  =  C  Input  Design 


H  =  C 


zeros(H$B)  =  f  -158,15  1 


7eros(K  <I>B) 
c 


-1.64  ±  jO.93 
i  -3.49  +  j2.72 
'  -20.00 
!  -20.01 


poles(regulator)  =  -1.76  i  j2.06 

I  -2.72  ±  j4.81 
!  -2.79 

I  -5.88 

I  -20.00 

'!  -20,00 


I  0.941  -0.053  -0.255  -0.340  -0.370  -0.059  -0.787  0.616 

I 

;  0.492  0.031  -0.227  0.224  -0.059  0.366  0.616  0.787 


=  same  as  In  Table  13.6 
polesCf liter)  =  same  as  In  Table  13.6 


ros  rK(s) ]  = 


-1.50  i  10.72 
-3.14  ±  12.23 
-20.00 
-20.00 


polesfK(s)]  = 


-9.05  ±  124.77 
-14.66  ±  j42.87 
-29.60  t  jll.91 
-47.89  ±  j21.65 


f  ; 
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Flp  l3.-il  Flngular  Values  of  T, ,  and  KG,  H  -  C 


Fig  13.41  shows  the  recovery  plots.  The  solid  lines  are  T^q> 
the  dashed  lines  are  KG.  Obviously,  our  specs  are  met.  Actually,  the 
maximum  bandwidth  Is  only  8  rad/sec,  so  p  could  be  decreased  If  sc 
desired.  Looking  at  a  plot  of  GK  as  shown  in  Fig  13.42,  we  see  that  it 
also  has  high  gain  at  low  frequency,  so  we  don’t  expect  the  prob^ens  we 
saw  In  the  last  design.  The  remaining  data  for  this  example  Is  given  in 
Table  13.7. 
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Fig  13.42  Singular  Values  of  GK,  H  =  C 
The  roll  and  sideslip  responses  to  a  roll  command  are  shown  in  rig 


13.43.  Other  than  a  large  overshoot  in  roll,  they  are  very  nice.  Fig 
13.44  shows  the  responses  to  a  sideslip  command.  The  roll  response  is 
quite  large,  but  considerably  better  than  before. 
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Fig  13.43  Time  Responses  to  a  Roll  Command,  H  =  C 
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Fig  13.44  lime  Responses  to  a  Sideslip  Command,  H  «  C 
We  chose  this  as  our  "best"  case.  To  reduce  the  overshoot  In  roll 
•In  Fig  !3.43,  a  prefllter  as  given  In  (13.26)  was  added  to  the  system. 
The  resulting  responses  are  shown  In  Fig  13.45,  which  show  a  reduction 
in  overshoot  to  12%.  The  corresponding  surface  deflections  are  shown  In 

13-45 


.V-r.Vv 


‘  ow*  •  * -4 

'.V 


•/•.V.'.*  V. 


Fig  13.46,  which  are  quite  reasonable  for  the  aircraft.  Finally,  Fig 

13.47  shows  a  comparison  of  H  (w)  and  a[I  +  which  clearly 

m  ■' 

passes  the  robustness  test.  The  corresponding  gain  and  phase  margins 
are  very  close  to  those  given  In  the  output  design  best  case  (equations 
(13.24)  and  (13.25)). 


tiMt  (S€C) 

Fig  13.45  Time  Responses  to  a  Prefiltered  F.oll  Command,  H  =  C 
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Fig  13.46  Control  Surface  Deflections  due  to  a  Pretilrered  Roll  Command 
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Fip  13.47  Sipfular  Values  of  and  a[I  +  (KC.) 

This  concludes  the  ey:ample.  The  major  point  of  the  Input  breaking 
case  was  to  show  that  requiring  KG  to  meet  performance  bounds  does  not, 
in  general,  imply  good  command  following.  In  the  output  breaking  case, 
several  points  were  made.  First  of  all,  the  LQG/bTR  method  will  do 
approximate  plant  inversion  to  produce  desired  loop  shapes.  The 
designer  must  be  aware  of  this  and  not  ask  for  loop  shapes  which  require 
inversion  of  poles  or  zeros  in  "undesirable"  s-plane  locations.  Coupled 
to  this,  it  is  important  to  look  at  both  time  and  frequency  domain 
information  while  doing  the  design.  Overall,  the  method  Is  extremely 
straightforward  and  easy  to  use,  and  will  produce  excellent  results  i^ 
the  designer  makes  intelligent  demands  on  the  method.  As  a  final 
dlfclaimer,  none  of  these  designs  should  be  considered  as  final 
flight-ready  controllers  --  they  are  simply  to  Illustrate  the  method. 
Actually,  much  better  designs  are  possible,  and  we,  the  authors, 
challence  vcu  to  better  them. 
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!/<.  SirMARY  AND  CONCLUSIONS 


Jn  these  notes,  we  hfive  attempted  to  provide  a  fairly  comprehensive 
treatment  of  the  LOG/LTR  methodology.  Chapter  2  reviewed  some  of  the 
necessary  mathematics  and  developed  some  of  the  required  tools  from 
multivariable  linear  systems  theory.  Chapter  3  then  Introduced  the  basic 
ideas  behind  multivariable  robustness  analysis.  In  both  the  frequency  and 
time  domains.  Chapters  4  and  5  presented  the  concepts  of  using  singular 
values  tc  define  a  good  multivariable  loop  shape,  and  discussed  some  of 
the  limitations  a  designer  must  face  in  trying  to  achieve  a  given  loop 
shape.  The  remaining  chapters  concentrate  on  developing  the  LOG/LTR 
method.  After  a  brief  review  of  optimal  control  in  Chapter  6,  Chapter  7 
proves  that  all  Linear  Quadratic  Regulators  have  guaranteed  minimum  gain 
and  phase  margins  of  h  •'  CN  «»  and  -60®  <  PH  <  60®,  respectively. 
Unfortunately,  since  we  can  never  measure  all  of  our  states  In  practice, 
and  since  the  full-state  feedback  controller  is  unrealistic  in  the  sense 
that  It  violates  the  Bode-Uorowl tz  condition,  we  find  that  we  must  design 
an  observer  to  estimate  our  states.  Chapter  8  shows  that  a  general 
observer  has  no  guaranteed  margins,  but  by  cleverly  choosing  our  estimator 
weights  ve  can  asymptotically  recover  our  full-state  margins.  Using  a 
Kalman  loiter  for  the  observei ,  Chapters  °  and  10  formalize  this 
procedure,  to  produce  the  LOf/LTR  methodology.  Chapter  11  then  provides 
some  usiUi''  tricks  for  producing  desired  loop  shapes,  while  Chapter  1? 
formal  i/r'>  the  method  mat  berrat  leal  ly  and  shows  it  is  a  specialized 
solution  to  an  L,,/U  optimization  problem.  Chapter  13  then  presents  a 

t.  i- 

dpt;iilec  example  for  an  aircraft. 


Now  let's  examine  some  of  the  advantages  and  limitations  of  the 
method.  On  the  advantages  side,  the  method  Is  very  powerful  yet  eatilv 
finds  (due  to  readily  available  computer  software)  the  solution  to  an 
Important  optimization  problem.  From  a  practical  viewpoint,  the  rethod 
allows  performance  requirements  and  uncertainty  irformatlon  to  be 
specified  In  the  frequency  domain.  The  resulting  controller  Is 
guaranteed  to  remain  stable  for  all  possible  uncertainties  within  tho 
user-defined  set.  The  trade-offs  the  designer  must  make  along  the  w;iy 
are  easily  visible,  and  since  the  calculations  are  actually  done  In  the 
time  domain,  information  on  pole-zero  locations  Is  easy  to  obtain. 

The  limitations  of  the  method  hopefully  have  been  highlighted 
throughout  the  chapters.  Many  of  them  stem  from  the  Inherent 
limitations  of  multivariable  systems.  First,  through  the  example,  we 
have  seen  that  lightly  damped/low  frequency  poles  or  zeros  In  the  plan*- 
may  cause  problems  with  the  closed-loop  system  response.  The  designer 
must  be  aware  of  what  random  use  of  the  method  will  do  under  these 
conditions.  As  pointed  out  In  [lA-1],  although  the  method  is  applirahl 
to  nonmlnlmum  phase  plants  full  state  recovery  Is  not  possible.  Tho 
loop  transfer  function  Cfs)  will  not  converge  to  the  full  state  loop 
transfer  function,  rather.  It  will  converge  to  the  solution  of  a 
optimization  problem.  One  of  the  biggest  limitations  of  LQG/I.TP  as  It 
has  been  developed  so  far  is  that  all  uncertainties  and  performance 
requirements  must  be  reflected  to  one  point  In  the  system,  whereas  in 
reality  uncertainties  may  enter  the  system  In  different  ways  at  various 
points.  Additionally,  performance  requirements  are  generally  readilv 
modeled  at  the  plant  output.  Also,  the  frequency  domain  does  not  iorrd 


itself  to  real  parameter  variations  using  the  singular  value.  These 
limitations  could  be  overcome  by  using  the  structured  singular  value 
which  .".I  lows  mtilrlple  uncertainties  rather  than  the  singular  value. 
Unfortunately,  the  LQO/l.TR  method  has  not  been  extended  tr  using  the 
structured  singular  value  (it  may  be  possible  to  do  so). 

'io  wrap  things  up,  we  would  like  to  mention  some  other  techniques  to 
design  a  robust  multivariable  controller.  This  list  is  hv  no  means 
comprehensive.  One  method,  developed  in  Ref  [14-21,  allows  stable 
factor  uncertainties  and  uses  a  factorization  approach  to  synthesize  a 
robust  controller.  More  on  the  factorization  approach  may  be  found  in 
the  excellent  book  by  Vidyasagar  (14-31.  Av  iterative  method  using  an 
T,OC  frrr-ulatlon  Is  presented  In  Ref  [14-4]  to  design  robust  controllers 
when  urcertaintles  in  the  state,  input,  and  measurement  distribution 
matrlcp'^  ere  present.  Uncertainties  are  expressed  In  terms  of  interval 
matrices  in  Rof  [14-5],  which  then  develops  an  Iterative  solution 
scheme.  Ouantitative  feedback  theory  is  used  to  shape  loop 
transTiilsslons  In  Pef  [14-6],  where  uncertainties  and  performance 
specif cations  are  transformed  into  templates  that  are  used  in 
coniunccion  with  Nichols  charts. 

The  methods  in  the  previous  paragraph  deal  primarily  v'i th 
uncertainties  that  are  represented  as  real  parameter  variations. 

Another  group  of  methods  primarily  using  norm-bounded  uncertainties  are 
based  on  fonral  optimization  procedures.  For  example,  L., /K^ 
optir'.iratlon  ^whtch  we  have  not  fully  discussed  in  this  report)  can  be 
use<!  t<  recover  the  full  state  loop  transfer  function.  The  advantage  of 
such  an  approach  is  that  the  controller  uses  lower  gains  (thus,  lower 
actuator  power)  as  opposed  to  the  high  gains  obtained  throi;gh  LOR/hTT. 


A  detailed  description  of  this  particular  optimization  problem  Is  tVr 
subject  of  upcoming  papers  by  the  authors.  Another  control  system  desipr 
method  based  upon  optimization  Is  well  described  in  [14-7]  and  its 

references.  A  new  technique.  Informally  called  "u-svnthesls"  (also 
discussed  In  [14-71)  by  Doyle,  may  bridge  the  pap  bv  allowing  multiple 
uncertainties  as  well  as  real  and  norm-bounded  uncertainty 
representations.  We  encourage  you  to  examine  these  methods  vourselT  and 
become  involved  In  this  growing  area  of  research. 
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